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Section  I 

TECHNICAL  DISCUSSION 


The  work  performed  by  Science  Applications 
International  Corporation  (SAIC)  on  this  contract, 
"Geophysical  Plasmas  and  Atmospheric  Modeling,"  Contract 
Number  N00014-84-C-2032 ,  SAIC  Project  Number  1-157-17-518, 
encompasses  a  wide  range  of  topics  in  space  plasma  physics 
find  atmospheric  modeling  in  support  of  the  programs  of  the 
Geophysical  and  Plasma  Dynamics  Branch  of  the  Naval  Research 
Laboratory  (NRL) .  This  report  covers  the  period  1  December 
1983  to  1  February  1985.  In  this  section  we  will  summarize 
the  various  subjects  studied  and  the  results  obtained. 
Details  will  be  included  in  Appendices  which  will  document 
reports  and  publications  resulting  from  our  work. 

In  the  following  subsections  we  will  describe  the  major 
accomplishments  in  each  of  the  following  research  efforts: 
(A)  the  collisionless  tearing  instability  in  a 
non-Maxwe Ilian  neutral  Bheet,  (B)  the  role  of  nonlocalities 
in  magnetosphere- ionosphere  coupling,  (C)  auroral  plasma 
transport  and  magnetosphere- ionosphere  coupling,  (D)  a 
steady  state  model  of  the  auroral  ionosphere,  (E)  high 
latitude  ionospheric  irregularities  [I],  (F)  high  latitude 
ionospheric  irregularities  [II],  (G)  ionospheric  turbulence, 
(H)  hybrid  code  simulations  for  HANE,  (I)  spectral  indices 


from  power  spectral  densities  due  to  spatial  irregularities 
in  HANE  plasma  clouds,  (J)  the  effects  of  finite  parallel 
resistivity  on  the  structuring  of  barium  clouds,  (K)  finite 
temperature  effects  on  structuring  barium  clouds,  (L) 
collective  particle  accelerator  studies,  (M)  models  for  the 
earth's  middle  atmosphere,  (N)  the  dynamics  of  the  Indian 
summer  monsoon  and  (0)  energy  partitioning  in  the  IQ  plasma 
torus . 

(A)  The  Collisionless  Tearing  Instability  in  a 
Non -Maxwellian  Neutral  Sheet 

As  part  of  our  program  to  investigate  magnetospher ic 
processes,  we  have  completed  the  integro-dif f erent ial 
formulation  and  full  solution  of  the  collisionless  tearing 
instability  in  a  non-Maxwell ian  neutral  sheet.  The  new 
formalism  provides  a  theoretical  and  mathematical  method  to 
treat  the  orbit  integrals  which  are  necessary  for  complete 
evaluation  of  the  linear  properties.  All  the  complicated 
orbits  occurring  in  the  neutral  sheet  geometry  are  included 
analytically  and  exactly  so  that  the  numerics  required  are 
minimal.  More  important,  the  limitations  due  to  various 
approximations  such  as  weak  anisotropy  and  constant-? 
approximations,  which  were  used  by  essentially  all  previous 
theoretical  works,  are  removed.  Another  standard 


approximation,  the  low-frequency  approximation,  has  been 
retained  since  the  scalar  potential  is  neglected  for  the 
purpose  of  developing  the  method.  This,  however,  is  not  an 
inherent  limitation  of  the  formalism. 

The  specific  equilibrium  chosen  for  demonstrating  the 
application  of  the  formalism  is  of  the  sharp-boundary  type. 
This  configuration  is  intrinsically  non-Maxwellian,  with  no 
globally  isotropic  limit.  It  also  gives  rise  to  a  number  of 
singularities  (albeit  integrable)  which  would  be  smoothed 
out  in  a  diffuse  profile.  Thus,  the  method  developed  here 
is  expected  to  be  more  than  adequate  for  treating  diffuse 
prof iles . 

As  discussed  above,  the  analysis  is  carried  out  for 
low-frequency  electromagnetic  perturbations  (Iwlz^  wCi)  with 
k  i  B0,  where  B0  is  the  field-reversed  equilibrium  magnetic 
field.  The  treatment  is  linear,  self-consistent  and  kinetic 
for  both  ions  and  electrons.  The  integro-dif f erent ial 
equation  utilizing  all  the  exact  orbits  is  solved  using  the 
Galerkin  method  to  obtain  the  dispersion  relation  and  the 
eigenmode  structure.  We  find  that  the  eigenmode  is  strongly 
localized  to  a  region  of  the  order  of  (PeZp)^  LL  Zp  at  the 
null-plane,  where  pe  is  a  measure  of  the  electron  gyroradius 
in  the  asymptotic  magnetic  field  and  Zp  is  the  thickness  of 
the  sheet.  We  find  that  the  eigenfunction  is  indeed  highly 


structured  in  this  narrow  region  so  that  the  constant -f 


approximation  used  in  the  "conventional"  techniques  is 
invalid  for  the  present  non -Maxwell ian  system. 

The  dispersion  relation  is  forced  to  have  the  general 
form  7/kvei  --  constant,  where  vei  is  the  electron  thermal 
velocity  along  B^.  Consistent  with  the  previous  analyses  of 
Chen  and  Palmadesso  [Phys.  Fluids  2J7,  1198  (1984)]  and  Chen 
et  al. ,  [Geophys.  Res.  Lett.  11,  12  (1984)],  the  growth  rate 
of  the  collisionless  tearing  mode  is  significantly  enhanced 
in  the  presence  of  non -Maxwell ian  features  in  the 
distribution  function.  In  the  present  system,  it  is  the 
electrons  that  are  chiefly  responsible  for  the  enhancement. 
Specifically,  in  comparison  with  the  isotropic  case,  the 
growth  rate  can  be  enhanced  by  several  orders  of  magnitude. 
In  addition,  the  small  wavelength  modes  are  strongly 
favored.  This  latter  point  may  be  important  for  the 
nonlinear  behavior  of  the  neutral  sheet. 

In  addition  to  the  full  solution,  a  method  to  determine 
the  sufficient  condition  for  instability  is  given  on  the 
basis  of  a  quadratic  form  and  the  eigenvalues  of  a 
self -adjoint  integro-dif f erent ial  operator.  This  method 
allows  one  to  determine  gross  instability  properties  without 
extensive  numerical  computation,  especially  for  complicated 
systems . 

The  detailed  documentation  has  been  submitted  to  the 
Physics  of  Fluids  for  publication  and  has  been  accepted 


conditionally.  It  appears  in  this  report  as  Appendix  A, 
entitled  "Collisionless  Tearing  Instability  in  a 
Non-Maxwell ian  Neutral  Sheet:  An  Integro-Dif f erent ial 
Formulat ion. " 

B.  The  Role  of  Nonlocalities  in  Magnetosphere- Ionosphere 
Coupling 

We  have  previously  developed  a  nonlocal  formalism  for 
electrostatic  waves  and  have  applied  it  to  study  the 
important  and  essential  inhomogeneities  such  as  magnetic 
shear,  produced  by  field  aligned  currents  and  the  finite 
width  of  the  current  channels  on  the  current  driven  ion 
cyclotron  instability  (CDICI)  [Ganguli  and  Bakshi,  Phys. 
Fluids  25,  1830  (1982);  Baskshi,  Ganguli  and  Palmadesso, 
Phys.  Fluids  26,  1808  (1983)].  The  magnetospher ic 
applications  were  also  discussed  [Ganguli  et  al.  ,  J. 
Geophys.  Res.  89,  945  (1984)].  Experimental  verification  of 
filamental  quenching  due  to  the  finite  width  current 
channels  has  been  reported  [Cartier  et  al.,  Phys.  Fluids  (to 
appear)  Jan.  1985]. 

The  studies  up  to  now,  however,  focussed  primarily  on 
the  normal  mode  properties;  whereas  the  CDICI  is  a 
convective  instability.  Consequently,  a  very  relevant 
question  remains,  that  is  what,  if  any,  is  the  modification 


introduced  by  nonlocalities  on  the  convective  properties  of 
the  CD I C I ?  Recently  we  have  examined  this  problem  [Ganguli 
et  al.  Phys.  Fluids  2J7,  2039  (1984)).  The  following  are  the 
important  results: 

(a)  Lc/Ls  is  the  parameter  of  importance,  Lc  and  Ls 
being  the  characterist ic  length  scales  associated 
with  the  current  channels  and  magnetic  shear. 

(b)  Lr  >  0.1  Lg :  The  temporal  growth  rate  is  much 
reduced  from  its  local  value.  However,  the 
instability  becomes  absolute  in  the  direction 
along  the  magnetic  field,  the  z  direction.  There 
is  no  energy  flow  in  the  x  direction,  the 
direction  of  the  inhomogeneity  perpendicular  to 
the  magnetospher ic  field,  and  the  energy  flow  in 
the  y  direction  is  ignorable  if  d/dy  e  o. 

(c)  Lr-  0.01  Lg :  The  nonlocal  theory  reproduces  the 
local  result. 

(d)  Lp  -  Pi  ^  Lg :  The  finite  width  of  the  current 
channel  becomes  important  leading  to  filamental 
quenching.  But  when  further  reduced  so  that  Lc  i 
Pi,  both  VgZ  and  Vgy  become  reduced  and 


eventually  negative.  Here  pi  is  the  ion  gyro 
radius  and  Vgz  and  Vgy  are  the  group  velocities 
in  the  z  and  the  y  directions  respectively. 
These  results  are  described  in  more  detail  in 
Appendix  B  entitled  "Nonlocal  Effects  on  the 
Convective  Properties  of  the  Electrostatic 
Current-Driven  Ion-Cyclotron  Instability." 

By  changing  the  propagation  characteristics  from  convective 
to  absolute  the  nonlocal  effect  on  one  hand  reduces  the 
temporal  growth  rate  offering  stability,  but  on  the  other 
hand  makes  the  instability  absolute  thereby  inducing 
destability.  Thus,  depending  on  the  strength  of  the  field 
aligned  current  one  can  expect  nonlocal  effects  either  to 
totally  damp  the  ion  cyclotron  waves  or  to  make  them  more 
explosive . 

In  trying  to  make  the  ambient  field  configuration  more 
realistic  of  magnetospher ic  conditions  we  have  included  a 
mild  inhomogeneity  in  the  magnetic  field  along  the 
z-direction.  This  is  to  simulate  the  dipolar  nature  of  the 
earth's  magnetic  field  on  top  of  the  stronger 
inhomogeneities  (discussed  earlier)  in  the  x-direction. 
Using  a  perturbation  technique  we  develop  a  two  dimensional 
analytic  model  (Ganguli  et  al,  In  Proc.  of  International 
Conf.  on  Plasma  Physics,  Lusanne,  Switzerland  1984  and 
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appearing  in  this  report  as  Appendix  C  entitled  "Two 
Dimensional  Nonlocal  Formalism  for  Electrostatic  Waves  in 
the  Magnetosphere")  to  study  electrostatic  ion  cyclotron 
waves.  The  model  needs  further  improvements.  Ultimately  a 
two  dimensional  integral  equation  will  become  necessary  to 
study  the  problems  concerning  the  wave  properties  in  the 
real  magnetosphere.  A  review  and  application  of  our  work  so 
far  to  the  magnetosphere-ionosphere  coupling  problem  has 
been  presented  at  the  COSPAR  meeting  in  Graz,  Austria,  1984 
and  will  appear  in  Advances  in  Space  Physics.  It  is 
included  in  this  report  as  Appendix  D,  entitled  "The  Role  of 
Nonlocalities  in  Magnetosphere- Ionosphere  Coupling 
Processes,"  by  Ganguli  and  Palmadesso. 


(C)  Auroral  Plasma  Transport  and  Magnetosphere- Ionosphere 
Coupling 


An  existing  numerical  simulation  of  the  transport  of 
plasma  along  an  auroral  field  line  has  been  used  to 
investigate  the  effect  of  enhanced  parallel  resistivity  in 
the  auroral  plasma.  This  multi-moment  multi-fluid  model  was 
used  to  simulate  the  effects  of  momentum  transfer  due  to 
such  resistivity  when  more  than  one  ion  species  is  present 
and  the  results  were  published  in  a  paper  entitled  "0+ 


Acceleration  Due  to  Resistive  Momentum  Transfer  in  the 
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and  P . J . 


» 


Auroral  Field  Line  Plasma" 


(H.G.  Mitchell,  Jr., 


» 

Palmadesso,  J.  Geophys .  Res.  .89,  7573-7576,  1984).  This 

paper  has  been  included  in  this  report  in  Appendix  E. 

In  order  to  enhance  our  understanding  of  high-latitude 

i 

magnetosphere-ionosphere  coupling  and  to  provide  a 
theoretical  and  observational  background  for  our 
one-dimensional  auroral  field  line  model,  we  have  performed 
research  on  the  polar  cap  plasma  outside  of  our  direct 
modelling  efforts.  The  results  of  this  research  and  our 
proposals  for  new  directions  in  this  effort  were  reported  on 
at  the  Chapman  Conference  on  the  Magnetospher ic  Polar  Cap 
(August  1984) .  An  abstract  of  this  presentation  is  included 
here. 


i 


Nonideal  Processes  on  Polar  Cap  Field  Lines* 

P.J.  Palmadesso  (Naval  Research  Laboratory,  Washington, 
D.C.  20375)  H.G.  Mitchell,  Jr.  (Science  Applications, 
Inc.,  McLean,  VA  22 102) 

The  importance  of  nonideal  processes  in  the  auroral 
region  is  well  established  and  it  is  known  that  the 
mapping  of  electric  fields  between  the  ionosphere  and 
the  magnetosphere  is  often  profoundly  influenced  by 
electrodynamic  processes  occurring  on  auroral  field 
lines.  The  situation  at  higher  latitudes  is  less 
clear.  On  the  one  hand,  the  reduced  levels  of  field 
aligned  currents  typical  of  the  polar  cap  rule  out  a 
number  of  mechanisms  invoked  to  account  for  parallel 
electric  fields  in  the  auroral  regions;  on  the  other 
hand,  the  existence  of  polar  cap  aurora  and  the 
apparently  wave  associated  acceleration  of  injected 
barium  ions  observed  in  the  CAMEO1  releases  suggest 
significant  electrodynamic  activity  on  polar  cap  field 
lines.  While  it  is  possible  that  transient  local 
enhancements  of  field  aligned  current  levels  occur  as  a 
result  of  transient  distortions  of  magnetic  field 


geometries  or  some  other  mechanism,  nonideal 
electrodynamic  processes  not  associated  with  large 
currents  must  also  be  considered.  Current  efforts  to 
develop  global  dynamic  simulation  models  which  include 
interactions  between  the  magnetosphere  and  the  polar 
ionosphere,  and  attempts  to  under stand  the  dynamics  of 
high  latitude  ionospheric  irregularities,  provide 
additional  motivation  for  the  study  of  I-M  coupling 
processes  at  polar  cap  latitudes. 

We  review  relevant  observational  data  and  summarize 
major  theoretical  concepts  for  the  generation  and 
maintenance  of  parallel  electric  fields,  with  emphasis 
on  the  polar  cap  application.  Some  less  familiar 
approaches  to  this  problem  will  also  be  discussed. 

♦This  work  supported  by  the  Office  of  Naval  Research 
and  National  Aeronautics  and  Space  Administration. 
1Heppner  et  al. ,  J.G.R.,  86,3519  (1981). 


We  have  also  been  participating  in  efforts  to  simulate 
microscopic  plasma  turbulence  effects  associated  with 
parallel  electric  fields.  It  is  our  goal  to  include  the 
results  of  these  computer  simulations  in  our  macroscopic 
auroral  transport  model  in  order  to  better  understand  the 
large  scale  effects  resulting  from  this  turbulence.  These 
results  have  been  presented  at  the  Fall,  1984  meeting  of  the 
American  Geophysical  Union,  and  the  abstract  of  this 
presentation  follows. 


The  Role  of  Plasma  Turbulence  in  Auroral  Electrodynamic 
Processes 

P.Palmadesso  (Naval  Research  Laboratory, 
Washington, D.C.  20375)  H.  Mitchell  (Science 
Applications,  Inc.,  McLean,  VA  22102)  H.  Rowland, 
(University  of  Maryland,  College  Park,  MD  20742) 

A  number  of  physical  mechanisms  have  been  proposed  to 
account  for  the  formation  of  parallel  electric  fields 
on  auroral  field  lines,  including  mirror  force 


processes,  double  layers  or  electrostatic  shocks, 
anomalous  resistivity,  kinetic  Alfven  waves,  etc. 
These  are  not  mutually  exclusive,*  in  fact  it  is  likely 
that  many  or  all  of  these  processes  operate  and 
interact  during  active  auroral  conditions.  Plasma 
turbulence  is  predicted  theoretically  and  observed  in 
the  unstable  field  aligned  currents  associated  with 
active  auroral  events,  and  is  believed  to  play  an 
important  role  in  several  of  these  elect rodynamic 
processes.  Turbulent  wave-particle  interactions  can 
modify  the  spatial  distribution  of  parallel  electric 
fields  associated  with  mirror  force  processes. 
Anomalous  resistivity  due  to  strong  turbulence  leads  to 
parallel  E  fields  in  large  amplitude  kinetic  Alfven 
waves  or  larger  scale  current  systems,  when  the 
electron- ion  drift  velocity  lies  above  a  threshold 
value  but  below  the  value  required  to  excite  strong 
double  layers.  At  the  upper  end  of  this  range  there  is 
an  "intermediate  regime"  where  anomalous  resistivity 
and  weak  double  layer  effects  coexist  and  interact.  We 
discuss  the  results  of  computer  simulations  conducted 
to  clarify  the  physics  of  the  intermediate  regime  in  a 
magnetized  plasma,  and  comparison  of  these  results  with 
observational  data. 

This  work  was  supported  by  ONR  and  NASA. 


The  fact  that  electric  fields  perpendicular  to  the 
magnetic  field  in  the  high-latitude  ionosphere  map  upward 
along  the  magnetic  field  for  thousands  of  kilometers  into 
the  magnetosphere  implies  that  structuring  instabilities  in 
the  ionosphere  are  dynamically  coupled  to  a  large  amount  of 
magnetospher ic  plasma.  In  order  to  study  this  coupling,  we 
have  adapted  a  numerical  simulation  for  low- latitude 
ionospheric  structuring  to  the  high  latitude  ionosphere.  In 
this  model,  the  magnetospher ic  plasma  effectively  increases 
the  inertia  of  the  unstable  ions,  and  the  growth  of  the 
unstable  structures  in  the  ionospheric  plasma  is  slowed. 


Our  model  of  this  phenomenon  and  our  initial  simulations  of 
linear  growth  were  presented  at  the  Spring,  1984  meeting  of 


the  Amer ican  Geophysical  Union.  An  abstract  of  this  talk 
follows . 


Numer  ical _ Simulation _ of _ the _ Effect _ of 

Magnetosphere- Ionosphere  Coupling  on  High  Lati tude 
Ionospheric  Plasma  Structure* 

H.  Mitchell  (Science  Applications,  Inc.,  McLean,  VA 
22102),  J.  Pedder  and  S.  Zalesak  (both  at  Naval 

Research  Laboratory,  Washington,  D.C.  20375) 

Large-scale  plasma  density  enhancements  are  a 
confirmed  feature  of  the  high  latitude  F-region 
ionosphere,  and  both  theoretical  and  experimental 
studies  indicate  that  the  existence  of  such 

enhancements  in  a  region  of  convection  can  lead  to 
density  irregularities  and  structuring  due  to  plasma 
instabilities.  The  fact  that  the  F-region  plasma  is  on 
flux  tubes  which  thread  the  magnetosphere  implies  that 
the  development  of  high-latitude  P-region  structure  is 
affected  by  the  inertia  of  the  large  height- integrated 
magnetospher ic  plasma  density  on  these  flux  tubes.  In 
this  paper  we  present  initial  simulations  of  the 
effects  of  magnetosphere- ionosphere  coupling  on  such 
structure.  The  magnetospher ic  and  ionospheric  plasmas 
are  modeled  as  separate  two-dimensional  convecting 
layers  whose  dynamics  are  coupled  by  the  mapping  of  the 
perpendicular  electric  fields  along  the  magnetic  field 
lines  threading  the  two  layers. 

♦This  work  is  supported  by  the  Defense  Nuclear  Agency. 


We  have  continued  our  simulations  of  this  region  and 
investigated  the  nonlinear  development  of  high-lat itude 
structures.  We  have  found  that  the  inclusion  of 
magnetospher ic  ion  inertia  tends  to  spread  the  ionospheric 
density  striations  perpendicular  to  their  normal  direction 
of  growth,  thus  inhibiting  the  breakup  of  unstable  density 
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enhancements  and  leading  to  structures  of  quite  a  different 


nature  than  those  at  low  latitudes.  Our  results  were 
presented  at  the  Chapman  Conference  on  the  Magnetospher ic 
Polar  Cap  (August,  1984),  an  abstract  of  which  is  included 
here: 


Role  of  Magnetospher ic  Coupling  in  Polar  Cap 
Ionospheric  Instabilities  and  Structure* 

M.J.  Keskinen  (Naval  Research  Laboratory,  Washington, 
D.C.  20375)  H.  Mitchell  (Science  Applications,  Inc., 
McLean,  VA  22102)  J.A.  F odder  and  S.T.  Zalesak  (Naval 
Research  Laboratory,  Washington,  D.C.  20375) 

Recently,  large  scale  plasma  density  enhancements  and 
associated  small  scale  kilometer-sized  plasma  density 
fluctuations  have  been  observed  both  in  the  auroral  and 
polar  cap  F-region  ionosphere.  Theoretical  studies 
indicate  that  convective  plasma  instabilities  might  be 
responsible,  in  part,  for  the  small  scale  fluctuations. 
For  example,  the  ExB  instability  has  been  invoked  to 
explain  small  scale  plasma  density  irregularities  near 
convecting  large  scale  polar  cap  ionospheric  F-region 
plasma  enhancements  or  patches.  The  fact  that  the 
polar  cap  ionospheric  plasma  resides  on  flux  tubes 
which  thread  the  magnetosphere  and  the  very  high  Alfven 
velocity  to  transmit  signals  along  field  lines  implies 
that  the  development  of  polar  cap  ionospher ic  plasma 
structure  is  affected  by  the  inertia  of  the 
magnetospher ic  plasma  on  these  flux  tubes.  In  this 
paper  we  present  a  theoretical  analysis  and  numerical 
simulations  of  the  effects  of  magnetospher ic  coupling 
on  polar  cap  ionospheric  plasma  instabilities  and 
structure.  The  magnetospher ic  and  ionospheric  plasma 
are  modeled  as  separate  two  dimensional  convecting 
layers  whose  dynamics  are  coupled  by  the  mapping  of 
electric  fields  along  the  magnetic  field  lines 
threading  the  two  layers.  Specific  applications  to  the 
dynamics  and  stability  of  enhanced  polar  cap 
ionospheric  plasma  density  patches  will  be  made. 

‘Work  supported  by  the  Defense  Nuclear  Agency  and  the 
Office  of  Naval  Research. 


These  results  have  also  been  submitted  in  more  complete  form 
and  accepted  for  publication  in  Geophysical  Research 
Letters . 

Finally,  the  recent  work  of  H.L.  Rowland,  H.  Mitchell, 
and  P.  Palmadesso  on  magnetospher ic- ionospheric  coupling  was 
presented  at  the  25th  COSPAR  meeting.  Results  from  recent 
particle  simulations  on  anomalous  resistivity  showed  good 
agreement  with  the  parallel  electric  fields  observed  in  the 
auroral  acceleration  region.  Also  reported  were  simulations 
of  plasma  transport,  heating  and  electric  field  generation 
based  on  a  one  dimensional  multimoment,  multifluid  model  of 
an  auroral  field  line.  These  showed  the  interactions 
involving  potentials  generated  by  anomalous  resistivity, 
magnetic  mirror  processes  and  thermoelectric  effects.  An 
abstract  of  this  paper  follows. 


Interaction  of  Electrodynamic  Ionosphere-Magnetosphere 
Coupling  Processes  on  Auroral  F ield  Lines 

P . Palmadesso  (Plasma  Physics  Division,  Naval  Research 
Laboratory,  Washington,  D.C.  20375,  U.S.A.) 

H.  Mitchell,  and  H.  Rowland*  (Both  at  Science 

Applications,  Inc.,  McLean,  VA  22102,  U.S.A.) 

A  number  of  different  physical  mechanisms,  such  as 
double  layers,  anomalous  resistivity,  kinetic  Alfven 
waves,  and  mirror  related  processes,  have  been  studied 
in  connection  with  the  generation  of  field  aligned 

potential  drops  on  current  carrying  auroral  field 
lines.  We  have  conducted  simulation  studies  of  the 
dynamic  interaction  of  some  of  these  processes  in  an 
attempt  to  gain  insight  into  the  nature  of  the  role 


played  by  each.  Simulations  of  plasma  transport, 
heating,  and  electric  field  generation  based  on  a  one 
dimensional  multimoment,  multifluid  model1  of  an 
auroral  field  line  exhibit  interactions  involving 
potentials  generated  by  anomalous  resistivity,  magnetic 
mirror  processes,  and  thermoelectric  effects. 
Preferentially  accelerated  beam-like  oxygen  flows  are 
also  observed.  New  particle  simulations  intended  to 
clarify  the  relationship  between  the  anomalous 
resistivity  mechanism  proposed  by  Rowland  et  al.a  and 
the  "multiple  weak  double  layer"  phenomenon  have  also 
been  conducted,  and  suggest  that  anomalous  resistivity 
is  likely  to  dominate  at  low  and  moderate  current 
levels  with  a  transition  to  double  layer  dominance  when 
the  current  becomes  very  large.  Comparisons  of 
theoretically  predicted  potential  structure  shapes  with 
observational  data  have  also  been  made.  This  work  was 
supported  by  the  National  Aeronautics  and  Space 
Administration  and  the  Office  of  Naval  Research. 
1Mitchell,  H. ,  and  P.  Palmadesso,  "A  Dynamic  Model  for 
the  Auroral  Field  Line  Plasma  in  the  Presence  of  a 
Field  Aligned  Current,"  J.  Geophys.  Res.,  88,  2131 

(1983) . 

2 Rowland,  H.  ,  P.  J.  Palmadesso,  and  K.  Papadopoulos, 
"Anomalous  Resistivity  on  Auroral  Field  Lines," 
Geophys.  Res.  Lett.,  8,  1257  (1981). 

"Permanent  address.  Dept,  of  Physics  and  Astronomy, 
University  of  Maryland,  College  Park,  Maryland  20742, 
U.S.A. 


D.  A  Steady  State  Model  of  the  Auroral  Ionosphere 


We  have  developed  a  numerical  model  to  study  the  steady 
state  behavior  of  a  fully  ionized  plasma  (H+,  0+  and 
electrons)  in  a  geomagnetic  field.  For  theoretical 
formulation  we  have  used  the  16-moment  system  of  transport 
equations  of  A.R.  Barakat  and  R.W.  Schunk,  "Transport 
Equations  for  Multicomponent  Anisotropic  Space  Plasmas," 
Plasma  Physics  24,  389-418,  1982.  The  13-moment  system  of 
equations  has  already  been  used  to  study  the  polar  wind  by 


Schunk  and  Watkins  (1981,  1982)  and  Mitchell  and  Palmadesso 
(1982).  The  13-moment  system  of  transport  equations  allow 
for  different  species  temperature  parallel  and  perpendicular 
to  the  field  lines.  In  addition  to  this,  the  16  moment 
equations  allow  transverse  and  parallel  thermal  energy  to  be 
transported  separately,  which  simulates  the  behavior  of  a 
large  temperature  anisotropy  for  a  collisionless  plasma 
better  than  the  13 -moment  equations. 

The  results  or  these  simulations  will  be  published  as  a 
NRL  Memorandum  Report  entitled  "Behavior  of  Ionized  Plasma 
in  the  High  Latitude  Topside  Ionosphere."  It  appears  in 
this  report  as  Appendix  F.  Our  results  are  in  good 
agreement  with  previous  theoretical  studies  of  the  polar 
wind  and  recent  experimental  observations.  This  is  the 
first  successful  steady  state  solution  to  the  16-moment  set 
of  transport  equations. 

At  present,  work  is  in  progress  to  study  the  properties 
of  equilibria  of  the  field  aligned  return  currents.  The 
return  currents  flow  from  the  magnetosphere  to  the 
ionosphere  and  are  carried  by  cold  electrons  of  ionospheric 
origin.  The  importance  of  field  aligned  currents  in 
magnetosphere-ionosphere  coupling  is  well  known. 
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(E)  High  Latitude  Ionospheric  Irregularities  [I] 


The  high  latitude  ionosphere  is  known  to  be  a  highly 
disturbed  medium.  An  understanding  of  the  various  physical 
processes  occurring  in  this  region  is  important  from  the 
viewpoint  of  transionospher ic  communications  since  the 
presence  of  irregularities  in  the  medium  results  in 
scintillations  in  a  RF  signal.  We  are  investigating  the 
various  causes  of  these  irregularities  (e.g.  plasma 
instabilities,  structured  particle  precipitation,  etc.)  and 
the  effect  on  them  of  realistic  conditions.  Thus: 


(i)  We  have  carried  out  a  nonlocal  study  on  the  effect 
of  magnetic-field  shear  on  the-  intermediate  scale  size  (- 
few  Jans)  causing  plasma  instabilit  ies ,  such  as  the 
interchange  mode,  and  have  found  that  magnetic  field  shear 
induced  stabilization  occurs  predominantly  at  long 
wavelengths.  [Manuscript  under  preparation.] 

(ii)  The  effects  of  finite  current  channel  width  on 
the  current-driven  collisional  ion-cyclotron  instability 
were  studied,  since  this  instability  may  have  relevance  at 
lower  altitudes  in  the  auroral  ionosphere.  It  was  found 
that  the  instability  is  quenched  for  widths  of  a  few 
ion-Larmour  radius  size.  [Manuscript  in  preparation.] 
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(iii)  A  nonlinear  saturation  mechanism  was  considered 


for  the  case  of  the  collisional  current-drive  ion-cyclotron 
instability,  based  upon  resonance  broadening  theory. 
Estimates  of  saturation  amplitudes  were  calculated  for  the 
high-latitude  ionosphere  situation.  This  paper,  entitled 
"Stabilization  of  the  Collisional  Current -Dr iven  Ion 
Cyclotron  Instability"  appears  in  this  report  as  Appendix  G. 

(iv)  A  possibility  of  artificial  (parametric) 
excitation  (or  suppression)  of  the  collisional  ion-cyclotron 
instability  was  considered  using  powerful  HF  electromagnet ic 
waves.  Threshold  f ield- intensities  required  for  such  an 
experiment  were  computed  for  the  high  latitude  ionosphere. 
This  paper  appears  in  this  report  as  Appendix  H,  entitled 
"Production  and  Control  of  Ion  Cyclotron  Instabilities  in 
the  High  Latitude  Ionosphere  by  High  Power  Radio  Waves." 

(F)  High  Latitude  Ionospheric  Irregularities  [II] 

To  understand  the  physical  mechanisms  that  generate 
high  latitude  ionospheric  irregularities  and  in  our 
continuing  efforts  to  focus  on  realistic  geometry  and 
parameters  of  interest  to  HILAT  and  auroral  observations,  we 
have  studied  (1)  the  effects  of  finite  current  channel  on 
the  current  convective  instability,  (2)  the  collisional 


(electron)  current  driven  ion  cyclotron  instability,  and  (3) 
stability  boundaries  in  stratified  flows  in  a 
gravitationally  driven  partially  ionized  plasma. 

(1)  Current  Convective  Instability 

It  has  been  conjectured  by  researchers  at  NHL  that  the 
current  convective  instability  (CCI)  operating  at  high 
latitudes  could  possibly  generate  )an  scale  irregularities  in 
the  ionospheric  P  region.  Several  papers  from  NRL  have 
addressed  questions  regarding  the  effects  of  magnetic  shear, 
velocity  shear,  nonlinear  stabilization,  etc.  Recent 
observations  have  indicated  that  the  currents  generating  the 
instability  are  constrained  to  narrow  channels  with  channel 
widths  (d)  comparable  to  or  smaller  than  the  gradient  scale 
length  (L)  .  These  observations  motivated  us  to  study  the 
effects  of  finite  current  channel  widths  on  CCI.  A  paper  on 
this  research  has  been  accepted  for  publication  in  the 
Journal  of  Geophysical  Research.  Details  are  given  in 
Appendix  I.  The  paper  is  entitled  "Effects  of  Finite 
Current  Channel  Width  on  the  Current  Convective  Instability" 
and  also  has  been  published  as  NRL  Memorandum  Report  5494, 
March  1985. 

In  essence  we  have  analyzed  the  effects  of  finite 
current  channel  width  on  the  current  convective  instability 
which  results  from  the  coupling  of  a  magnetic  field  aligned 
current  and  a  density  gradient  perpendicular  to  the  magnetic 


field.  For  a  current  with  perpendicular  scale  size  2d  and  a 
plasma  density  gradient  scale  length  L,  our  analytical 
results  indicate  a  monotonic  decrease  in  the  growth  rate  y 
of  the  current  convective  instability  for  d/L  ^  1  both  in 
the  collisional  (vin  w)  and  inertial  limits  (vjn  uj)  . 
For  d/L  lc  1,  we  find  y  «  V^d/L2  in  the  collisional  limit 
while  y  *  (V^d/L2)01,  a  l  1  in  the  inertial  limit.  In 
general,  the  growth  rate  of  the  current  convective 
instability  is  reduced  by  the  finite  width  of  the  current 
channel  from  that  of  the  local  case  in  which  the  current 
distribution  is  infinite  in  extent. 

Recent  data  by  Bythrow  et  al  (1984)  shows  that  d  *  1.9 
km,  L  --  6  km,  and  Vj  -  30  km/sec.  In  the  case  of  the 
ionospheric  F  region,  vei/fle  -  10"  4  and  vn/flj  -  10" 3  .  The 
growth  rate  for  different  values  of  X  are  as  follows.  For  X 
*  1,2,  and  10  km  y  -  0.0028  flj,  0.00264Hi,  and  0.00146  Qj, 
respectively.  On  the  other  hand,  for  d/L  xx  1,  the  local 
growth  rate  is  -  0.0031  n^.  For  narrower  current  channel 
and  large  density  gradients  or  longer  wavelength  modes  the 
growth  rate  could  be  substantially  lower. 

(2)  Collisional  Ion  Cyclotron  Instability 

Recent  observations  have  indicated  large  magnetic  field 
aligned  currents  in  the  collisional  bottoms ide  and 
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quasi-collisional  topside  of  the  high  latitude  ionosphere. 
Kindel  and  Kennel  (1971)  proposed  that  the  ion  cyclotron 
instability  based  on  the  inverse  ion  Landau  damping 
mechanism  could  be  active  in  the  quasi-collisional  topside 
of  the  ionosphere.  Chaturvedi  (1976)  using  a  fluid  model 
proposed  that  collisional  instability  based  on  the 
collisional  destabilization  of  the  negative  energy  wave 
could  be  a  source  of  small  and  intermediate  scale 
irregularities  in  the  collisional  bottomside  of  the  F 
region.  No  theory  exists  that  addresses  the  transition 
between  the  collisionless  and  collisional  excitation,  the 
approximate  altitude  of  transition  and  the  dependence  of  the 
growth  rate  on  ambient  high  latitude  ionospheric  plasma 
parameters.  We  investigate  these  problems  using  a  kinetic 
theory  based  on  the  BGK  collision  model. 

A  manuscript  is  under  preparation  summarizing  our 
results.  Our  research  shows  that  the  growth  rate  of  the 
instability  is  maximum  at  an  altitude  of  about  300  km  and 
the  growth  rate  of  the  lighter  ion  instability  is  larger 
than  that  of  the  heavier  ion  instability.  For  example,  the 
hydrogen  ion  cyclotron  instability  is  much  greater  than  the 
instabilities  at  0*"  or  NO*-  cyclotron  frequencies.  The 
growth  rate  scales  as  (m/M)  ,  where  m  is  the  electron  mass 
and  M  is  the  ion  mass.  Furthermore,  the  critical  drift 
velocity  for  the  onset  of  the  instability  at  the  N0f  or  0+ 


cyclotron  frequency  is  much  smaller  than  for  the  excitation 
of  the  instability  at  the  H+  cyclotron  frequency.  In  view 
of  this  result,  we  propose  that  the  N0+  ion  cyclotron 
instability  is  most  likely  to  be  excited  in  the  collisional 
bottomside  auroral  F  region.  Detailed  parameter  studies 
based  cn  realistic  collision  models  are  presented. 

(3)  Stability  Boundaries  in  Stratified  Flows  in  a 
Gravitationally  Driven  Partially  Ionized  Plasma. 

In  our  continuing  effort  to  understand  the  effects  of 
velocity  shear  on  interchange  type  instabi 1 ities ,  we 
examined  the  effects  of  collisions  on  the  stability  boundary 
for  Rayleigh-Taylor  instability.  We  investigate  these 
stability  boundaries  in  stratified  shear  flows  in  a 
partially  ionized  gravitationally  unstable  plasma.  A 
continuous  velocity  distribution  with  a  velocity  reversal 
point,  V  =  VQ  tanh  (x/L)  was  used  to  represent  the  shear 
layer.  An  exponential  density  profile,  exp(-x/d),  varying 
along  the  direction  of  gravity  was  used.  By  including  all 
the  inhomogeneous  terms  wo  show  that  the  stability  boundary 
represents  oscillations  of  finite  real  frequency  as  opposed 
to  the  neutrally  stable  boundary  obtained  by  Drazin  (J. 
Fluid  Mech.  4,  214  (1958)].  The  theory  is  further  extended 
to  partially  ionized  plasmas  and  the  effects  of  ion- neutral 
collisions  on  the  stability  boundary  are  studied.  We  show 
that  the  wavelength  domain  is  more  restrictive  when  ion 


neutral  collisions  are  included.  We  also  investigate  the 
stability  boundary  for  a  highly  collisional  plasma. 

(G)  Ionospheric  Turbulence 

Ionospheric  irregularities  arc  believed  to  result  from 
interchange  instabilities.  These  instabilities  include  the 
Rayleigh-Taylor  instability  (driven  by  the  gravitational 
field)  and  the  E  x  B  instability  (driven  by  a  neutral  wind). 
In  each  case,  these  instabilit ies  may  be  collision-dominated 
or  collisionless  depending  on  the  level  of  ion-neutral 
collisions.  In  the  past  year  we  have  sharpened  our 
understanding  of  the  nonlinear  behavior  of  these 
instabilities  from  a  unified  viewpoint.  We  have  developed  a 
set  of  mode  coupling  equations  describing  both  instabilities 
and  we  have  shown  the  following: 

(1)  both  instabilities  are  described  by  equations  that 
are  structurally  identical  to  each  other  and,  further,  are 
structurally  similar  to  the  equations  describing  the 
Rayleigh-Benard  instability  of  ordinary  fluids;  {?.)  at  the 
lowest  level  of  description,  the  nonlinear  equations  may  be 
reduced  to  a  three  mode  system  that  is  identical  to  the  3 
mode  equations  obtained  by  Lorenz  lo  describe 
Rayleigh-Benard  turbulence. 


The  Lorenz  equations  have  been  extensively  studied  by 
workers  in  nonlinear  dynamics  because  of  the  richness  in 
behavior  that  is  predicted:  for  low  growth  rate,  the 
equations  predict  steady  state  nonlinear  convecting 
equilibria.  However,  past  a  threshold  in  the  growth  rate, 
chaotic  behavior  in  convection  patterns  is  obtained  (a 
"strange  attractor"  is  present  as  non! in ear  dynamicists 
would  have  it).  Applying  this  to  the  ionosphere  we  conclude 
as  follows:  the  growth  rate  threshold  corresponds  precisely 
to  the  transition  from  collision-dominated  to  collisionless 
regimes  (which  occurs  at  an  altitude  of  about  500  km).  Thus 
below  500  km,  we  would  expect  steady  state  convection  while 
above  this  altitude  chaotic  convection  patterns  would  be 

' 

present. 

The  foregoing  conclusions  were  reported  in  Geophysical 
Research  Letters.  This  paper  is  included  here  as  Appendix 

! 

J,  entitled  "Ionospheric  Turbulence:  Interchange 

Instabilities  and  Chaotic  Fluid  Behavior."  It  must  be 
emphasized  that  these  results  were  drawn  from  a  three  mode 
analysis.  In  order  to  more  realistically  assess  the  3  mode 
predictions,  we  have  modified  the  pseudo-spectral  code  of 
Fyfe,  et  al.  [D.  Fyfe,  G.  Joyce,  and  D,  Montgomery,  J. 
Plasma  Phys.  17,  317  (1977))  to  study  collisional/ 

collisionless  interchange  turbulence  from  the  many  mode 
context.  We  have  shown  that  the  steady  states  are  not  as 
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robust  as  the  3  mode  equations  would  predict.  We  have  also 
made  preliminary  measurements  of  the  power  spectral  density 
resulting  from  fully  developed  turbulence  in  both 
collisional  and  collisionless  regimes. 

(H)  Hybrid  Code  Simulations  for  HANE 

During  the  last  year,  we  have  investigated  the  coupling 
process  between  the  debris  plasma  created  in  a  HANE  and  the 
ambient  air  plasma.  The  debris -air  interaction  can  be 
divided  into  three  characteristic  stages:  (1)  magnetic  field 
compression,  (2)  piston  formation,  and  (3)  shock  formation 
and  evolution.  Our  work  in  this  year  has  focused  primarily 
on  piston  formation,  i.e.,  the  process  of  momentum  coupling 
between  the  debris  and  air,  and  high  mach  number  shock 
formation  and  structure.  Our  studies  to  date  have  assumed 
t.he  debris  flow  is  perpendicular  to  the  magnetic  field.  We 
are  presently  extending  our  results  to  more  general  oblique 
geometry. 

To  elucidate  the  key  momentum  coupling  processes,  we 
have  performed  extensive  numerical  simulations  wiLh  a  1-D 
hybrid  code  which  includes  ion  kinetic  effects.  The 
detailed  results  of  this  study  can  be  found  in  Goodrich, 
Huba  and  Papadopoulos ,  ["Early  Time  Coupling  Studies",  NRL 
Memorandum,  (in  press)  1985].  The  primary  results  are  that 


some  debris  ions  are  accelerated  at  the  interface  and 
subsequently  propagate  into  the  air.  At  the  same  time,  the 
air  ions  are  reflected  at  the  interface.  Electrostatic 
turbulence  develops  on  a  longer  time  scale  which  partially 
couples  the  accelerated  debris,  reflected  air,  and  ambient 
air  ions;  the  coupling  is  weak  for  the  most  energetic  debris 
ions,  which  propagate  farthest  upstream  into  the  ambient 
plasma. 

The  implications  of  these  results  for  shock  formation 
are  detailed  in  Papadopoulos ,  Goodrich,  Mitchell,  and  Huba, 
["Time  Scale  for  Shock  Formation  Following  a  HANE,"  NRL 
Memorandum,  (in  press)  1985).  We  have  found  that  the 
presence  of  the  accelerated  debris  ions  inhibits  the 
formation  of  a  shock  in  the  air  plasma.  Since  these  ions 
are  not  effectively  scattered  by  the  electrostatic 
turbulence  near  the  interface,  they  are  coupled  to  the  air 
by  Larmor  effects.  We  find  the  shock  formation  time  to  be 
approximately  (4-6)MA/T)i,  where  M^  is  the  Alfven  mach  number 
of  the  debris,  and  n*  is  the  air  cyclotron  frequency. 

We  also  began  a  study  of  the  implications  of  the 
structure  of  very  high  mach  number  shocks  for  the 
structuring  of  debris  patches  observed  in  HANE's. 
Moderately  high  mach  number  shocks  are  known  to  have  a 
complex  spatial  structure  with  a  character  is ic  length  of 
approximately  an  ion  (streaming)  gyroradius.  Our 


preliminary  simulations  of  the  very  high  mach  number  shocks 
characteristic  of  a  HANE  indicate  an  even  stronger  spatial 
structure  as  well  as  large  temporal  fluctuations.  We  are 
currently  investigating  this  problem. 

(I)  Spectral  Indices  from  Power  Spectral  Densities  Due  to 
Spatial  Irregularities  in  HANE  Plasma  Clouds 

Spatial  structuring  of  the  ionosphere  following  HANE 
events  is  likely  to  persist  for  hours.  Since  defense 
detectors  typically  operate  in  the  ir  and  are  sensitive  to 
the  nature  of  the  structuring  it  is  important  to  estimate 
the  spatial  characteristics  of  ir  emissions.  We  have 
investigated  several  aspects  of  this  problem  which  have  been 
summarized  in  3  papers. 

In  the  first  paper  we  consider  idealized  "scan" 
functions,  namely  functions  of  one  variable  that  can  arise 
from  three-dimensional  optical  scour ces  observed  by  remote 
sensors.  We  established  the  relationship  between  continuity 
properties  of  these  functions  or  their  derviatives  and  the 
spectral  index  of  their  transforms.  We  showed  how 
inadequate  resolution,  whether  in  measured  data  or  numerical 
simulations,  introduces  errors  in  estimates  of  spectral 
indices.  Specifically,  we  discussed  the  errors  that  arise 
from  "aliasing"  and  the  number  of  data  samples  required  to 


obtain  an  adequate  separation  of  scales.  These  effects  were 


illustrated  with  numerical  examples.  This  work  was 
published  as  NRL  Memorandum  Report  5298,  March  1984, 
entitled  "Estimating  Spectral  Indices  from  Transforms  of 
Discrete  Representations  of  Density  Functions"  and  appears 
in  this  report  as  Appendix  K. 

In  a  second  paper,  we  related  spectral  properties  of 
multidimensional  emitting  sources  to  spectral  properties  of 
the  scan  functions.  For  sources  (i.e.  plasma  clouds)  of 
constant  emitting  intensity  the  spectral  index  of  the  power 
spectral  density  (PSD)  of  the  scan  profile  is  determined  by 
the  curvature  of  the  cloud's  boundary  curve  at  points  where 
projection  rays  are  tangent  to  the  boundary  curve.  Where 
the  cloud  has  a  gradient  in  emitting  intensity  at  its 
boundary,  the  spectral  index  will  be  dependent,  in  addition, 
on  the  nature  of  the  fall  off.  This  work  is  described  in 
more  detail  in  Appendix  L,  entitled  "Projections  of  Plasma 
Cloud  Structures  and  Their  Spectra,"  which  has  been 
published  as  NRL  Memorandum  Report  5561,  March  1985. 

In  a  third  paper,  we  describe  an  asymmetrical 
6-parameter  analytical  model  of  an  isolated  late-time  high 
altitude  striation  from  a  high  altitude  nuclear  explosion 
(HANE) .  We  use  parameters  suggested  by  recent  computer 
simulations  at  NRL.  The  model  is  consistent  with  available 
HANE  and  barium  cloud  data.  It  is  used  to  study  the 


sensitivity  of  the  spectral  index  to  edge  parameters  and  the 
direction  of  observation.  It  has  also  been  used  to  compare 
with  optical  Checkmate  data.  This  paper  has  been  submitted 
as  a  NRL  Memorandum  Report  entitled,  "A  Striation  Model  and 
Spectral  Characteristics  of  Optical-IR  Emission  from  HANE." 

(J)  The  Effects  of  Finite  Parallel  Resistivity  on  the 
Structuring  of  Barium  Clouds 

The  development  of  mathematical  models  to  describe  the 
structuring  of  barium  clouds  has  been  an  important  topic  of 
record  for  many  years.  In  the  past  most  of  this  work  has 
been  based  on  two-dimensional  models  in  which  the  dynamics 
of  the  cloud  along  the  ambient  magnetic  field  B  (third 
dimension)  is  unimportant.  In  the  limit  in  which  the 
parallel  conductivity  of  the  plasma  is  infinite  this  2-D 
model  is  reasonable.  The  magnetic  field  lines  in  this  case 
are  equipotental  surfaces  so  that  all  the  plasma  on  a  given 
magnetic  field  moves  as  a  whole.  On  the  other  hand,  the 
parallel  conductivity  of  any  real  plasma  is  finite  and 
therefore  the  potentials  which  develop  within  the  cloud  do 
not  map  perfectly  along  the  magnetic  field.  Of  particular 
interest  is  the  role  of  finite  parallel  conductivity  on  the 
gradient  drift  instability,  which  is  responsible  for  the 
observed  structuring  of  barium  clouds,  and  the  phenomenon  of 


freeezing,  in  which  the  continued  bifurcation  of  the  cloud 
ceases  once  a  critical  minimum  scale  size  is  reached. 

A  detailed  investigation  of  the  effect  of  finite 
parallel  resistivity  on  the  linear  stability  of  barium 
clouds  of  finite  length  along  B  has  been  completed.  In  the 
cold  plasma  limit  we  have  shown  that  while  long  wavelength 
modes  map  long  disances  along  the  ambient  magnetic  field, 
short  wavelength  modes  become  increasingly  localized  in  the 
vicinity  of  the  cloud.  As  a  consequence,  the  effective 
integrated  Pedersen  conductivity  (the  integrated 
conductivity  over  the  extent  of  the  mode)  is  much  larger  for 
long  wavelength  than  for  short  wavelength  modes  and  the 
growth  rates  of  long  wavelength  modes  are  significantly 
reduced  compared  with  those  of  the  short  wavelength  modes. 
The  growth  rate  of  the  gradient  drift  instability  peaks  at 
short  wavelength.  These  results  have  been  published  in  the 
Journal  of  Geophysical  Research  and  appear  here  as  Appendix 
M,  entitled  "The  Role  of  Finite  Parallel  Length  on  the 
Stability  of  Barium  Clouds." 

When  finite  temperature  is  included  in  the  calculation, 
the  modes  are  no  longer  purely  growing  but  begin  to 
propagate  at  the  diamagnetic  frequency,  For  long 
wavelength  modes  cjfc  «  k,  where  k  is  the  mode  wavenumber,  is 
small  compared  with  the  growth  rate  so  that  the  modes  are 
unaffected  by  finite  temperaure.  For  short  wavelength 


modes,  however,  is  much  larger  than  the  growth  rate  and 
the  gradient  drift  instability  is  stabilized.  Simple 
expressions  for  the  critical  wavelength  for  stability  have 
been  derived. 

The  importance  of  this  stabilization  mechanism  of  short 
wavelength  in  understanding  the  freezing  of  striations  in 
barium  clouds  is  currently  under  investigation.  These 
results  will  appear  in  the  Journal  of  Geophysical  Research 
under  the  title  "Finite  Temperature  Stabilization  of  the 
Gradient  Drift  Instability  in  Barium  Clouds”  and  is 
contained  in  this  report  as  Appendix  N. 

(K)  Finite  Temperature  Effects  on  Structuring  Barium  CloudB 

In  an  attempt  to  explain  the  'freezing'  phenomenon  in 
artificially  released  barium  clouds  in  the  ionosphere,  a 
simulation  study  was  carried  out  using  the  two-level 
cloud -background  incompressible  ionosphere  model  and  finite 
temperature  effects  were  introduced.  The  resulting 
stabilizing  influence  of  the  presence  of  a  finite  pressure 
background  ionosphere  was  discussed  in  the  light  of 
observations.  It  is  shown  that  striations  can  be 
long-lived,  quasi-stable,  nonbifurcating  structures  hundreds 
of  meters  in  diameter.  They  have  a  'tadpole'  shape  with  a 
dense  head,  steep  density  gradients  at  the  front,  and  a 


long,  less  dense  tail.  Further  details  are  contained  in  NRL 
Memorandum  Report  5346,  1984,  entitled  "Finite  Temperature 
Effects  on  the  Evolution  of  Ionospheric  Barium  Clouds  in  the 
Presence  of  a  Conducting  Background  Ionosphere.  I.  A  High 
Altitude  Incompressible  Background  Ionosphere."  This  report 
appears  here  as  Appendix  0. 

(L)  Collective  Particle  Accelerator  Studies 

We  have  previously  investigated  the  stability  of  a 
charged  beam  propagating  through  a  relativistic  annular 
electron  beam  in  connection  with  the  NRL  Collective  Particle 
Accelerator  (CPA)  [Ganguli  and  Palmadesso,  J.  Appl.  Phys., 
55,2715  (1984)]. 

We  have  extended  our  study  to  the  single  particle 
orbits  under  the  force  fields  prevailing  in  the  CPA. 
Extensive  numerical  studies  to  obtain  the  surface  of  section 
plots  for  typical  CPA  parameters  have  been  completed. 
Interesting  results  emerge.  We  have  also  completed  the 
study  of  the  particle  lag  time  inside  the  device  as  a 
function  of  the  injection  phase.  If  the  lag  time  is  large 
it  results  in  a  charge  cloud  build-up  inside  the  device 
which  in  turn  disables  the  normal  operation  of  the  CPA.  We 
have  identified  the  initial  phase  and  the  initial  energy  of 
injection  which  are  detrimental  to  the  operation  of  the 


device.  A  manuscript  will  soon  be  completed  which  will 
summarize  all  the  results  that  we  have  obtained. 

(M)  Models  for  the  Earth's  Middle  Atmosphere 

The  chemistry,  dynamics,  heat  balance,  and  physics  of 
the  earth's  middle  atmosphere  were  reviewed  to  identify  key 
observations  that  NRL's  experimental  program  could  make  and 
would  be  important  in  testing  theoretical  models.  In 
addition,  important  theoretical  problems  were  identified 
which  could  form  the  basis  for  building  a  theoretical  group 
and  program  at  NRL. 

Ozone  plays  a  fundamental  role  in  the  chemistry  and 
heat  balance  of  the  middle  atmosphere.  Above  50km  most 
theoretical  models  underpredict  ozone  concentrations  when 
the  most  recent  and  best  available  laboratory  data  are  used 
in  the  photochemical  calculations.  Because  ozone  is  the 
principal  absorber  of  solar  uv  radiation  which  heats  the 
middle  atmosphere,  it  is  extremely  important  that  ozone 
densities  be  accurately  measured  and  known.  Above  75km 
ozone  densities  are  generally  inferred  from  measurements  of 
radiation  from  02(1A),  of  which  the  Solar  Mesosphere 
Explorer  (SME)  measurements  are  representative.  The 
accuracy  of  this  type  of  measurement  is  questionable  and 
some  independent  measurement  technique  is  highly  desirable. 


The  heat  balance  of  the  mesosphere  is  very  important  as 
it  may  yield  constraints  on  gravity  wave  induced  eddy 
diffusion  of  constituents  and  heat.  Breaking  gravity  waves 
generate  and  maintain  a  background  level  of  turbulence  which 
is  capable  of  producing  substantial  cooling  and/or  heating 
in  the  upper  mesosphere  and  lower  thermosphere.  The  net 
thermodynamic  effect  of  breaking  gravity  waves  is  critically 
dependent  on  the  eddy  Prandtl  number  (Pt)  applicable.  When 
Pt  -  1,  our  calculations  of  the  heat  budget  for  the 
mesopause  region  with  SME  ozone  densities  for  solar  uv 
heating  imply  that  the  globally  averaged  eddy  or  turbulent 
diffusion  coefficient  cannot  exceed  106cm2s_1.  A  full 
discussion  of  this  research  is  contained  in  a  paper  entitled 
"Energy  Balance  Constraints  on  Gravity  Wave  Induced  Eddy 
Diffusion  in  the  Mesosphere  and  Lower  Thermosphere*  which  is 
being  prepared  for  publication  in  J.  Geophys .  Res.  with  John 
P.  Apruzese  (NRL)  and  Mark  R.  Schoeberl  (Goddard  Space 
Plight  Center)  as  co-authors. 

(N)  The  Dynamics  of  the  Indian  Summer  Monsoon 

The  summer  monsoon  circulation  is  dominated  at  low 
levels  by  a  cross  equatorial  jet,  which  runs  along  the  East 
African  topography  and  across  the  Arabian  Sea  to  India. 
Models  of  the  jet  have  not  satisfactorily  explained  the  wind 


maximum  off  the  Somali  coast  or  the  curvature  of  the  flow  in 
the  region.  In  order  to  separate  the  various  influences  of 
topography  and  the  convective  and  sensible  heating  on  the 
jet  structure,  the  three  dimensional,  five  layer,  primitive 
equations  model  in  sigma  coordinates  of  Chang  and  Madala 
(1980)  has  been  adapted  to  study  the  Indian  summer  monsoon. 
The  study,  described  in  a  report  (see  Appendix  P)  is  in 
collaboration  with  Dr.  Simon  Chang  of  the  Naval  Research 
Laboratory.  The  regional  model  with  topography  is 
integrated  for  six  days  from  an  initial  zonal  average  wind 
field  for  cases  with  and  without  a  prescribed  convective 
heat  source.  The  resolution  is  one  degree  in  longitude  and 
two  degrees  in  latitude.  The  planetary  boundary  layer  is 
modelled  by  a  single  layer.  The  horizontal  structure  of  the 
heat  source  is  the  same  as  the  distribution  of  observed 
average  July  rainfall,  but  with  a  rainfall  rate  of  five 
times,  due  to  the  shorter  integration  period.  The  initial 
zonal  average  flow  field  is  initialized  and  maintained  with 
nudging  of  the  wind. 

Without  the  prescribed  convective  heat  source,  the 
response  is  largely  confined  to  the  lower  troposphere.  The 
SE  trades  are  deflected  across  the  equator  by  the  East 
African  topography,  as  a  low  level  jet.  The  jet  doesn't 
penetrate  farther  north  than  8  N,  curving  southward  on  its 
eastward  path  over  the  Arabian  Sea  to  cross  the  extreme 


southern  tip  of  India.  With  the  monsoon  heat  source 
included,  the  low  level  cross  equatorial  flow  is  stronger 
and  broader.  The  low  level  jet  penetrates  farther  north  to 
16  N  in  a  broad  stream  of  southwesterly  flow  across  the 
Arabian  Sea,  before  turning  into  a  SW  flow  over  the  Bay  of 
Bengal. 

The  study  demonstrates  that  the  summer  monsoon 
circulation  is  primarily  driven  by  the  large  scale 
convective  heating  in  the  presence  of  topography.  In 
particular,  the  low  level  wind  maximum  off  the  coast  of 
Somalia  is  dynamically  related  to  the  lower  tropospheric 
Northern  Hemisphere  cyclonic  gyre  forced  by  the  convective 
heating.  The  sensitivity  of  flow  to  the  vertical  heating 
structure  is  also  tested.  The  effect  of  the  large  surface 
sensible  heat  fluxes  caused  by  the  high  surface  temperatures 
over  Somalia  and  Saudi  Arabia  during  the  summer  are 
currently  being  investigated.  A  multi-layer  planetary 
boundary  layer  formulation  has  been  developed  which  will  be 
added  to  the  model.  The  sensitivity  of  the  low  level  flow 
to  increased  vertical  resolution  in  the  boundary  layer  will 
be  assessed.  The  study  is  expected  to  be  completed  and  the 
results  submitted  for  publication  in  April  1985.  The 
results  are  being  presented  at  the  Canadian  Meteorological 
Society '8  Annual  Meeting  in  Montreal  in  June  1985.  More 
details  are  presented  in  Appendix  P,  entitled  "A  Three 


Dimensional  Model  of  the  Summer  Monsoon." 

(0)  Energy  Partitioning  in  the  IQ  Plasma  Torus 

We  have  studied  the  plasma  state  of  the  hot  torus  with 
a  local,  homogeneous,  steady-state  model  described  by  a  set 
of  coupled  quasilinear  equations  for  the  distribution 
functions  of  S+,  S++,  S+++,  0'*',  and  0++.  The  equations 
contain  model  Fokker-Planck  operators  for  ion-ion  and 
ion-electron  collisions,  a  species-  and  energy- independent 
loss  rate  r”1,  impact  ionization  of  S,  S+,  S4  +  ,  0,  and  O4 , 
recombination  of  S+++,  and  eleven  charge-exchange  reactions. 

The  only  free  parameters,  which  are  not  governed  by 
physical  processes  contained  in  the  model,  are  the  ion 
confinement  or  residence  lifetime  r  and  the  neutral 
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Under  the  constraints  that  the  pickup  mechanism  for 
newly  created  ions  is  the  dominant  energy  source  and  that 
the  torus  is  in  equilibrium  between  collisional  energy  loss 
from  ions  to  electrons  and  radiative  UV  loss  from  ions 
excited  by  ion-electron  collisions,  the  densities,  average 
energies,  and  distribution  functions  of  all  ion  species  and 


the  temperature  of  the  electrons,  which  are  assumed  to  be 
Maxwellian,  are  calculated  as  a  function  of  the  input 
parameters.  Among  the  results  are: 

(i)  The  ion  velocity  distributions  are  significantly 
non-Maxwe Ilian  for  the  major  species,  with  high 
energy  tails  extending  to  the  pickup  energy.  A 
quasi-thermal  core  exists  for  the  0+  and/or  S*  ion 
velocity  distribution  functions  only  if  the  EUV 
luminosity  of  the  torus  is  less  than  0.2  eV  cm-3 
s_1.  The  core  "temperature"  is  at  most  Ti  -  100 
eV;  the  average  energy  of  the  total  distribution 
is  generally  less  than  0.5  of  the  pickup  energy. 
The  ion  velocity  distributions  do  not  drive  the 
ion  loss-cone  instability  for  parameters  generally 
typical  of  the  torus. 

(ii)  The  EUV  luminosity  of  the  torus  during  the  Voyager 
1  encounter  was  *  0.15  eV  cm-3  s-1,  a  factor  of  - 
1.8  less  them  reported  by  Shemansky  and  Smith 
(1981).  This  downward  revision  in  the  EUV 
intensities  is  in  agreement  with  calibration 
adjustments  adopted  by  Holberg  et  al.  (1982)  at 
longer  wavelengths  (912-1050  A). 
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(iii) During  the  Voyager  1  encounter  the  approximate 

average  torus  ion  densities  were  S+:£  350, 
S++:420,  S+++ : 10 ;  0+:660,  0++:40  cm-3  with  Te  - 

4.8  eV,  r  -  60  days,  and  ne  -  2000  cm-3.  The 

average  neutral  torus  densities  were  ns  -  6  and  nQ 

-  30  cm-3  and  consistent  with  an  S02  source. 

(iv)  The  upper  limit  obtained  by  Brown  et  al.  (1983b) 
on  0++  concentrat ions  is  only  applicable  to  short 
duration  periods  when  transient,  large  eruptions 
of  sulfur  driven  volcanoes  occur  on  the  surface  of 
Io  (McEwen  and  Soderblom,  1983)  and  mass  loading 
of  the  neutral  torus  is  preferentially  by  sulfur. 
The  resultant  plasma  torus  contains  S+  and  S++ 
densities  of  *  600,  0+  -  120,  0++  ^  10,  and  S+++  * 
25  cm-3.  The  increased  mass  loading  reduces  r  to 

-  1  week. 

A  paper  on  this  work  has  been  submitted  for  publication  to 
the  Journal  of  Geophysical  Research. 
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ABSTRACT 


An  integro-dif f erent ial  formalism  is  developed  to  study 
the  collisionless  tearing  instability  in  a  non-Maxwell ian 
neutral  sheet.  The  exact  unperturbed  particle  orbits  are 
used  analytically  in  the  orbit  integrals.  The  treatment  is 
linear,  self-consistent  and  kinetic  for  both  ions  and 
electrons.  The  analysis  is  carried  out  for  low-frequency, 
purely  growing  electromagnetic  perturbations  (lul  «  ^ci)- 
Using  the  Galerkin  method,  the  integro-dif ferential  equation 
is  solved  to  obtain  the  dispersion  relation  and  the 
eigenmode  structure.  A  sufficient  condition  for  instability 
is  given  on  the  basis  of  a  quadratic  form  and  the 
eigenvalues  of  a  self-adjoint  integro-dif f erent ial  operator. 
The  formalism  is  applied  to  a  specific  model  distribution. 
For  the  case  where  the  electrons  and  ions  are  both 
non-Maxwell  ian,  it  is  shown  that  the  instability  is 
dominated  by  the  axis-crossing  electrons  and  that  the 
eigenmode  is  strongly  localized  to  a  region  of  the  order  of 
Pe1/2  at  the  null-plane,  where  pe  is  a  measure  of  the 
electron  gyroradius  in  the  asymptotic  magnetic  field. 
Furthermore,  the  dispersion  relation  has  the  general  form 
7/kveB -constant  where  k  a  B0  and  veB  is  the  electron  thermal 
velocity  along  B0,  the  equilibrium  magnetic  field. 


I  .  INTRODUCTION 


The  properties  of  the  coll is loniess  tearing  instability 
in  the  neutral  sheet  geometry  have  attracted  considerable 
attention  in  the  last  two  decades. 1-13  A  physical  system  in 
which  the  instability  may  be  particularly  relevant  is  the 
earth's  magnetotail.7'10'13  In  its  classic  form,1'2  the 
inertia  of  the  current  carriers  leads  to  the  collisionless 
tearing  instability  because  of  inverse  Landau  damping.  The 
previous  studies  of  the  instability  have  mainly  used 
isotropic  Maxwellian  distributions.  However,  in  a 
collisionless  plasma,  the  particle  motion  parallel  to  the 
magnetic  field  is  decoupled  from  the  perpendicular  motion. 
Laval  and  Pellat14  showed  that  collisionless  tearing-mode 
properties  can  sensitively  depend  on  weak  electron 
temperature  anisotropy.  They  showed  that  the  k  ii  B0  mode 
can  be  stabilized  by  a  very  small  degree  of  electron 
temperature  anisotropy,  (Tej_/Teu  -  1)  <  pe/6  «  1,  where  k  is 
the  wavevector,  B0  is  the  equilibrium  magnetic  field,  pe  is 
the  electron  Larmor  radius,  and  6  is  the  characteristic 
half-thickness  of  the  neutral  sheet.  The  quantities  Tex  and 
Te;:  are  temperatures  associated  with  the  particle  motion 
perpendicular  and  parallel  to  the  magnetic  field  B0, 
respectively.  Forslund10  obtained  an  approximate  dispersion 
relation  for  the  case  where  the  electrons  are  weakly 
anisotropic  with  (Tei_/Tei;  -  1)  <  pe/5  «  1.  This  work  showed 


a  substantial  enhancement  of  the  tearing  mode  growth  rate 
for  Te_i_/Teu  >  1.  In  this  work  the  effects  of  axis-crossing 
ion  orbits  extending  beyond  the  electron  inner  region  of  the 
order  of  (pefi)1/2  are  taken  to  be  negligibly  small  (the 
conventional  "two-region"  approximation).  However,  Chen  and 
Palmadesso12  have  recently  identified  the  existence  of  an 
ion  intermediate  region  of  the  order  of  (p^B)1/2  »  (pgB)1/2 
where  the  axis-crossing  ion  orbits  make  a  major 
contribution.  This  work  shows  that  a  more  adequate 
treatment  of  the  anisotropic  collisionless  tearing  mode  must 
include  the  ion  intermediate  region.  More  specifically, 
Ref.  12  shows  that,  when  the  ion  intermediate  region  is 
included,  a  given  degree  of  ion  anisotropy  (T^/Tin  >  1)  can 
increase  the  growth  rate  by  nearly  one  order  of  magnitude 
over  the  result  obtained  on  the  basis  of  the  two-region 
approximation. 10  In  comparison  with  the  isotropic  result, 
the  enhancement  of  the  growth  rate  using  the  three-region 
approximation  can  significantly  exceed  one  order  of 
magnitude.  This  implies  that  only  a  small  to  modest  degree 
of  ion  anisotropy  is  needed  to  effect  a  large  modifeation  to 
the  tearing-mode  properties.  The  underlying  physical 
process  for  the  enhancement  of  the  growth  is  identified  as 
the  Lorentz  force  acting  on  the  particles  in  the  directions 
parallel  to  the  equilibrium  magnetic  field.  Moreover,  a 
recent  numerical  simulation  study15  shows  that  the  linear 
growth  rate  is  indeed  greatly  enhanced  when  a  small  degree 


of  ion  temperature  anisotropy  (Tij./Tiu  >  1)  exists.  In  this 
study,  the  electrons  are  assumed  to  be  cold,  providing 
charge  neutrality. 

In  addition  to  the  obvious  influence  of  temperature 
anisotropy,  the  work  of  Ref.  12  demonstrates  that  a  proper 
treatment  of  particle  orbits  is  important  for  a  more 
complete  understanding  of  the  instability.  In  Ref.  12,  the 
large  axis-crossing  ion  orbits  were  modelled  using  the 
"straight-line"  approximation7,  with  the  eigenfunction 
assumed  to  be  nearly  constant  in  the  electron  inner  region 
and  the  ion  intermediate  region  (the  " constant ~yr” 
approximation).  While  these  simplifications  appeared  to  be 
adequate  for  small  to  modest  degrees  of  anisotropy,  they 
nevertheless  constitute  a  serious  limitation  if  greater 
degrees  of  anisotropy  are  to  be  considered.  Indeed,  it  will 
be  shown  that  the  constant-1^  approximation  is  invalid  in 
general  for  non-Maxwell ian  distributions.  Moreover,  an 
exact  treatment  has  not  been  given  before  so  that  the 
effects  of  the  exact  orbits  versus  the  approximate  orbits 
cannot  be  assessed.  The  difficulty  of  treating  the  orbits 
is  due  to  the  complicated  particle  motion  in  the  region 
where  the  magnetic  field  reverses  its  direction. 
Numerically,  Holdren16  demonstrated  the  feasibility  of  an 
integro-d if f er ent ial  treatment  of  the  exact  orbits  in  a 
relativistic  neutral  sheet.  However,  in  this  noteworthy  by 


rarely  referenced  work,  the  orbits  were  calculated 
numerically  and  the  numerics  required  were  substantial.  It 
is  thus  desirable  to  formulate  a  theory  which  treats  all  the 
orbits  exactly  with  minimal  numerical  computation. 

In  this  paper,  we  develop  a  formalism  to  calculate  the 
tearing-mode  properties  of  non-Maxwellian  neutral  sheets 
using  all  the  exact  particle  orbits  analytically.  We  also 
provide  a  general  prescription  based  on  quadrature  to 
determine  the  sufficient  condition  for  instability  in  a 
given  system  without  resorting  to  extensive  numerical 
computation.  The  formalism  is  then  illustrated  by  using  a 
highly  non-Maxwellian  distribution  function.  The  technique 
developed  here  can  be  generalized  to  other  distribution 


f unct ions . 
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II.  GENERAL.  INTEGRO-DIFFERENTI AL  FORMULATION 


In  this  paper,  we  study  the  collisionless  tearing  mode 
properties  of  a  neutral  sheet  in  which  the  particle 
distribution  is  highly  non-Maxwell ian .  We  develop  a 
formalism  whereby  the  exact  single-particle  orbits  are  used 
analytically  in  the  solution  of  the  first  order 
Vlasov-Maxwell  equations.  Figure  1  shows  a  schematic 
drawing  of  the  geometry  and  the  coordinate  system.  The 
equilibrium  magnetic  field  B0(z)  =  Bx°(z)x,  indicated  by  the 
solid  lines,  is  generated  self -cons istently  by  the  current 
J0(z)  =  JG(z)y.  The  magnetic  field  reverses  its  direction 
in  the  plasma  at  z=0,  and  JG(z)  is  even  in  z.  Both 


electrons 

and 

ions  are 

collisionless 

and 

assumed 

to 

contribute 

to 

the  current. 

We  assume 

that 

there  is 

no 

equilibrium  electrostatic  field  and  no  ExB  motion  of  the 
plasma  (i.e.  the  rest  frame  of  the  sheet). 


c-.t 


We  consider  a  class  of  equilibria  described  by  Fj  =  Fj 
(H_ij  -  VjPyj  ,  H  ii  j )  ,  where  j=e,i  and  (Hxj,  Py  j  ,  H  n  j )  are  the 
single-particle  constants  of  the  motion.  Here,  H_Lj 


(mj/2)(Vy2  4  Vz2),  Pyj  = 

mj  v  j  + 

S' 

\ 

o 

s— ✓ 

> 

0 

N 

v-' 

is 

the 

canonical  momentum,  Hnj  = 

(mj/2) vx2 , 

and  Ay° ( z ) 

is 

the 

• 

equilibrium  vector  potential 

For  the 

species  j  ,  q j 

is 

the 

electric  charge,  mj  is  the 

inass  and  ' 

/j  =  constant 

is 

the 

mean  drift  velicity  in  the  y 

d lr ect ion . 
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A.  BASIC  EQUATIONS 


The  tearing  instability  can  be  described  by 
perturbations  of  the  form  y(x,z,t)  -  y(z)exp( ikx-iut) ,  where 
the  wave  vector  k  *  kx  is  parallel  to  the  equilibrium 


magnetic  field. 


The  perturbed  magnetic  field  is 


schematically  shown  by  dashed  lines  in  Fig.  1.  The 
characteristic  perturbation  frequency  cj  is  small  in 
comparison  with  the  ion  cyclotron  frequency  uCi  =  eB0/miC 
defined  in  the  asymptotic  magnetic  field  B0  &  bx°  (z=«>). 
Under  these  assumptions,  it  can  be  shown  (see,  for  example, 
Ref.  12)  that  the  perturbed  scalar  potential  can  be 
neglected.  Using  the  standard  method  of  character ist ics , 
the  first-order  Vlasov  distribution  function  for  each 
species  is 


f  .  =  -q  .  P  .  y  4  iuq  .  , ,  -1—  S 

3  3  aH^/  3  yj 


‘j  3H, 


J  V  ^ 

3H,j  ]  * yJ' 


where  pj  =  Vj/c  and  Syj  is  the  orbit  integral  along  the 
unperturbed  orbits  given  by 
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yj 


i  i 

i  s  -  c  J  dt' vy'v 


where  ijr  is  the  perturbed  vector  potential  Ai  =  ijr  (x,z,t)  y . 
Here,  (x',y')  represents  the  particle  orbits  in  the 
equilibrium  field  with  the  conditions  x'(t'=  t)  =  x  and 
v'(t'=t)  =  v  .  All  perturbation  quantities  vanish  as  t  -* 

-<*>.  The  perturbed  vector  potential  Aj_  satisfies 


B^  =  V  x  A^ 


(2) 


and 


(3) 


y  x  B1  =  (477/c)Jlf  (4) 

where  the  scalar  potential  has  been  neglected.  In  this 
paper,  we  choose  the  Coulomb  gauge  (V  -  A  =  0).  Because  the 
perturbation  frequency  is  low  (lu»l  <<  wcj),  we  assume  charge 
neutrality  to  first  order  in  this  paper.  Note  that  B]y 
(x,z,t)  =  0  for  the  tearing  perturbation  so  that  J  x  =  Jiy 
(x,z,t)  y  and  Ai  =  ^(x,z,t)y.  Ampere's  law  then  gives 
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-  K-  TfT  ( z )  +  ^  Jly(2)  =  0  - 


Here  Jiy(z)  is  the  perturbed  current  density  given  by  J^y  = 
qi  J*  d^v  Vy  fj.  Thus,  it  depends  on  the  global  structure  of 
ijr  through  the  orbit  integral  Syj  .  The  purpose  of  this  paper 
is  to  solve  the  integro-d if f er ent ial  equation  (5)  for  the 
mode  structure  including  all  equilibrium  orbits  exactly.  In 
the  remainder  of  this  paper,  the  species  index  j  will  be 
suppressed  where  no  confusion  arises. 


In  equilibrium,  the  particle  motion  in  the  z  direction 
is  periodic  with  the  period  for  each  species  given  by  T  * 
T(HjL,Py)  •  This  means  that  the  integrand  of  Sy,  which  is 
evaluated  along  equilibrium  trajectories,  is  a  periodic 
function  of  time  t'  and  is  uniquely  determined  for  each 
orbit  in  terms  of  the  coordinates  (x,  v)  at  the  present  time 
t.  Thus,  along  each  orbit  we  can  write 


fl>  ( z  '  I  z )  s  v  ( z  1  )  jjr  ( z  '  ) 


Moreover,  for  a  given  orbit  corresponding  to  Hj.  and  Py,  we 
can  expand  4>(z’  Iz)  as 


« 


®(z*lz)  =  £  C>  (z)  exp[  infl(t-t '  )  ] 
n=0 


where  the  orbital  frequency  is 


n  =  277/T(H_L,Py) 


l  r 

<X>n(z)  “  t  J  dT  '  1  2  )  exPt  inn( t-r)  ] 


where  z'«z'(r).  Note  that,  at  t'=t,  we  have  z'=z  and 


<X>(z)  =  £  <I>  (z)  . 

n=0  n 


The  advantage  of  expressing  the  integrand  in  this  way  is 
that  the  explicit  dependence  on  t '  is  now  in  the  exponent  so 
that  the  expansion  coefficient  depends  only  on  the  present 
time  t.  Using  Eq.(6)  in  the  orbit  integral  Sy,  we  obtain 


S  (t ) 

y 


i  -  exp  [ i (kx-ut-nnt) ]  1 

c  (j+nfl-kv  T 

n  x 
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x  dz 1 


exp( innt ’  ) 


(8) 


Vy(z' )^(z') 

lv^(z' ) ! 


where  the  t 1 -integration  has  been  changed  to  a  z' -integra¬ 
tion  over  one  cycle  and  where  the  velocity  component  vx  is  a 
constant  of  the  motion.  Thus,  we  have  converted  the  orbit 
integral  to  an  infinite  sum  of  t '  -  integrations  over  one 
per iod . 


Using  the  orbit  integrals,  the  perturbed  current 
density  for  each  species  is  obtained  by  integrating  fj  over 
the  velocity  space.  Then,  we  obtain  quite  generally 


Jly(z)  =  -e2/?y(z)  J  d3v  v 


3F 


y  3H  , 


+  E  Jan(z> 


(9) 


where 


J  (z)  =  ie 
an' 


w 

I .  -  I 

kv .  „ 

1  2 

juj 

I 

I 


1 


J 


v  £L. 

y  3HX 
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is  the  parallel  thermal  velocity.  In  the  neutral  sheet 
geometry,  the  perpendicular  motion  and  the  parallel  motion 
are  decoupled.  We  consider  equilibrium  distribution 

functions  of  the  separable  type  Fj  =  Fx ( Hx-Vj Py )  Fb(Hb)  with 

oo 

J  cdv^F  u  C  H  () )  =  1.  In  particular,  we  choose  the  parallel  dis- 

—co 

tribution  to  be  Maxwellian  for  both  species  so  that 

_  .  H 

Fu(Hu)  =  (2mT  ,/m  )  17  exp  -  —  .  (10) 

■J  -j  j  a 

Then,  the  thermal  velocity  v  j  H  in  Eq.(S)  can  be  identified 
in  the  Maxwellian  sense.  Note  that  the  first  term  in  Eq.(9) 
is  the  so-called  adiabatic  term.  However,  the  term  Jan 
includes  contribution  from  both  adiabatic  and  nonadiabatic 
motion  of  particles. 

After  performing  the  vx-integration,  we  obtain 
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!1  “  ^  S  J  dVH-  an:  Z<V  f 

3 


.  v  v' 

X  J  dz'  l/~MV  I  exp[-inn(t-t')] 
z  z 


and 


m .  c 
3 


3F 

L 

dP  dH 

JL  1 

+  F 

n  J 

y  -L 

aHx  F-J 

W( b  )  ± 
n  T 


x 


v  v ' 

Tv'-nv'  I  exP[~inn(t-f  )]  t{z' 
z  z 


where  Vy-Vy(z),  vy“vy(z')/  v2-v2(z),  v2*=v2(z'), 

and  n=277-/T(Ha_,  Py)  .  Here  the  dispersion  functions 
by 


Z(€) 


7 T 


-1/2 


o 

J 


dx 


exp(-x  ) 
x-{ 


and  WU)-1+£Z(£ ) ,  with 


,  _  u+nn 

b  =  - - 

n 


(ID 


),  (12) 


’-TCH^Py) 
are  given 


(13) 


Combining  the  terms  1 2  and  I2,  we  can  write 


J  (z) 
an 


m3c  Tj 


£  dz '^(z ' ) J 


dP  dH  v  v’ 

-V“  W(bn>F^  FW1 

z  z 


2 

+  — £  idz  '^-(z  '  )  | 

m  r* 


dP  dH, 

y  J 
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,  nn 

1+  * -  z 

kvj. 


‘bn>l: 


V  V' 

y  y 

I  V  I  I  V'  I 

z  z  . 


Note  that  the  first  term  in  Eq.(14)  comes  from  the  3F/3Hp 
term  in  I2  and  describes  how  the  system  changes  in  response 
to  inf inites inal  changes  in  the  parallel  energy  of  particle 
root  ion . 


In  the  neutral  sheet  geometry,  the  velocity  components 
can  be  expressed  in  terms  of  an  effective  potential.  Along 
each  orbit,  we  have 


2  2 

v  =  — 

z  m . 


ryz)  3 


=-  r  (z) 
m .  1 

3  J 


where  the  effective  potential  Tj(z)  is  such  that  mjd2z/dt2  = 
-dTj/dz.  Note  that  Tj(z)  is  uniquely  determined  for  given 
Hjl  and  Pv.  The  orbital  period  T  =  T(Hj.,Py)  is  given  by 
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(17) 


T(HJ.,P  )  *  f 


lv2(z)l  ' 


where  the  integration  is  carried  out  over  one  complete 
cycle.  Equations  (14)  through  (17)  are  valid  for  any  Fj- 
where  the  separable  form  of  the  distribution  function  F  is 
applicable.  For  a  given  neutral  sheet  equilibrium,  Eqs . 
(15)  and  (17)  and,  hence,  the  perturbed  current  density 
Jiy(z) ,  are  completely  determined.  Equation  (5),  in 
conjunction  with  Eq.  (9)  and  Eqs.  (14)  through  (17),  is  the 
fundamental  integro-dif f er ent ial  equation  describing  the 
instability.  The  boundary  condition  for  y  is  that  y  must 
vanish  as  Izl  •*  °°. 


It  is  useful  to  express  the  left  hand  side  of  Eq.  (5) 
as  an  integro-dif ferent ial  operator  L,  which  can  be  written 


.2,  .2 

d  f  2  ine 

L  y  s  — _  -yry  +  - 

dz^  c  j 


r  3  aFi 

E  fi.nz)  J  dy  v  — 1 

-i  J  J  y  AU 


4TTe  1  r  n  1 

-  E  ~2~  J  dz  ’  Kj.U.z’)  +  k-2(z,z’  )  jy(z'  )  . 


c  j  itkc 


Here,  the  kernels  are  given  by 


dPydHJL  V  (Z)V  (z) 

Kl(Z,Z')  =  E  - - -  W(bn)FJ-  - - - V -  ,■  (19) 

J  -P  )  n  Iv  (z)  v  (z*  )  I 


«2(z,z')  -  E 


f  dpv  dH^  nn  a?  V  (z)v  (z*) 

e  — i - i  +  —  z(b  ) - y — y. — 

nJ  T(HA,Py)  kv.a  n  aH^  lvz(z)v2(z') I 


Equation  (5)  can  then  be  written  as 


L  0-(z )  «  0 


We  can  further  define  a  quadratic  form  I  by 


1(01^)  =  J  dz  0*(z)  L  i/r{  z) 


where  z- integrat  ion  is  carried  out  over  all  space.  Using 
the  variational  principle,  Eq .  (5),  or  equivalently,  Eq . 

(21),  can  be  recovered  by  requiring  61(010)  =  0.  This 

implies  that  \{y\t)  =  0  is  true  s  imulataneously .  It  is 
instructive  to  note  that  by  multiplying  L  by  -1  and  taking 
the  k 2f  term  to  the  right  hand  side,  Eq.  (21)  can  be  cast  in 
the  form  of  a  Shroedinger  equation  in  which  -k2  plays  the 


t 


role  of  the  energy  of  a  particle  in  a  potential  well,  which 
corresponds  to  the  perturbed  current  density.  Thus,  in 
effect,  we  seek  bound-state  solutions. 

Consider  an  arbitrary  set  of  basis  functions,  {u*(z)}. 

If  we  let  V(z)  =  £QiU£(z),  then  Eq .  (21)  can  be  converted 

£ 

into  a  matrix  representation 

L  M,  Q  =0  (23) 

i  £mxm  ' 

m=l 

for  all  1.  Here,  the  matrix  elements  are  given  by  M*m  = 
I  (u*lum)  .  Note  that  and  *2  are  symmetric  in  z  and  z'  so 
that  M*m  is  a  symmetric  matrix.  A  particularly  useful 
method  of  solving  the  integro-dif f erent ial  equation  (21)  [or 
Eq.  (5)]  is  the  Galerkin  method.17  We  use  only  a  finite 
number  of  basis  functions  to  construct  the  matrix  M  and 
solve  Eq.  (23).  The  dispersion  relation  is  then  given  by 
the  condition  detIMI  *  0.  Equivalently,  in  this  paper,  we 
choose  to  determine  the  dispersion  relation  by  solving  for 
zero  eigenvalues. 

Note  that  if  we  take  the  fundamental  harmonic  n=0  and 
take  Fjl  to  be  Maxwellian  with  a  temperature  of  Tjx  =  T j  n  , 
then  the  "1"  in  the  square  brackets  cancels  the  "1"  in 
W(b0) .  The  leading  term  is  then  proportional  to  b0=w/kvjn 


<<  1,  giving  rise  to  the  conventional  collisionless  tearing 
mode  (see,  for  example.  Refs.  9  and  12).  This  shows  that 
the  conventional  tearing  mode  is  in  a  sense  a  weak 
"residual"  instability  that  occurs  when  the  particle 
distribution  is  exactly  Maxwellian  so  that  the  mirror  force 
contribution  represented  by  I2  is  zero.  However,  if  the 
particle  distribution  deviates  from  the  exact  isotropic 
Maxwellian,  then  the  cancellation  of  the  two  large  "l's" 
does  not  occur  even  for  n=0.  This  leads  to  a  much  stronger 
instability  of  the  tearing  type.12*13 

In  the  remainder  of  this  paper,  we  will  consider  the 
fundamental  harmonic  (n=0)  for  the  purely  growing  mode 
(w-i?) .  Before  proceeding  to  specific  model  calculations, 
we  will  discuss  a  number  of  general  features  of  Eq.  (21). 

B.  A  CRITERION  FOR  INSTABILITY 

For  the  purely  growing  mode  wtih  n=0,  we  note  that  the 

operator  L  and,  therefore,  the  matrix  M  are  self-adjoint 

since  L  is  real  and  symmetric  in  z  and  z’.  The  eigenvalues 

are  real  and  the  eigenfunctions  can  be  chosen  to  be 

orthonormal.  If  we  let  pn,(z)  =  £  gmsus(z)  be  an  eigen- 

s 

function  with  the  eigenvalue  Xm,  then 
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dz 
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-  K,  (Z,Z'  )  +  K  (Z,Z'  ) 

.T  .  . 

(24) 


where  use  has  been  made  of  the  fact  that  0m  vanishes 
for  z  -»  ±  °°  and  we  have  chosen  to  be  real  without 
loss  of  generality.  If  we  take  the  limit  y  -*  -<®,  then 
W(i-y)  -  —27 t1/2  y  exp(y2)  ->  +  ®  so  that  the  right  hand  side 
of  Eq.  (24)  is  dominated  by  the  term.  From  Eq .  (19),  we 
see  that  this  integral  is  positive  definite.  We,  therefore, 
conclude  quite  generally  that  all  the  eigenvalues  are 
positive  for  sufficiently  negative  y.  In  the  other  limit,  y 
-*  +  <*>,  we  see  that,  for  any  fixed  k,  the  explicit  dependence 
of  on  y  disappears  since  the  Z  function  vanishes.  In 
addition,  for  any  fixed  k  and  finite  y ,  it  is  easy  to  see 
that  is  bounded  from  above.  Note,  however,  that 
im  need  not  be  bounded  from  below  since  d0m/dz  can  be  made 
large  without  bounds.  As  y  is  increased  from  -=>,  some 
eigenvalues  can  cross  zero  and  become  negative.  The 
eigenfunctions  and  the  associated  values  of  y  for  which  the 
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eigenvalues  are  zero  are  the  eigenmodes  satisfying  the 
fundamental  equation  (21)  and  the  eigenf requencies 
corresponding  to  the  respective  modes.  For  any  finite  y,  it 
can  be  shown  that  there  are  only  finitely  many  positive 
eigenvalues.  Thus,  there  are  infinitely  many  stable 
branches.  The  above  properties  suggest  a  general  method  to 
determine  the  sufficient  condition  for  instability  without 
the  need  for  extensive  computation.  The  Galerkin  method 
approximates  the  solution  by  using  a  finite  N  x  N  matrix  in 
Eq.(23).  This  yields  a  finite  spectrum  of  eigenvalues.  We 
compute  the  spectrum  at  y=0  and  a  large  positive  y=yl  for  a 
given  k.  Let  nQ  and  nx  be  the  number  of  positive 
eigenvalues  at  and  y^yx,  respectively.  If  n0  f  nx,  then 
the  approximate  system  possesses  at  least  InQ-njJ  unstable 
modes.  This  prescription  can  be  particularly  useful  for 
cases  where  computation  of  the  matrix  elements  Mjn  for  each 
value  of  y  is  time  consuming.  An  example  is  a  system  in 
which  the  parallel  motion  and  the  perpendicular  motion 
cannot  be  separated.  A  more  rigorous  discussion  of  this 
method  will  be  given  elsewhere.  The  above  method  of 
determining  the  sufficient  condition  for  instability  is 
analogous  to  the  energy  principle  analysis20  for  ideal  MHD 
plasmas . 

Moreover,  it  is  possible  to  infer  the  general  form  of 
the  dispersion  relation  from  Eq .  (24)  if  the  k2  term  is 


small,  which  will  prove  to  be  the  case  for  the  problem 
analyzed  here  (see  Sec.  III).  Then,  the  dependence  on  u  and 
k  occurs  only  in  the  form  cj/kvjB.  If  an  eigenmode  is  found 
(i.e.  Xro  *=  0  for  some  m)  ,  the  dispersion  relation  is  given 
generally  by  <j/k  =  constant.  This  point  will  be  discussed 
further  in  connection  with  Eq .  (45). 

C.  EQUILIBRIUM 

In  order  to  apply  the  formalism  to  a  neutral  sheet 
whose  particle  distribution  is  highly  non-Maxwellian,  we 
adopt  the  following  model  equilibrium  distribution  function. 
We  assume  that  the  perpendicular  energy  distribution 
function  is  of  the  form,18 
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where 


q5Vj  1  2 

V2>  ■  -V  Aoy(Z)  +  2  mjV3  *  Tj. 


(27) 


Here,  the  equilibrium  scalar  potential  has  been  set  to  zero. 
Then,  the  equilibrium  current  density  is 


J  .(z)  =  q.V.n  (z), 
oj  1  J  ° 


(28) 


and  the  vector  potential  is 


A  (z)  = 
oy 


2men 

c~  <WZ  ' 


-  V' 


A.(z)  >  0 


A  j  (  z )  <  0 


(29) 


Without  loss  of  any  generality,  we  can  choose  (Vi~Ve)  >  0  so 
that  B0>  0 .  Inserting  Eq.(29)  into  Eq.(27),  we  find  that 
A j ( z )  >  0  if  and  only  if  Izl  C  Zp  where 
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z 
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m  V  +  2T . 

3  3  3- 


4men  (V.  -V  ) (q  V. )/c‘ 
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(30) 


With  the  choice  (Vi~Ve)  >  0,  we  have  ( q j V j  )  >  0  for  both 
species  so  that  Vj_  >  0  and  Ve  <  0 .  The  magnetic  field  can 
then  be  written  as 
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B  (z)  = 
ox 


z  I  <  z 


Z  I  >  2 


where  the  asymptotic  field  is  given  by 


4nren 


B  =  - -  (V.  -  V  )z 

o  1  e  p 

c 


Defining  V.  e  IV. I  and  V  *  iv  i ,  we  can  write 
1  l  e  e 


1  .  .2 


—  -1  -2  2 


zp  “  (wciVi>  (Vi  +  vi-)  *  (uceVe^  (Ve  +  ve^  (32) 


where  we  have  defined 


It  is  clear  that  z  =  ±Zp  correspond  to  the  edges  of  the 
neutral  sheet  and  we  have  used  the  fact  that  equilibrium 
charge  neutrality  requires  that  the  electron  and  ion 
densities  must  be  identical.  It  is  also  straightforward  to 
show  that  the  pressure  tensor  is  diagonal  with  the  elements 
PBj(z)  *=  Tj  tm0(z)  and  P_ij(z)  =  n0  ( z )  A-j  ( z )  ,  where  Pu  =  Pxx 
and  Pa.  =  Pyy  ■»  Pzz-  Because  Fn  is  Maxwellian,  the  parallel 
temperature  is  constant  inside  the  neutral  sheet.  In  the 
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perpendicular  direction,  the  quantity  Aj(z)  plays  the  role 
of  the  local  perpendicular  temperature.  Thus,  the 
perpendicular  temperature  distribution  is  parabolic  in  z 
inside  the  neutral  sheet: 


A.(z)  =  T.jl(1+V^/v^j_)(1-z2/z^). 


It  will  turn  out  that  the  term  Vj2/vjj_2  is  typically  much 
smaller  than  unity  for  the  case  of  interest  so  that  Tjj.  is 
essentially  the  perpendicular  temperature  near  z>=0  and  Vjj. 
is  essentially  the  perpendicular  thermal  velocity  near  z =0. 
Note  that  the  temperature  distribution  is  highly  anisotropic 
throughout  the  neutral  sheet  with  no  isotropic  limit.  As  a 
general  remark,  the  equilibrium  force  balance  is  established 
by  the  Lorentz  force  balancing  the  pressure  gradient  in  the 
z-direct ion . 

It  is  convenient  to  define 

p  .  =  v .  /v 
3  J-1-  cj  . 

This  quantity  provides  a  measure  of  the  size  of  typical 
orbits  in  the  neutral  sheet.  Then,  Eq.(22)  yields  two 
equilibrium  solutions: 
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1  ±  ( l-4p^/Zp) 
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I 
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Note  that  charge  neutral  equilibrium  is  possible  only  if 
Pj/Zp  <  1/2.  For  all  practical  purposes,  Pj/Zp  «  1/2.  The 
solution  corresponding  to  the  minus  sign  will  be  called  the 
"slow"  solution.  This  solution  is  such  that  the  leading 
term  is  Vi/vjj.  -  pj/zp  which  is  typically  much  less  than 
unity.  This  is  similar  to  the  Harris  equilibrium  where 
Vj/VjjL  is  exactly  equal  to  Pj/Zp.  For  the  limiting  case 
Pj/Zp  -  1/2,  we  have  Vj/vjj.  *=  1,  which  is  the  maximum  value 
for  the  slow  solution.  The  solution  corresponding  to  the 
plus  sign  will  be  referred  to  as  the  "fast"  solution.  This 
gives  Vj/Vjx  >  1  with  Pj/Zp  «  1/2  yielding  Vj/vjj.  »  2.  In 
physical  systems,  this  means  that  the  average  drift  is  much 
greater  than  the  typical  thermal  velocity.  In  this  paper, 
we  consider  only  the  slow  solution. 


D.  PARTICLE  ORBITS 

In  the  neutral  sheet  geometry  with  a  magnetic  field 
given  by  Eq.(31),  the  particles  generally  execute 
complicated  orbits  (see,  for  example,  Ref.  19).  It  is  the 
difficulty  of  treating  such  orbits  that  has  forced  all 
previous  works  to  either  use  approximate  analytic  orbits 
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with  severe  restrictions  on  orbital  size,  frequency  range, 
and  eigenmode  structure  or  extensive  numerical  calculation 
of  orbits.  In  this  paper,  we  include  all  the  equilibrium 
of bits  analytically  by  using  the  first  integrals  of  the 
motion  (Sec.  II. A). 

For  the  particular  model  distribution  functions,  the 
effective  potential  [Eqs.  (15)  and  (16)]  is  given  by 


where 


and 
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It  is  easy  to  see  that  the  effective  potential  has  two  basic 
configurations.  For  (GjPy)  <  0,  Tj(z)  has  only  one  minimum 
at  z=0  and  all  orbits  are  of  the  axis-crossing  type.  For 
(GjPy)  >  0,  Tj(z)  has  one  local  maximum  at  z=0  and  two  local 
minimums  at  z  =  ±z*  where  z*=(GjPy)x/2  and  fj(±z*)=0.  In  both 


cases,  the  outer  turning  points  are  at  z=±zt  where 


where  K(£2)  is  the  complete  elliptic  integral  of  the  first 
kind 


K( £ 2 )  -  J  de  (l-f2sin20)~l/2. 
o 

Because  these  orbits  cross  the  axis  (z=0),  we  find 

IG3Py'  <  (H^/Cj)172- 

Similarly,  an  orbit  is  of  the  non-crossing  type  if  and  only 
if  >  1  with  the  period  given  by 


,  f2m.li/2 

T(Hy  pv)  -  f-  ^  K<«  *)  ,  (37) 

y  ZT  j 

and 

GjPy  >  CHJL/«j)%. 

Note  that  £j~l  corresponds  to  the  marginally  crossing  orbit 
with  T  ->  «*  as  T  «  - ( 1/2) *n( l-£ j ) . 

E .  THE  KERNELS 


We  now  have  all  the  information  necessary  to  compute 
the  perturbed  current  density  [Eqs.(9)  and  (14)]  for  the 


T 


model  distribution  function,  Eq.  (25).  Specifically,  we 
calculate  the  kernels  in  Eq.(14).  In  this  paper,  we 
specialize  to  the  fundamental  harmonic,  n=0. 

By  virtue  of  our  choice  of  Fj.,  the  IU- integrat ion  can 
be  performed  trivially  in  Eq.(14).  With  a  different  choice 
of  Fj_,  both  Py-  and  Hj.-integrations  may  have  to  be  done 
numerically.  However,  the  velocity  components  can  still  be 
computed  analyt ically  so  that  the  numerics  required  are 
minimal.  Carrying  out  the  Hjl- integrat ion,  we  obtain 
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(38) 


where  bQ  «=  u/kv j  y  and  s  =  GjPy/Zp^.  In  the  above  equation 
and  in  the  remainder  of  the  paper,  z,  z'  and  other  lengths 
will  be  scaled  to  Zp.  The  dimensionless  kernel 
corresponds  to  [Eq.  (19)]  and  is  given  by 


K1(z,z’)  *  J 


ds 


2  '  2 
(z  -sMz^-s) 


T(s) [ ( s-a j ) (bj-s) (s-a^ ) (b^-s) ] 
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(39) 
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and  K2  corresponds  to  k 2  [Eq.  (20)}  and  is  given  by 


K2  ( 2 ' 2 '  )  “  3t  .  *'l 


K. ( z , z  '  ) 


(40) 


Here,  the  orbital  period  of  each  species  has  been  normalized 
to  cjcj  so  that  T(s)  «=  [T(Hj_,  Py )  /uc  j  ]  ,  evaluated  at 

Hj.=VjPy+Tj_i_.  The  quantities  aj  and  bj  correspond  to  the 
limits  of  s  defined  by  the  kinematic  requirement  that  vz  be 
real: 


a3(z)  -  (z2  -  2tj.)  -  27?. [73^(1  -  z2)]1/z 


(41) 


b.(z)  -  (z2  -  2tj.)  +  27,.(tj“1(l  -  z2))l/2  ,  (42) 


V.  p . 
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Then, we  can  write 


v  -  i  (w  .z  )  [ (s-a. ) (b.-s)]l/2 
z  2  1  cj  p'  11  j  j 


so  that  at  any  given  point  z,  an  equilibrium  orbit  passing 
through  that  point  has  momentum  Py  such  that  s=GjPy/Zp2  is 
in  the  range  aj(z)  <  s  <  bj(z).  For  z' ,  we  have  aj  a  aj(z') 
and  bj  a  bj(z')  so  that  the  s- integr  at  ion  must  be  carried 


out  over  the  overlapped  region  of  (aj,  bj  )  and  (aj,  b j )  . 
The  integration  limits  a  and  b  in  Eq.  (39)  simply  denote 
a»aj  and  b  is  the  smaller  of  bj(z)  or  bj(z').  In  Eq.  (40), 
use  has  been  made  of  the  replacement  3/dHj.  -*  -3/3Tj_».,  taking 
care  to  differentiate  only  those  Tjx-dependent  quantities 
that  are  affected  by  the  HjL-integrat ion.  Note  also  that 
z integration  in  Eq.(38)  has  now  been  reduced  to 
integration  over  one  half  of  a  cycle. 

It  is  of  interest  to  consider  some  properties  of  the 
functions  aj(z),  bj(2),  and  the  kernels,  Ki(z,z*)  and 

K2(z,z').  Figure  2  shows  aj(z)  and  bj(z)  for  ions  in  which 

we  have  used,  for  convenience,  Pi/Zp  -  0.2.  It  is  clear 

from  Eqs .  (41)  and  (42)  that  aj(z)  is  a  monotonically 

increasing  function  for  0  <  z  <  1,  ranging  from  -2(7jj1/2  + 
77 j )  to  sD  =  1  -  27? j  .  The  function  bj(z)  is  positive  for  all 
0  <  z  <  1,  ranging  from  2  ( 77  j 1  / 2  —  77  j )  to  s0.  It  attains  the 

maximum  value  (1  -  77 j)  at  z  =  (1  -  The  value  zc  is 

such  that  aj(zc)  =  bj(0).  It  can  be  shown  that  £j  =  1  at  s  = 
bj(0)  for  both  species.  In  Fig.  3,  we  have  plotted  Ki(z,z') 
for  ions  (Pi/Zp  =  0.2)  at  two  values  of  z.  Curve  a 

corresponds  to  z  <  zc  and  Curve  b  corresponds  to  z  >  zc. 

For  z  4  zc,  the  kernels  Ki(z,z')  and  K2(z,z')  are  non-zero 
for  all  z’  4  z.  In  this  case,  the  contribution  to  the 
kernels  includes  both  axis-crossing  (£j  <  1)  and 

non-crossing  (£j  >  1)  orbits.  For  z  >  zc,  let  zs  be  such 
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that  aj(z)  «  bj(zs).  Then,  Ki  and  K2  are  non-zero  only  if  z 
>  Zg ( z ) .  In  this  case,  the  contribution  to  the  kernels 
comes  entirely  from  the  non-crossing  orbits. 
Straightforward  calculation  yields 
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For  a  given  z>zc,  it  can  be  shown  that  in  the  limit  z'-»zs 
from  above 


v (z^-a . ) ( z2  -a . ) 

K  (z,z  )  -  - 1 - - - ^ - -  (44) 

T(a.)[(aj-a^)(b.-a.  )}^2 

where  aj  =  aj(zs).  For  z'  <  zs,  we  have  Ki=0.  Thus,  K2  has 
a  6-function  contribution  at  z'=zs(z). 


z 


For  z  <  1,  we  have  Ki(z,z')=0  for  z’<  (  1-477J)1/2. 
>  (  1-4tj  j  )  1/2  ,  it  can  be  shown  that 


For 
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where  s0=l-277  j  .  As  z*  also  approaches  unity,  diverges 
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Finally,  we  note  an  important  property  of  the  orbital 
period.  If  s  =  §  *  2  (77  j 1  / 2  — 77  j )  ,  then  we  have  £j  =  l, 

corresponding  to  the  marginally  crossing  orbit.  For  s-»s  from 
above  (i.e.  noncrossing  orbits),  then 


T(s) 


2z„ 


2m . 
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For  s-*s  from  below  (i.e.  axis-crossing  orbits),  then 
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III.  SOUJTION 


In  order  to  solve  the  fundamental  equation  (5),  we 
evaluate  the  kernels.  By  changing  the  integration  variable 


.  fb  .  -s 1 

t  =  r- - -  In  -J - 

b .  -a !  s-a . 

3  3  3^ 


we  can  write  in  the  form 


,  _  '  ffcb ' 

^  "  Jt 
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dt  h(t ) _ 

[(t’ta)(tb'"t)]l/2 


where  h(t)  is  a  well  behaved  function  of  t 


h(t)  =  _ 

m  ’  T(s) 


(s-a^ ) (b^-s) (t-ta) (t^-t) 

( s-a^ ) ( b j -s ) 


with  s=s(t)  and  ta,  t^'  corresponding  to  t  evaluated  at  s=aj 
and  s=bj ,  respectively.  We  evalute  to  a  typical  relative 
accuracy  of  10~7  or  better.  The  kernel  K2  is  simply 
obtained  by  numerically  differentiating  Ki  with  respect  to 


I# 
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Tjj.  [Eq.  (40)].  This  operation  gives  a  relative  accuracy  of 
roughly  10“^. 

The  fundamental  equation  (21)  is  solved  by  the  Galerkin 
method  as  discussed  in  Sec.  I  I. A.  That  is  to  say  that  we 
solve  the  matrix  equation  (23)  using  a  finite  N  x  N  matrix 
for  the  condition  of  y  and  k  such  that  an  eigenvalue  is 
zero.  The  corresponding  Qn  are  the  components  of  the 
eigenvector  describing  the  mode. 

For  our  calculation,  we  have  chosen  the  linearly 
independent  basis  functions 


ut(z)= 
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4  4-1 


Z  4  +  l~  Z 


'4+1 


-  z  , 


’4-1 


z  <  z , 


<  z 


z 


4  +  1 


Mere,  z^O  is  the  origin  and  the  z*s  are  the  nodes.  In  this 
work,  we  have  divided  the  region  de  =  2(2pe/zp)1/2  into 
N]=48  intervals  and  the  remainder  of  the  sheet  into  N2=24 
intervals.  Then,  zn=1  where  N=Ni+h'2^1'-i’73  and  we  have  a 
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73x73  matrix.  For  z>l,  Eq.(5)  is  exactly  solvable  and  we 
choose 

V*>  *  •"S(2'1>  • 

where  k=kZp 

As  Eq .  (39)  shows,  for  the  fundamental  harmonic  (n  =  0) 
in  the  equilibrium  orbital  period  T(Hj.,Py),  the  integrals  do 
not  depend  on  (w/kvjn)  and  the  k  dependence  enters  only 
through  the  boundary  terms.  This  means  all  the  nontrivial 
numerical  computation  needs  to  be  done  only  once  in  order  to 
obtain  the  dispersion  relation  for  a  given  value  of  pj/Zp. 
In  addition,  the  integrals  are  also  independent  of 
Tja/Tj u . 

In  order  to  illustrate  a  specific  application,  we  have 
computed  the  dispersion  relation  of  even  modes  for  the  model 
distribution  function  given  by  Eq .  (25).  Figure  4  shows  the 
plot  of  y  s  7/wci  versus  k  s  kzp  for  Pi/zp  -  0.02  and 
several  values  of  Tex/Te!i-  Since  the  instability  and  the 
non-Maxwell ian  effects  are  completely  dominated  by  the 
electrons,  we  have  set  Tja./Tiu  =  1  throughout.  It  is  of 

interest  to  note  the  essentially  linear  dependence  of  y/vcl 


on  kZp.  That  is  to  say  that  the  dispersion  relation  has  the 
f  orm 
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where  D  is  a  dimensionless  function  of  Tex/Ten  only.  For 
large  enough  values  of  TejL/Ten,  D  can  be  multi-valued.  The 
behavior  described  by  Eq.  (45)  is  general  for  non-Maxwell ian 
distr iubitons  in  the  low-frequency  regime.  As  discussed  in 
the  preceeding  paragraph,  Eqs.  (18)  and  (38)  show  that,  for 
the  fundamental  harmonic  (n  =  0),  the  instability  depends 
only  on  y/kvj H  in  the  dispersion  function  except  for  very 
large  k  in  which  case  the  k^  term  can  be  important  [Eq. 
(18)].  For  Tei_L/Te#  =  1  (Curve  a  in  Fig.  4),  k  must  be  of 
the  order  of  10-^  or  larger  in  order  for  the  k^  term  to  be 
significant  with  correspondingly  large  growth  rates. 
However,  the  present  low-frequency  analysis  is  clearly 
inapplicable  for  •y/wCi  *  1  so  that  the  physical  maximum  y 
and  the  corresponding  k  value  cannot  be  determined. 
Consistent  with  the  low-frequency  approximation,  we  have 
shown  results  for  y  <  0 . 5 .  It  is  of  interest  to  note  that 
Curves  e  and  f  correspond  to  two  distinct  branches  for 
Te i-/Tg n  =  3.  In  Fig.  5,  we  have  plotted  y  at  k  =  1  as  a 


function  of  Tea./Ten.  The  mode  is  completely  stabilized  for 
TejL/Ten  <  0.98. 


In  the  previous  analytical  treatments,  the  eigen¬ 
function  i/r  has  been  assumed  to  be  constant  inside  the 
tearing  region  Izl  <  (pe Zp)1/2  (the  "constant -if"  approxima¬ 
tion7'9'12).  An  objective  of  this  paper  is  to  remove  this 
restrictive  simplification.  In  Fig.  6  we  have  plotted  the 
eigenmode  structure  for  Izl  <  2(2pe/zp)1/2  for  the  most 
unstable  branch  corresponding  to  Curves  a  through  e  of  Fig. 
4.  Because  the  eigenfunction  tfr  depends  only  on  W(7/kVjB) 
(Tjj./Tjn)  [Eq.  (38)],  the  eigenfunctions  are  essentially 
identical  for  Curves  a  through  e.  It  is  clear  that  the 
constant-yr  approximation  is  not  valid  for  this  system.  Note 
the  oscillatory  structure  near  z  «  0.036,  corresponding  to  z 
=  zc  for  electrons.  Axis-crossing  electrons  whose 
perpendicular  energy  H_i_  is  of  the  order  Tej_  turn  around  in 
the  neighborhood  of  this,  contributing  to  the  perturbed 
current  density. 

As  the  electron  perpendicular  temperature  Tej.  is 
increased  relative  to  TeB,  another  branch  becomes  unstable 
at  Te_i_/Teii  s  3.  Curve  f  of  Fig.  3  gives  the  growth  rate  for 
Tex/Ten  =3.  In  comparison  with  Curve  e,  we  see  that  the 
new  branch  is  more  than  two  orders  of  magnitude  slower. 
Figure  7  shows  the  eigenfunction  corresponding  to  the  second 
branch.  Note,  however,  the  second  slower  branch  is  still 
much  faster  than  the  conventional  isotropic  tearing  mode9  or 
anisotropic  bi-Maxwellian  tearing  mode.12  We  add  that  Figs. 


5  and  6  are  both  plotted  by  drawing  smooth  curves  through 
approximately  50  points  and  the  resolution  is  good.  Note 
that,  because  the  operator  L  is  self-adjoint,  an  error  of 
the  order  of  e  in  the  eigenfunction  leads  to  an  error  of  the 
order  of  e2  so  that  the  eigenvalues  are  expected  to  be 
accurate.  The  Galerkin  method  is  well-suited  for  the 
present  problem. 


IV.  SUMMARY 


We  have  presented  a  general  integro-dif f erent ial 
formalism  to  study  the  collisionless  tearing  mode  in  a 
highly  non -Maxwellian  neutral  sheet  in  which  both  electrons 
and  ions  are  treated  kinetically.  The  important  feature  of 
the  theory  is  that  all  the  exact  unperturbed  particle  orbits 
are  included  analytically  in  calculating  the  perturbed 
distribution  functions  for  both  species.  For  the  low  fre¬ 
quency  (y/u>Ci  «  1)  perturbation,  an  integro-dif  f  erent  ial 
equation  [Eq.  (21)]  is  obtained  to  calculate  the  eigenmode 
structure.  This  formalism  removes  the  straight-line-orbit 
and  constant-^-  approximations  which  are  the  two  major  limit¬ 
ing  features  of  previous  theoretical  treatments.7'9'12'13 
In  addition,  it  eliminates  the  need  to  match  solutions 
obtained  in  different  regions  at  artifically  chosen 
locations.  Using  the  Galerkin  method,  the  fundamental 
integro-dif f erent ial  equation  is  converted  into  a  matrix 
equation  [Eq.  (23)]  which  is  then  solved  for  the  dispersion 
relation. 

Note  that,  for  the  purely  growing  mode  (w=i7),  the 
integro-dif ferential  operator  L[Eq.  (18)]  is  self-adjoint 
for  the  fundamental  harmonic  (n=0)  in  the  orbital  frequency 
fl ( Ha. ,  Py )  .  A  quadratic  form  [Eq.  (24)]  associated  with  the 
operator  L  is  used  to  analyze  the  general  properties  of  the 


fundamental  equation  (21)  in  Sec.  1 1. A.  Based  on  these 
findings,  we  have  presented  (Sec.  II. B)  a  general 
prescription  to  determine  the  sufficient  condition  for 
instability  of  a  given  system  by  computing  the  eigenvalue 
spectrum  of  the  operator  L  for  two  values  of  y;  y  =  0  and  y 
-*  +<*>  for  a  given  value  of  k.  This  prescription  may  be  a 
powerful  tool  in  treating  systems  in  which  extensive 
numerical  computation  is  necessary  to  obtain  the  matrix 
elements  [Eq.  (23)]  for  each  value  of  y. 

The  basic  formalism  is  applied  to  a  specific  non- 
Maxwellian  distribution  [Eq.  (25)].  The  dispersion  relation 
for  this  system  is  determined  for  the  fundamental  harmonic 
(n  =  0)  of  the  orbital  frequency,  n  (Sec.  1 1.  A.).  The 
dispersion  relation  is  shown  to  be  dominated  by  the 
electrons  and  to  have  the  general  form  y/R  * 
(pe/Zp)D(Tex/Tea )  [Eq.  (45)]  where  D  is  a  function  of 
Tex/Tep  only.  These  results  are  shown  in  Figs.  4  through 
7.  It  has  been  pointed  out  that  the  growth  rate  of 
non-Maxwe Ilian  distributions  are  generally  much  greater  than 
that  of  the  conventional  isotropic  tearing  instability  [see 
Sec.  II. A  following  Eq .  (23)].  The  physical  mechanism  is 
the  Lorentz  force  acting  in  the  direction  of  k  [ 1 2  following 
Eq.  (9)]  which  is  a  large  contribution  to  the  perturbed 
current  density.  Thus,  the  mechanism  of  the  instability  is 
somewhat  different  from  the  classical  collisionless  tearing 


mode.  For  the  specific  model  distribution  function 
corresponding  to  a  sharp-boundary  profile,  the  growth  rate 
can  be  very  large.  However,  this  is  a  highly  singular 
system  and  we  expect  a  less  singular  system  such  as  a 
bi-Maxwellian  distribution  to  exhibit  somewhat  slower 
growth.  An  important  point  to  note  is  that  the 
eigenfunctions  show  (Figs.  6  and  7)  that  the  constant -y 
approximation  is  in  general  not  likely  to  be  valid  for 
non -Maxwellian  systems.  The  eigenfunctions  are  found  to  be 
strongly  localized  to  a  small  region  of  the  order  of  Izl  /. 
(pe Zp)1/2,  which  is  comparable  to  the  size  of  the  thermal 
electron  orbits  near  z=0 .  In  addition,  the  strong 
localization  implies  that  the  boundary  effects  are 
negligibly  small. 

A  physical  system  to  which  the  present  analysis  may  be 
particularly  relevant  is  the  earth's  magnetotail.  Since  the 
magnetotail  plasmas  are  highly  collisionless,  the  particle 
distribution  may  be  non-Maxwellian.  The  present  analysis 
may  also  be  relevant  to  experimental  neutral  sheets21  in 
which  the  particle  (electron)  distribution  is  observed  to  be 
non-Maxwellian.  The  formalism  can  also  be  extended  to 
cylindrical  systems  such  as  0-pinches  and  field-reversed  ion 
layers .22,23 


In  this  paper,  we  have  used  a  highly  non-Maxwell ian 
distribution  [Eq.  (25)].  The  distribution  exhibits  a  number 
of  singularities  (Sec.  II.E)  which  would  be  smoothed  out  by 
less  singular  distribution  functions  such  as  a  bi-Maxwellian 
distribution  function,  making  the  numerical  computation  less 
time-consuming.  In  addition,  the  scalar  potential  can  be 
included  in  a  straightforward  manner .  It  is  clear  that  the 
present  formalism  can  be  modified  to  treat  such  cases 
without  any  difficulty. 
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FIGURE  CAPTIONS 


Fig.  1  Schematic  drawing  of  a  neutral  sheet  and  the  coor¬ 
dinate  system.  The  magnetic  field  B0(z)  =  0  at  z  = 
0.  The  dashed  lines  describe  the  magnetic  field 
including  the  perturbation. 


Fig.  2  Plot  of  a j(z)  and  b^(z)  [Eqs.  (41)  and  (42)]  for 
Pi/zp  =  0.2.  The  point  zc  is  such  that  ai(zc)  = 

bt(O) . 

Fig.  3  Plot  of  Ki(z,z')  [Eq.  (39)]  versus  z’  for  (a)  z/zp 
0.5  and  (b)  z/zp  =  0.85. 

Fig.  4  The  dispersion  relation.  The  normalized  growth  rate 
y  =  y/^ci  i-s  plotted  versus  R  =  kzp.  The  value  of 
Tej_/Ten  is  (a)  1.0,  (b)  1.25,  (c)  1.5,  (d)  2.0,  (e) 

3.0,  and  (f)  3.0,  the  second  branch  to  become 
unstable.  Tij_/Tin  =  If  Tex/Tij_  =  0.5,  and  Pi/zp  = 
0.02. 

Fig.  5  Plot  of  the  normalized  growth  rate  y  versus  Tej_/TeD 
with  T ia./T i ||  =  1  (Te_L./T =0.5  and  pj/zp  -  0.02). 


Fig.  6  The  eigenfunction  corresponding  to  Curves  a  through 


e  of  Fig.  4.  (Ti^/Tiu  =  1,  Tej./Tix  =  0.5  and  p i/zp 

=  0.02) . 


The  eigenfunction  corresponding  to  Curve  f  of  Fig. 
4,  the  second  unstable  branch  with  Te-i-/Teti  =  3.0. 
(Tjj_/Tiii  =  1,  T6_l/T xj_  =  0.5  and  Pi/zp  =  0.02). 
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Nonlocal  effects  due  to  magnetic  shear  and  finite  current  channel  width  on  the  convective 
characteristics  of  the  current-driven  ion-cyclotron  instability  have  been  investigated.  When  the 
magnetic  shear  length  (L, )  is  smaller  than  the  current  channel  width  (Le ),  the  group  velocity 
parallel  to  the  external  magnetic  field  at  the  origin  ( Vp )  vanishes,  and  there  is  a  reduction  in  the 
group  velocity  perpendicular  to  the  external  magnetic  field  ( VD ).  For  Lc  ~  10" 2  L,  the  values  of 
Vp  and  V0  as  given  by  local  theory  are  recovered.  When  LeSp,,  where  p,  is  the  mean  ion 
Larmor  radius,  both  Vp  and  VD  change  sign,  indicating  a  reversal  of  the  direction  of 
propagation. 


I.  INTRODUCTION 

The  current-driven  ion-cyclotron  instability1  (CDICI) 
has  been  of  considerable  interest  to  both  space  and  laborato¬ 
ry  plasma  physicists  for  more  than  two  decades.  Recently, 
we  have  demonstrated  the  importance  of  nonlocal  effects 
due  to  magnetic  shear2'3  (produced  by  the  field-aligned  cur¬ 
rent)  and  the  finite  extent  of  the  current  channel.4-3  Our  past 
work  dealing  with  these  nonlocal  aspects  of  the  electrostatic 
CDICI  was  essentially  based  on  a  normal  mode  approach. 
The  local  treatment  of  the  CDICI,  l-6,7  which  assumes  an 
infinite  extent  of  the  width  of  the  current  channel,  predicts  a 
finite  group  velocity  of  the  CDICI  in  both  the  parallel  and 
perpendicular  directions  relative  to  the  external  magnetic 
field.  For  a  temporally  growing  mode,  the  presence  or  ab¬ 
sence  of  a  group  velocity  in  a  finite-sized  region  of  space  (as 
opposed  to  a  point)  makes  an  instability  convective  or  abso¬ 
lute8;  these  are  two  vastly  different  physical  scenarios.  This 
fact  has  been  elucidated  by  Ashour- Abdulla  and  Kennel,7  in 
general,  and  more  specifically  for  the  CDICI  by  Ashour- 
Abdulla  and  Thome.9  In  our  earlier  work2-4  we  noted  a  sig¬ 
nificant  difference  between  the  local  and  the  nonlocal  results 
as  far  as  growth  rates  of  normal  modes  are  concerned.  For 
instabilities  like  the  CDICI  which  are  convective,  a  normal 
mode  analysis  without  regard  to  the  convective  growth  can¬ 
not  fully  determine  the  stability  of  a  bounded  system,  and 
hence  is  somewhat  limited  in  its  application.  Thus,  the  main 
objective  of  this  paper  is  to  report  the  nonlocal  effects  due  to 
magnetic  shear  and  the  finite  current  channel  width  on  the 
convective  aspects  of  the  electrostatic  CDICI. 

II.  THEORY 

In  our  treatment  we  will  follow  the  analytical  approach 
as  given  in  Bakshi  et  a  l*  We  introduce  a  finite  current  chan- 
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nel  width  in  the  x  direction.  We  take  the  electron  distribu¬ 
tion  function  to  be  Maxwellian  with  a  drift  velocity  parallel 
to  the  magnetic  field  which  is  x  dependent: 

VAx\=V°dg(x,/Lc),  (1) 

where  gi£ )  =  exp{  —  £ 2)  and  xf  =  x  +  vy/Hr .  Assuming 
that  vy/{2,—0{pt)  <LC,  where  Lc  is  the  characteristic 
length  scale  associated  with  the  current  channel,  we  approxi¬ 
mate  (1)  by 

K,(*l=  rfax/Lj.  1 21 

Using  (2)  and  following  the  methods  illustrated  in  Ref.  4  we 
arrive  at  the  nonlocal,  differential  equation  for  the  CDICI: 
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where  b  =  k]  p]/2,  T'„  =  dF,/db.  r  =  TJT,,  p  =  11,/co, 
(,  =  k,.  i  =  x/Lc,  =  at/ |/c,  |u„  (x)  =  k, 

+  ky{Lc/L,)  Sf,  g\£  u  =  k „  [x)/ky ,  and  L,  is  the  charac¬ 
teristic  length  associated  with  the  shear  in  the  magnetic  field. 

The  dispersion  relation  is  given  by4 

£?•(«,£,)  =  (),  (7al 

0!<u.£,|  =  (  21+  \)(p,/L,)\ -iQ’tw.S,)]''2,  1 7b) 

where  Q '  and  Q "  are  the  first  and  second  derivatives  of  Q 
with  respect  to  £  evaluated  at  ,  which  is  defined  by  (7a).  We 
solve  Eqs.  (7a)  and  (7b)  numerically  for  the  complex  eigenfre- 
quencies  to,  given  the  perpendicular  wave  vector  ky ,  the  per¬ 
il:  1 964  American  institute  of  Pnysics  2039 
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FIG.  1  A  plot  of  the  group  velocity  versus  Lr/L,  for  the  first  harmonic 
Here  b  =  0  6.  r  m  0.5,  //  m  1837,  and  Fj/u,  =  0.28.  lal  The  group  velocity 
in  the  i  direction  Vp /v,  vs  L,  /L, .  (b  I  the  group  velocity  in  the  y  direction 
y„/v,  vsL'/L,. 

allel  wave  vector  at  the  origin  ks ,  and  other  parameters  char¬ 
acterizing  the  system.  For  evaluating  the  group  velocities 
Vp  and  Vfy  we  take  the  derivatives  of  the  real  part  of  the 
eigenfrequency  o>r,  with  respect  to  k,  and  ky ,  respectively, 
i.e.,  Vp  A ur/Ak,  and  VD  =  Aa>r/Aky.  In  the  jc  direction 
the  wave  energy  is  confined  to  the  vicinity  of  =  x,/Lc . 

Figure  1  lal  shows  the  parallel  group  velocity  normal¬ 
ized  by  the  ion  thermal  velocity  v,  versus  the  ratio  of  the 
current  channel  size  Lc  and  the  magnetic  shear  length  Z.,  for 
three  different  values  of  L, .  Here6  =  0.6,  r  =  0.5, p  =  1837 
and  y°j/v,  =  0.28.  In  order  to  evaluate  the  value  of  lkyA,  I2 
we  have  used  the  parameters  of  Ashour-Abdulla  and 
Thome,’  i.e.,  n0~  10cm-3, 2?o~0.O6  G,  and  T,  —  2  eV.  For 
the  first  harmonic  |kv/i,)2—0.01,  and  that  term  in  Eq.  (51 
contributes  negligibly.  The  most  interesting  result  of  Fig. 
lia)  is  that  in  the  limit  Lc  —  ® ,  V,2  — Q,  One  finds  that  as  Lc 
is  increased  beyond  L,,  Vp  approaches  zero  as  {L,/Lr\~. 
Further,  when  L,  is  made  smaller  than  1 0~2L,  the  value  of 
Vp  attains  its  local  value  (i.e..  the  value  predicted  by  local 
theories1'6)  and  stabilizes  at  that  value.  However,  when  Lc  is 
further  reduced  such  that  Lc  <p, ,  Vp  once  again  decreases. 

Figure  1(b)  is  a  plot  of  vs  Lc/L,  for  the  parameters 
of  Fig.  1(a).  Here  too  we  find  a  reduction  in  VD  in  the  shear 
dominated  regime  (i.e.,  LCZL,)  much  in  the  same  fashion  as 
the  temporal  growth  rate.4  However,  the  difference  between 
the  local  and  the  nonlocal  values  of  is  not  as  striking  as 
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FIG  2.  A  plot  similar  to  Fig.  1  for  the  second  harmonic  Here  b  =  2  4. 
r  =  1.0,//  *  1837  and  FJ/r,  =  0.55.  lai  y„/v,  vs  L,/L,.  Ibi  t'v/c  vs  L., 
L,. 


that  of  VSj .  As  noted  by  Ashour-Abdulla  and  Thome.’ 
for  the  CDICI  near  the  dominant  normal  mode  [which  oc¬ 
curs  for  b  ~  O  ( 1 )]  is  extremely  small;  and  combined  with  our 
results  that  Vg.-~ >0  in  the  nonlocal  regime  the  CDICI  be¬ 
comes,  effectively,  an  absolute  instability.  For  Lc  <p, , 
becomes  negative.  Figures  2(ai  and  2(b)  have  plots  similar  to 
Figs.  1(a)  and  llbl  for  the  second  harmonic.  Here  we  use 
t  =  1,  V°/v,  =  0.55.  and  b  =  2.4.  The  value  of  b  for  all  the 
calculations  corresponds  to  the  maximum  temporal  growth 


ILc  4'  — 

FIG  3  A  plot  of  the  convective  growth  rate  normalized  bv  the  ion  Larmor 
radius  ka/ p.  vs  Lf/L,  for  the  first  harmonic  The  other  parameters  are 
identical  to  Fig  l  tat 
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rate.  We  see  trends  similar  to  Figs,  llaiand  lfbi  for  the  higher 
harmonic  also. 

In  Fig.  3  we  plot  the  convective  growth  rate  kB  =  y/ 

normalized  by  the  mean  ion  Larmor  radius  versus  Lc  / 
Ls .  We  see  two  distinct  regions  joined  smoothly.  For  very 
small  Lc/L,  (i .t.,Lc/L,  S10~3|,  kap,  <0  which  indicates 
spatially  damped  waves.  When  Lc/L,  is  increased  the 
curves  attain  a  plateau  which  corresponds  to  the  local  the¬ 
ory.  Here  we  find  a  finite  ku  p,  and,  hence,  a  finite  region  in 
which  the  wave  amplitude  can  be  amplified  by  one  e-fold. 
For  Lc  2  L, ,  ku  p,  grows  without  bound,  implying  that  the 
wave  amplitude  can  e-fold  in  an  insignificantly  small  region. 
iRecall  that  the  system  is  assumed  to  be  infinite  and  uniform 
in  they  direction,  hence,  convection  in  this  direction  is  ignor- 
able.l  Thus  the  character  of  CDICI  is  changed  from  convec¬ 
tive  to  absolute. 

We  have  so  far  considered  only  one  species  of  ions  char¬ 
acterized  by  a  temperature  T, .  In  order  to  make  the  system 
more  realistic,  especially  for  space  applications,  we  added  a 
second  ion  species  characterized  by  a  hotter  temperature  but 
still  with  a  Maxwellian  distribution.  The  general  features  of 
the  group  velocity  behavior  is  still  the  same  as  in  a  single  ion 
species.  A  more  detailed  parametric  study  of  the  nonlocal 
convective  aspects  of  CDICI  with  a  loss  cone  distribution  for 
the  hotter  ion  species,  along  with  the  magnetosphenc  appli¬ 
cation  will  be  presented  elsewhere. 

III.  DISCUSSION 

Thus,  in  contrast  to  local  theory,  nonlocal  theory  gives 
zero  group  velocity  for  the  CDICI  along  the  average  exter¬ 


nal  magnetic  field  direction  in  the  limit  Lc  >  L, .  Clearly  the 
ratio  Lr/Lt  is  the  important  parameter  and  its  magnitude 
must  be  well  established  before  making  definitive  conclu¬ 
sions  regarding  the  electrostatic  CDICI  Depending  on  the 
value  of  L'/Lt<  the  CDICI  can  be  classified  into  three  mam 
regimes: 

lil  Le  Z0. 1  Ls.  This  regime  is  purely  nonlocal  with  a 
temporal  growth  rate  much  reduced  from  its  local  value. 
Also  the  instability  is  absolute  or  only  very  weakly  convec¬ 
tive  in  the  z  direction  which  is  the  direction  of  the  average 
external  magnetic  field  and  the  current  flow.  There  is  no 
energy  flow  in  the  x  direction,  and  energy  flow  in  they  direc¬ 
tion  is  ignorable  if  d  /dysO. 

(iii  Lc  <  0.01  L, .  In  this  regime,  nonlocal  theory  repro¬ 
duces  the  results  of  local  theory,  and  the  instability  becomes 
convective  in  the  z  direction  with  a  convective,  as  well  as  a 
temporal  growth  rate,  equal  to  the  ones  given  by  the  local 
theory.  There  is  a  smooth  transition  between  regimes  Iii  and 
(ii)  as  is  evident  m  all  the  figures. 

liii)  Lc  —p,  <L,  The  finite  channel  width  becomes  im¬ 
portant.  There  is  once  again  a  reduction  in  the  temporal 
growth  rate  (filamental  quenching4!  but  the  instability  re¬ 
mains  convective,  i.e.,  Vg2  remains  nonzero.  However,  when 
Lc  is  further  reduced  so  that  Lc  <p,.  both  Y\z  and  F  be¬ 
come  reduced  and  eventually  become  negative. 

Physically,  the  reason  for  vanishing  parallel  group  ve¬ 
locity  can  be  described  as  follows.  Figure  4  shows  the  angle 
space  where  the  imaginary  pan  of  the  local  dispersion  rela¬ 
tion  D,  <0.  and  the  growth  rate  is  positive  for  the  CDICI. 
The  extent  of  this  unstable  angular  space  Ju  for  the  CDICI 


FIG  4  A  plot  of  imaginary'  part  of  the  local  dispersion  relation  D,  io,.  k  wk./k  reproduced  from  Ref  2:  for  various  I",  t,  Hereh  =  05.u  -  icT4  and 
four  different  values  of  the  temperaiure  ratio  r  are  iai  -  =  0  I.  ibi  -  =  0  2.  ,ci  f  «  0  33.  and  id.  -  =  10 
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in  our  parameter  range  is  about  0. 1 .  In  the  nonlocal  theory,  a 
wave  packet  is  formed  whose  size  is  governed  by  the  smaller 
of  the  two  scale  lengths  Lc  and  0.1  L, .  When  Lc  <0.1  L, ,  the 
drift  velocity  Vd[x\  varies  sufficiently  fast  as  a  function  of  x, 
or  as  a  function  of  the  angle  u  within  the  space  Au.  so  as  to 
form  an  effective  Q,  curve  which  has  the  form  of  a  steep  well. 
The  position  of  the  bottom  of  this  well  is  at  un  =  k:/kv;  thus 
different  choices  of  k.  center  the  well  in  different  pans  of  the 
region  Au,  and  the  corresponding  wave  packets  to f  size 
sp,Lt  |  sample  different  regions  of  Au  which  lead  to  different 
growth  rates  y  as  well  as  different  real  frequencies  u, .  On  the 
other  hand,  when  Lc  >L,.  the  vanation  of  Vd\x\  in  the  do¬ 
main  Au  is  rather  weak,  and  the  effective  Q,  curve  is  gov¬ 
erned  by  the  vanation  of  u  rather  than  that  of  Vd  in  Eq.  |3|. 
Now,  if  we  choose  different  k. ,  an  appropnate  translation  in 
x  n. e.,  moving  away  from  the  center  of  the  slabi  is  sufficient 
to  provide  almost  the  same  mvanant  Q,  curve  as  a  function 
of  u.  The  resulting  wave  packet  lof  size  sjp.L, )  forms  at  the 
same  position  m  u  space  (even  though  we  choose  different  k,  | 
and  has  the  same  growth  rate  y  and  real  frequency  m, ,  inde¬ 
pendent  of  k, .  This  makes  the  group  velocity  dm r/dkt  van¬ 
ish  in  the  limit  Lc  — »oo . 

IV.  CONCLUSION 

We  have  shown  in  this  paper  that  the  nonlocal  effects 
due  to  the  magnetic  shear  (produced  by  a  field  aligned  cur¬ 
rent  I  and  a  finite  channel  current  width  can  drastically  alter 
the  character  of  the  electrostatic  CDIC1  by  making  the  in¬ 
stability  effectively  absolute  in  the  z  direction  The  impor¬ 


tant  parameter  turns  out  to  be  the  ratio  of  the  two  scale 
lengths  involved  in  the  problem  Lc  and  L,  Depending  on 
the  value  of  Le/Ls ,  one  can  classify  the  CD1C1  in  three  re¬ 
gimes  as  described  earlier,  and  a  careful  assessment  of  the 
value  of  Lc  /L,  for  a  given  physical  situation  becomes  essen¬ 
tial  to  draw  any  definitive  conclusion  regarding  the  growth 
and  convective  characteristics  of  the  electrostatic  CDICI 
We  would  also  like  to  note  that  the  nonlocal  effects  due  to 
magnetic  shear  can  be  expected  to  produce  corresponding 
phenomena,  including  the  vanishing  of  the  parallel  group 
velocity,  in  various  other  current-dnven  instabilities  as  well. 
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APPENDIX  C 


Two  Dimensional  Nonlocal  Formalism  for 
Electrostatic  Waves  in  the  Magnetosphere 
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ABSTRACT 

Microinsubilities  are  believed  to  play  a  crucial  role  in  the  physics  of  Magnetosphere-ionosphere  coupling.  The  current 
driven  ion  cyclotron  instability  is  a  very  important  microinstability  in  this  respect.  We  give  a  nonlocal  formalism  for  study¬ 
ing  the  ion  cyclotron  instability  in  a  more  realistic  magnetospheric  environment  than  is  available  in  the  widely  used  local 
theory.  This  formalism  includes  the  magnetic  shear  produced  self-consistently  by  the  field  aligned  currents  and  the  finite 
extent  of  such  currents.  Significant  departures  from  the  local  theory  are  noted. 

INTRODUCTION 

The  current  Driven  Ion  Cyclotron  Instability  (CDICI)  has  been  of  considerable  interest  to  both  space  and  laboratory  plas¬ 
mas.  Drummond  and  Rosenbluth  /I/  have  shown  that  a  uniform,  tow  £,  collisionless  plasma  immersed  in  a  uniform  mag¬ 
netic  field  is  unstable  to  the  CDICI.  This  instability  has  been  extensively  studied  in  connection  with  several  phenomena 
relevant  to  the  physics  of  Magnetosphere-Ionosphere  (M-!)  coupling.  For  example,  CDICI  is  believed  to  play  a  role  in  the 
evolution  of  the  topside  ionospheric  ion  temperature  profiles  /2/.  transverse  acceleration  of  0*  ions  (stochastic  acceleration 
and  ion  conics)  and  anomalous  resistivity  on  auroral  field  lines.  In  view  of  this  importance.  Kindrl  and  Kennel  /if  under¬ 
took  an  indepth  linear  analysis  of  the  CDICI  pertinent  to  the  magnetospheric  plasmas.  Evei  since,  this  study  of  CDICI  has 
been  widely  used  in  the  context  of  the  magnetospheric  plasmas. 

Most  or  the  plasmas  of  interest  (especially  in  the  magnetosphere)  are  characterized  by  inhomogeneilies,  for  example,  non- 
uniform  density,  temperature  and  magnetic  field,  finiteness  in  the  current  channel  width  and  the  magnetic  shea:  generated 
self-consistently  by  the  field  aligned  currents.  These  inhomogeneilies  preclude  the  use  of  a  local  theory  such  as  the  one 
used  in  references  1  and  3.  The  local  approach  is  only  an  approximation,  which  may  be  good  Tor  some  types  of  inhomo¬ 
geneities  under  proper  restrictions,  but  is  not  valid  in  general.  In  order  to  understand  the  stability  and  the  propagation 
characteristics  of  CDICI  in  a  realistic  magnetospheric  environment  w»  have  developed  a  non-local  formalism  for  the  elec¬ 
trostatic  waves.  We  study  the  influence  of  the  magnetic  shear  generated  by  the  field  aligned  currents  /4 /  and  the  finiteness 
of  the  current  channel  /5/  on  the  mode  structure  of  the  CDICI.  The  results  from  the  nonlocal  study  show  significant 
modifications  to  the  conclusions  of  Kindel  and  Kennel  and  thereby  afieci  the  physics  of  the  M-l  coupling  In  this  paper  we 
briefly  describe  the  essential  features  of  the  nonlocal  formalism  and  discuss  the  significant  implications  to  the  magnetos- 
pheric  plasmas. 


THEORY 


(a)  Local 

Drummond  and  Rosenbluth  / 1/  considered  a  slab  model  with  the  magnetic  field  in  the  .-  direction  Assuming  plane 
wave  nature  for  the  electrostatic  perturbation  d(r.  <j)  —  expl/k  •  r  —  iwr),  they  solved  the  Vlasov- Poisson  system  of 
equations  to  arrive  at  a  dispersion  relation  for  the  electrostatic  CDICI  This  dispersion  relation  can  be  cast  in  the  following 
form: 

D(u,.k)  -  k'  +  £  ^r^-ll  +  {„  ?U„)j  -  0,  (I) 

where  u  denotes  the  species,  k  is  the  wave  sector,  s.  is  the  thermal  velocity,  is  the  gyrofrequency.  the  relative  drift  is 
I...,  in  the  r  direction,  k,  is  the  Debye  length,  -  k^pJ/2,  r„(fi>  -  and  1,1  f)  is  thr  modified  Bessel’s  function 

af({>  is  the  plasma  dispersion  function  and  £„  -  (w  -  r(l„  -  k.,  !*„'  Mfc  !s„  Fo:  a  given  wave  sector  k  and  other  parame¬ 
ters  (!>  can  be  solved  for  the  allowed  frequency  u. 

tbt  Sonlocal  (Magnetic  Shear) 

Ganguli  and  Bakshi  /4/  studied  the  effects  of  the  magnetic  shear  produced  by  the  field  aligned  currents  neglected  in  /I/ 
They  consider  a  uniform  drift  of  electrons  with  respect  to  the  ions  in  the  r  direction  that  produces  a  >  component  of  the 
magnetic  field  B,(x)  -  B^x/L,  (L,  -  cBJL-n,eV4\  the  characteristic  length  associated  with  the  magnetic  shear)  which  is 
linear  in  x  Magnetic  shear  changes  the  mode  structure  in  three  main  ways  /5/;  (I)  Local  efface 
k,  —  k,.(x  I  -  +  ktx/ L,.  i  e  the  parallel  wave  sector  is  x  dependent,  (2)  Cbtc!  efface  ik  —  i)/dx  gising  localized  wave 
packets  in  the  x  direction,  and  (3)  Ortuoi  efface,  k.  Lx)  —  *„(.«,),  x,  -  x  +  s,/fl  Shear  changes  the  particle  orbits  and 
introduces  the  Shear  Kinematic  Drift  /if.  For  small  shears  the  orbital  effect*  are  weak  / 5/  and  will  be  neglected  The  new 
dispersion  relation  in  general  is  given  by. 
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An  exact  solution  of  (2)  is  a  formidable  task  Further,  for  weak  sr.i.'s  '21  can  be  well  approximated  by  a  tecond  order 
differential  equation  given  b>. 


i 

t-  y,  is +  Q'{*-  ■  °- 


and  u(-  xl L,)  is  the  angle  of  propagation  *  /*,.  In  the  limn  L,  —  «  w*  recover  the  local  theor>  / 1  / 

(c>  Nonlocal  (Magnetic  shear  and  finite  current  channel  width) 

So  far  the  parallel  current  /„(-  n,e Vt)  has  been  considered  uniform  i.*.  space  This,  of  course,  is  an  ideafiaation  Field 
aligned  currents  in  the  magnetosphere  and  in  the  laboratory  experiments  always  have  finite  extents  Bakshi.  et  el  /6/  intro¬ 
duced  a  finite  current  channel  by  choosing  an  x  dependent  drift  i.e.  V,  —  ( '„  ( jt  )  -  kj  exp(-  x/  L,)1,  where  L,  is  the  width 
of  the  current  channel  in  the  x  direction  while  in  the  y  and  z  directions  the  drift  is  still  uniform  Note  that  k„(x)  is  no 
longer  linear  in  x, 

*„<x)  -  kS  +  k, y-  V  dtr>\  (  -  x/L*. 

Lt  • 

Now  there  are  two  length  scales  Lt  and  L ,,  and  the  new  differential  equation  is  / 6/t 

+  Q Iu({).  F,<{)1)  6(f)  -  0  (4) 


RESULTS  AND  DISCUSSIONS 

Figure  (1)  is  a  plot  of  the  nonlocal  growth  rates  y /fi,  as  obtained  from  equation  (3)  against  fc  for  various  values  of  shear 
and  t  —  TJT,  —  0.5,  n  —  mj m,  — 1  1832  and  VJvt  —  0.2S.  As  compared  to  the  local  growth  rate  (the  top  curve)  there  is  a 
large  reduction  in  the  growth  rate  even  for  extremely  weak  shear.  This  large  reduction  is  due  to  the  intrinsic  difference  in 
the  boundary  condition,  giving  rise  to  a  localized  wave  pocket  in  the  nonlocal  theory.  For  stronger  shears  there  is  addi¬ 
tional  reduction  in  y/fi,  Further,  the  range  of  unstable  kr  is  narrowed,  enhancing  the  coherence  of  CDICI  when  observed 
from  a  moving  frame  such  as  a  satellite 
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Fig  1.  A  plot  of  y/fl,  against  b  for  various  shear  values  Here  r  -  0.5,  a  -  183?.  Vth,  »  0.25. 

Equation  (3)  has  been  solved  for  this  figure. 

Figure  (1)  assumes  a  uniform  V t  and  therefore  a  uniform  shear  prevails  over  a  large  enough  region  of  space  Figure  (2) 
shows  the  imporiant  modifications  to  Figure  (I)  due  to  the  introduction  of  a  finite  width  of  the  current  channel  Here 
r  —  0  5,  M  —  1832  and  k'^'/v,  -  0  28  The  doited  lines  show  the  transition  from  local  to  nonlocal  values  as  /,  approaches 
L,  Figure  (3)  is  a  plot  of  y/fl,  against  L,l L,.  Here  we  sec  that  for  weak  shears  (L,  — -  I0V,>  when  Lr  —  I0~:L,  our 
nonlocal  theory  given  by  equation  (4)  can  reproduce  the  local  theory  values  For  f.,.  >  0  1  it  can  reproduce  the  nonlocal 
results  of  the  uniform  drift  approximation  However,  for  stronger  shear  (L,  —  10'p,)  the  local  theory  is  not  quite 
recovered  Irrespective  of  the  shear  strength,  if  L,  is  made  smaller  (L,  <  10  p,l  there  is  a  new  i}  p»  of  damping,  filamental 
quenching  /6/,  which  can  totally  suppress  Ihe  instability  for  sufficient:;  small  L,  This  fact  has  been  verified  in  a  number 
of  laboratory  cxpenments  /V 

Clearly  the  nonlocahtics  produced  by  the  magnetic  shear  and  the  finite  current  channels  can  significantly  modify  the  normal 
mode  properties  of  the  CDICI  However,  CDICI  is  a  convective  instability  and  hence  the  convective  growth  rate 
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Fig.  2.  A  plot  similar  to  Figure  1.  Here  VJvt  -  0.28  Fig.  3.  Here  y/fl  is  plotted  against  LJL,.  Parameters 

and  equation  (4)  has  been  solved.  This  figure  shows  are  same  as  Figure  (2)  and  b  -  0.6  is  held  constant, 

how  finite  current  width  Lc  modifies  the  results  of 
figure  I. 


k,  -  y /V,.  where  S',  is  the  group  velocity,  is  of  much  importance  /&/.  Thus  it  is  important  to  irtsesligatc  the  effects,  if 
any.  of  the  ronlocaltites  described  above  on  the  convective  properties  of  CfHCI  Because  k,  is  dependent  on  the  temporal 
growth  rale  y.  obviously  there  will  be  some  modification  since  ys:  <  >t  However,  the  convective  character  of  CDIC! 
can  change  in  a  more  subtle  way  if  I',  is  affected  by  the  nolocalities  This  aspect  v<s  recently  investigated  b>  Ganguh.  et 
al.  /9/  and  the  results  are  given  in  figures  4  and  5 
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Figure  4  is  a  plot  of  the  group  velocity  in  the  >  direction  \'v  ts  a  function  of  LJL,  fjr  b  -  0  6,  r  -  0  5.  -  1837  and 

yj/v,  —  0.28  For  L,  -  I05p,  we  see  that  when  —  IC_i  our  theory  gives  the  game  value  of  1'^  as  expected  from  > 
local  theory,  but  when  LJL,  >  0.1  the  value  of  l'p  is  reduced.  For  smaller  L,.  particularly  when  the  shear  is  stronger 
(t,  lO’p,),  VD  is  reduced  and  becomes  negative,  implying  a  reversal  m  the  direction  of  flow  Figure  5  is  a  plot  of  Vm 
against  LJL,  for  the  same  parameters  as  figure  4.  There  is  a  stgn.ficur.i  change  in  the  convective  pattern  in  the  :  direction 
which  is  the  direction  of  the  average  magnetic  field  and  the  current  flow  For  LJL,.  I',,  becomes  negligibly  small  and 
approaches  zero  as  (LJL,)*.  Thus  the  convective  growth  rate  -  >'  •c  becomes  very  large  implying  that  the  instability 
has  become  absolute  in  the  :  direction  This  important  modification  in  the  basic  nature  of  the  instability  is  purely  a  nonlo¬ 
cal  effect  and  is  not  obtainable  by  using  a  local  theory. 

CONCLUSIONS 

Various  implications  of  the  nonlocal  theory  to  the  magnetospheric  plasmas  have  been  discussed  by  Ganguli,  etal.  / 10/  in 
contrast  to  the  local  theory  we  can  classify  CD1C1  into  three  regions  based  on  our  nonlocal  formalism.  (1)  L,  <  0.1  L,: 
This  is  the  shear  dominated  region  /4 /  characterized  by  a  nonlocal  growth  rate  much  reduced  from  the  local  growth  rate. 
The  group  velocity  in  the  jr  direction  is  zero  since  we  have  a  stationary  wave  packet,  VD  is  reduced  from  its  local  value  and 
V,.  ~  0  Thus  shear  stabilizes  COIC1  by  reducing  the  temporal  growth  but  makes  it  more  explosive  by  reducing  y„  and 
by  making  P,.  —  0  (2)  p,  «  L,  «  L,‘  In  this  limit  the  use  of  the  local  theory  /  I.  3/  is  justified  (3)  L,  —  p,  «  L, 
There  is  a  new  type  of  damping,  Filamental  quenching,  implying  that  narrow  arcs  are  stable  The  instability  remains  convec¬ 
tive  but  the  values  of  the  group  velocities  are  different  from  the  local  values.  For  L1  —  p,  both  VD  and  V„  change  sign. 
Thus,  the  local  theory  can  not  be  applied  without  reservation.  The  important  parameter  is  the  ratio  of  the  two  scale  lengths 
L,  and  L,.  Depending  on  the  value  of  LJL,  the  instability  falls  into  one  of  the  three  regions  described  above. 

We  would  like  to  note  that  while  our  nonlocal  formalism  provides  a  more  realistic  representation  of  the  magnetospheric 
environment  than  previously  available,  it  is  still  far  from  reality.  In  particular  the  important  variations  along  the  external 
magnetic  field  can  play  t  very  important  role.  Recently  Ganguli,  el  al.  /1 1/  have  developed  a  two  dimensional  nonlocal  for¬ 
malism  for  very  weak  inhomogeneities  in  the  direction  of  the  external  magnetic  field  along  with  stronger  inhomogeneities 
(described  earlier)  across  the  field  This  theory  needs  to  be  improved  by  using  integrodifferential  equation  methods  to 
include  more  realistic  variations.  These  are  the  current  and  future  focus  of  our  research. 
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Low-frequency  electnc  fields  maintained  in  a  plasma  by  resistivity  teiiher  collisional  or  wave  induced: 
imply  a  balance  between  the  momentum  transferred  to  the  electrons  by  the  electnc  field  and  that 
transferred  by  the  resistivity  from  the  electrons  to  other  particle  species.  As  a  result,  the  electrons  do  not 
experience  a  net  acceleration  due  to  the  electnc  field  If  the  plasma  contains  only  one  ion  species,  the 
momentum  balance  is  the  same  for  the  ions,  and  the  ion  species  is  not  accelerated  either  If  a  second  ion 
species  is  present  which  does  no!  participate  in  the  resutive  momentum  transfer,  it  may  be  accelerated  by 
the  electnc  field  while  the  participating  ions  experience  an  acceleration  opposite  to  the  field  This 
mechanism  may  be  applied  to  the  auroral  field  line  plasma  in  the  presence  of  a  current  along  the 
magnetic  field  Significant  resistivity  between  the  electrons  and  the  hydrogen  ions  may  accelerate  the 
oxygen  ions  provided  that  the  resistivity  has  the  appropnate  charactenstics  e  have  used  an  existing 
auroral  field  line  plasma  simulation  to  dynamically  model  this  effect  This  simulation  is  a  one- 
dimensional  multimoment  dynamic  model  of  a  three-species  plasma  if  .  H ' .  and  O  l  along  about  10  Rt 
of  field  line  above  an  altitude  of  800  km. 


Introduction 

The  discovery  of  intense  upward  fluxes  of  energetic  ions 
along  high-latitude  auroral  field  lines  by  the  S3-3  satellite 
[Shelley  ei  aL  1976]  indicates  that  parallel  acceleration  mech¬ 
anisms  in  this  region  allow  the  ionosphere  to  act  as  a  source 
region  for  energetic  magnetosphenc  ions.  Horwit:  [1982]  has 
provided  an  extensive  review  of  the  work  done  on  this  concept 
in  recent  years  A  statistical  survey  of  the  upflowmg  ion  fluxes 
performed  by  Gornev  et  al  [1981]  revealed  that  these  fluxes 
are  of  two  types:  ion  conics  and  ion  beams  Ion  conics  have  a 
peak  flux  at  an  angle  to  the  magnetic  field  direction  and  are 
most  likely  composed  of  ionospheric  ions  that  have  been 
heated  transversely  to  the  field  at  altitudes  of  1000-2000  km 
and  subsequently  accelerated  upward  by  the  mirror  force  due 
to  the  magnetic  field  gradient  [Klumpar.  1979].  An  ion  beam 
has  a  peak  flux  which  is  too  fMd  aligned  to  have  resulted  from 
a  transversely  heated  ionospheric  distribution  and  probably 
results  from  acceleration  due  to  a  quasi-static  parallel  electric 
field  such  as  those  associated  with  inverted  V  electron  events. 
The  extensive  observations  and  theortes  concerning  these  elec¬ 
tric  fields  have  been  renewed  by  Shawhan  et  al.  [1978]  and 
Stern  [1979],  among  others,  and  the  occurrence  frequencies 
for  ion  beams  as  a  function  of  altitude,  invariant  latitude,  and 
magnetic  activity  are  consistent  with  the  parallel  electnc  field 
interpretation  [Gornev  et  at..  1981] 

Polar  wind  theory  [Banks  and  Holier.  1968]  in  the  absence 
of  a  strong  electric  field  predicts  an  upward  flux  of  cold  iono¬ 
spheric  H*  of  around  10®  cm":  s"1  at  1000  km  altitude  on 
auroral  field  lines.  This  flux  is  sustained  by  the  small  plasma 
pressure  at  the  magnetosphenc  end  of  the  field  line  and  the 
ambipolar  electric  field  due  to  the  small-scale  height  of  the 
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major  ion  (O' I  at  the  ionospheric  end  of  the  field  line  The 
O'  escape  flux  in  this  theory  is  strongly  limited  by  gravity 
and  has  a  magnitude  of  less  than  10' 3  that  of  H*  Recent 
observational  evidence  from  the  S3-3  satellite  [Collin  ei  at.. 
1981]  and  Dynamics  Explorer  I  [Shelley  el  al..  1982]  indi¬ 
cates.  however,  that  not  only  are  the  upward  ion  fluxes  much 
more  energetic  than  predicted  by  polar  wind  theory  but  the 
major  energetic  ion  flux  is  often  O'  rather  than  H'  The 
presence  of  a  strong  parallel  electric  field  along  the  field  line 
could  create  the  necessary  energization  of  the  upflowmg  ions, 
but  it  seems  that  such  a  field  would  energize  ail  ion  species 
equally  Some  process  is  necessary,  therefore,  to  preferentially 
accelerate  O'  parallel  to  the  magnetic  field  Recent  work  by 
Moore  [1980]  suggests  that  the  balance  between  the  H'  and 
O'  fluxes  can  be  altered  by  an  acceleration  mechanism  in  the 
low-altitude  region  where  ion-neutral  charge  exchange  reac¬ 
tions  are  important  In  this  paper  we  would  like  to  suggest 
that  there  is  a  natural  way  in  which  the  preferential  parallel 
acceleration  of  an  O'  beam  might  arise  from  a  quasi-stanc 
parallel  electric  field  if  that  electric  field  is  sustained  by  some 
form  of  anomalous  resistivity  rather  than  by  discontinuous 
structures  such  as  electrostatic  shocks  or  double  layers  We 
will  also  illustrate  this  mechanism  by  means  of  a  numerical 
simulation  we  have  developed  of  the  auroral  field  line  plasma 


Theorv 

Given  a  three-species  plasma  ic".  H".  and  O  i.  suppose 
that  there  exists  a  mechanism  for  providing  an  anomalous 
friction  between  the  electrons  and  the  hydrogen  ions  By  the 
application  of  an  electric  potential  along  one  direction,  say  the 
.x  direction,  the  species  momentum  equations  for  this  direc¬ 
tion.  simplified  in  order  to  clarify  the  physics  of  interest  here, 
may  be  written 

—  i  I  =  -  e'i,£,  +  n,mri,M*li  M>  -  i„t  ill 
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—  Oi0m0i0ll  =  en0E  x 
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where  n,.  m,.  and  i„  are  the  number  density,  mass,  and  veloci- 
t\  in  the  x  direction  lor  species  s.  £,  is  the  electric  field  in  the 
\  direction;  e  is  the  electric  charge:  and  >„*  is  the  effective 
collision  frequency  for  anomalous  momentum  transfer  from 
species  i  to  species  s.  These  three  equations  may  each  be 
multiplied  by  the  respective  species  charge  to  mass  ratio  and 
then  summed  to  yield  an  equation  for  the  total  current  density 
J 


:j 


—  -  —  *  —  W:£ 

m,  mH  mQJ 


•h  nHvH«  * 


(4) 


If  it  is  assumed  that  the  electric  field  is  quasi-static  so  that 
Alfven  fluctuations  are  ignored,  the  left-hand  side  of  (4|  can  be 
neglected  Further,  momentum  is  conserved  in  the  anomalous 
momentum  transfer  process,  so  =  nHmMvH/*  There¬ 

fore  the  electric  field  is  determined  by  the  condition  that  the 
two  terms  on  the  right-hand  side  of  (4i  must  balance,  t.e..  that 
ineglecting  terms  of  order  m,  mH  and  m,  mQi 

£,  =  «Kt'H»  -  i„l  (5) 

This  equation  simply  represents  the  fact  that  for  a  quasi-static 
electric  field  supported  by  a  large-scale  anomalous  friction 
irather  than  a  small-scale  charge  separation!,  the  electron  mo¬ 
mentum  gained  because  of  the  electric  field  must  balance,  up 
to  order  m,  in,,  the  electron  momentum  lost  to  the  other 
species  because  of  the  friction 

With  the  electric  field  determined  by  (5).  the  ion  momentum 
equations  may  now  be  rewritten  as 

—  inHmHiHli  enM£,  -  en,E,  =  -en0E,  (61 


-  m0motOll  =  enotn,  -  en„E0x  (9> 

where  charge  neutrality  has  been  used  in  (6i  to  set  n,  = 
nH  -  n„  The  result  is  that  momentum  is  gained  by  the  oxygen 
ions  from  the  electric  field,  while  the  hydrogen  ions  lose  the 
same  amount  because  of  an  imbalance  between  the  momen¬ 
tum  gained  because  of  the  electric  field  and  the  momentum 
lost  because  of  friction  This  effect  can  be  seen  to  have  a  rather 
general  application  If  it  is  possible  to  view  the  hydrogen  ions 
as  consisting  of  two  populations,  one  participating  in  the  fric¬ 
tion  and  one  not.  then  the  one  not  participating  would  also 
gain  momentum  from  the  electric  held  at  the  expense  of  the 
participating  population  As  a  result,  an  observation  of  the  ion 
fluxes  would  indicate  the  presence  of  both  O'  and  H'  fluxes 
which  had  been  energized  by  the  electric  field,  but  the  relative 
magnitude  of  the  fluxes  would  have  been  altered  from  the 
preaccelerated  value  Further,  if  the  electrons  experience  a  fric¬ 
tion  with  both  H'  and  O',  then  the  ion  momentum  equa¬ 
tions  take  the  form 


—  mHmHiHll  -  enH£0, 
i  l 

c~  tribal  0j  1  ~  en0EHt 
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where  £„  is  the  electric  field  due  to  the  friction  Detween  the 
electrons  and  ion  species  s.  given  by 

£,.  *=  '"V,.*  eki„  -  t„i  1IO1 

and  the  total  electric  field  is  £ ,  =  £„,  -  £0,  The  net  effect  in 
this  case  depends  strongly  on  the  relative  magmtuaes  ot  the 
two  electron-ion  resistivities  and  the  ion  densities 

StMLLATtOS 

The  model  used  to  simulate  this  ion  acceleration  effect  has 
been  described  previously  [ Mucheti  und  Palmadesso.  1983]  It 
is  a  dynamic  one-dimensional,  three-species  te".  FI',  and  O'i 
model  of  the  auroral  field  line  plasma  extending  from  an  alti¬ 
tude  of  800  km  in  the  topside  ionosphere  out  to  10  Rt  along 
the  field  line  Each  species  is  characterized  by  five  dynamic 
quantities  number  density,  velocity,  and  heat  flow  along  the 
field  line,  and  temperatures  perpendicular  and  parallel  to  the 
field.  The  initial  state  of  the  simulation  is  a  current-free  polar 
wind,  with  the  number  densities  shown  in  Figure  I  and  a 
constant  outward  H'  flux  normalized  to  10s  cm  :  s'1  at 
1000  km  The  oxygen  ions  have  no  velocity,  and  the  electron 
flux  is  determined  from  the  ion  fluxes  by  the  zero  current 
condition  As  the  simulation  begins,  a  current  is  applied  along 
the  field  line  At  each  time  step  the  electron  density  is  deter¬ 
mined  by  charge  neutrality,  the  electron  flux  is  calculated  by 
assuming  that  the  total  field  line  current  is  constant,  and  the 
electric  field  is  calculated  from  an  Ohm  s  law  equation  similar 
to  ( 5 1  but  is  constructed  from  the  complete  electron  and  ion 
momentum  equations  The  electron  temperatures  and  heat 
flow  and  all  of  the  dynamic  ion  quantities  are  calculated  from 
the  dvnamic  13-moment  transport  equations  of  Schunk 
[19-]. 

In  order  to  simulate  ion  acceleration  it  is  necessary  to  add 
an  anomalous  friction  to  this  model  For  typical  auroral  field 
line  currents,  the  critical  drift  velocity  for  electron-hvdrogen 
ion  cyclotron  waves  is  exceeded  along  the  held  line,  and 
theories  of  anomalous  resistivity  do  exist  which  require  the 
existence  of  such  waves  [eg..  Rnxiljnd  and  PahnaJesso.  1983] 
We  will  postulate  a  resistivity  based  on  this  critical  drift.  1  e.. 

v,H*  =ooinH(  1 )"  ‘,>i.  «in 

where  is  the  hvdrogen  ion  cyclotron  frequeno  is  the 
magnitude  of  the  electron-hydrogen  ion  drift  velocttv  tr  -  tH. 
and  l  is  the  critical  drift,  approximated  b> 


Fig  l  Number  densities  for  t he  steadv  stale  polar  wind  with  no 
fieid-aligned  current  nt  < solid  curvet.  nH  tdashed  curvet.  n0  tdotted 
curvet 
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Fig  2  Collision  frequency  i,H*  for  anomalous  momentum  transfer 
between  e  and  H '  at  1  min  after  current  onset 


i; -  max  6  )<2fcTH  mHl'  2  (121 

In  1 12).  Th  and  Tr  are  the  total  hydrogen  ton  and  electron 
temperatures,  respectively.  For  this  simulation,  no  account  is 
taken  of  the  dependence  of  the  critical  drift  on  the  hydrogen 
ion  temperature  anisotropy.  As  in  the  work  by  Rowland  and 
Palmadesso  [1982].  the  thermal  energy  generated  by  the  resis¬ 
tivity  is  primarily  given  to  the  electrons,  i.e.. 

,  i>T. 

A -7- =  (131 

or 

As  a  result,  the  electrons  heat  rapidly  because  of  the  resistivity, 
reducing  the  critical  drift  in  regions  of  roughly  equal  electron 
and  hydrogen  ion  temperatures  until  T,  >  2.5TH  and  the  criti¬ 
cal  drift  stabilizes. 

At  time  t  *  0.  a  constant  current  corresponding  to  10'*  A 
m' ;  at  an  altitude  of  800  km  is  applied  to  the  field  line.  After 
1  min  the  critical  drift  velocity  has  stabilized  along  the  field 
line  because  of  electron  heating,  and  the  anomalous  collision 
frequency  has  the  profile  shown  in  Figure  2.  The  electric  field 
profiles  at  0  and  I  min  after  current  onset  are  compared  in 
Figure  3.  Initially,  the  only  significant  electric  field  is  the  am- 
bipolar  field  at  the  lower  end  of  the  field  line,  and  the  total 
field  line  potential  is  about  2  V  (Potentials  in  this  model  tend 
to  be  small,  because  only  cold  ionospheric  electrons  are  in¬ 
cluded  at  present. I  At  1  min  the  electric  field  due  to  the  anom¬ 
alous  resistivity  is  evident  above  4000  km  altitude.  At  this 
point  the  field  line  potential  drop  has  increased  by  an  order  of 
magnitude  (to  23  Vi.  The  small  increase  in  the  electric  field 
below  4000  km  is  the  increased  ambipolar  field  due  to  in¬ 
creased  electron  temperature.  The  change  in  the  O*  velocity  is 
shown  in  Figure  4.  The  oxygen  ions  are  directly  accelerated  by 
the  resistive  electric  field  in  the  region  above  4000  km  and.  to 
a  lesser  degee.  by  the  ambipolar  field  below  this  altitude  The 
deceleration  of  the  hydrogen  ions  is  small  lof  order  nom0 
nMmHi  in  this  case  and  is  overwhelmed  by  other  effects  such  as 
acceleration  by  the  ambipolar  electric  fields 

This  simulation  was  continued  until  5  min  after  current 
onset  During  this  time  the  oxygen  ions  continued  to  acceler¬ 
ate.  but  the  distinction  between  the  resistive  and  ambipolar 
electric  fields  became  more  difficult  As  described  in  the  work 
by  Mitchell  and  Palmadesso  [1983].  the  onset  of  current 
creates  a  precipitating  electron  population  which  heats  in  the 
converging  magnetic  field  As  a  result,  the  temperature  at  the 


Fig  3.  Electric  field  parallel  io  ihe  field  line  ai  limes  of  0  (solid 
curvet  and  1  (dashed  curvei  min  after  current  onsei 


lower  end  of  the  flux  tube  rises  until  the  upward  electron  heat 
flux  grows  large  enough  to  counteract  this  effect,  and  the  am¬ 
bipolar  field  exhibits  large  fluctuations  during  thts  time  In  this 
case,  with  the  anomalous  resistivity  forcing  the  electrons  to 
heat  even  more  rapidly,  these  fluctuations  become  the  same 
order  of  magnitude  as  the  resistive  electric  field  and  disrupt 
the  clear  picture  of  oxygen  ions  gaming  momentum  from  the 
hydrogen  ions  through  the  resistive  electric  field  However,  the 
anomalous  friction  continues  to  provide  a  species-dependent 
contribution  to  the  total  parallel  electric  field 
Our  simulations  indicate  that  the  behavior  of  the  field  line 
plasma  is  very  dynamic  after  the  onset  of  field-aligned  current. 
Thus  it  may  not  be  accurate  to  propose  the  steady  state  ener¬ 
gization  of  ion  beams  in  a  parallel  electric  field  The  simula¬ 
tion  described  here  produces  an  energetic  flux  of  O'  r  en 
though  it  may  not  be  sustained  as  the  lower-altitude  lon- 
neutral  collision  regions  react  to  the  increased  outflow  A  si¬ 
mulation  w  hich  accurately  models  both  high-  and  low -altitude 
regions  is  necessary  to  fully  address  these  considerations  It 
should  be  noted  that  the  magnitude  of  the  effect  discussed 
here  may  be  quite  large,  the  net  energy  gained  by  O'  will  be 
of  the  order  of  the  potential  drop  along  the  field  line,  which 
can  be  several  kilovolts.  The  energy  gain  seen  in  the  simula¬ 
tion  was  restricted  to  smaller  values  by  the  need  to  maintain 
numerical  stability  and  stay  within  the  limits  of  approxi¬ 
mations  implicit  in  the  fluid  equations 


Fig  *  O'  velocity  parallel  io  the  held  line  at  times  of  0  iso  ltd 
curvei  and  I  idashed  curvei  min  after  current  onset 
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SCMMARy 

We  have  attempted  to  show  here  that  the  existence  of 
anomalously  energetic  heavy  ion  fluxes  on  auroral  field  lines 
can  he  a  result  of  the  manner  in  which  a  parallel  electric  field 
is  supported  on  the  field  lines  If  the  process  is  a  form  of 
resistive  momentum  transfer,  then  the  ion  species  experiencing 
resistivity  strongly  lose  momentum  through  the  electric  field 
to  those  ion  species  not  participating  Thus  the  large  relative 
magnitude  of  the  O'  to  H  ‘  energetic  fluxes  may  indicate  that 
tne  parallel  electric  helds  on  these  field  lines  are  supported  to 
some  extent  b>  some  form  of  electron-hydrogen  ion  friction. 
The  magnitude  of  this  effect  depends  a  great  deal  on  the  de¬ 
tails  of  such  a  friction,  a  point  we  have  not  addressed  in  this 
report,  but  we  feel  that  the  general  concept  may  have  a  broad 
applicability  for  the  auroral  field  line  plasma 

■G  <no<neaamertts  This  research  has  been  supported  by  the  Na¬ 
tional  Aeronautics  and  Space  Administration  and  by  the  Office  of 
Nasal  Research 

The  Editor  thanks  R  W  Schunk  and  D  1  Gorney  for  their  assist¬ 
ance  in  evaluating  this  paper 

References 

Banks  P  M  .  and  T  E  Holzer  The  polar  wind.  J  Geophss.  Res..  TJ. 
6846-6854.  1968 

Collin  H  L  .  R  D  Sharp.  E  G  Shelley,  and  R  G  Johnson  Some 
general  characteristics  of  upfiowing  ion  beams  over  the  aurora! 
zone  and  their  relationship  to  auroral  electrons.  J  Geopfivs  Res. 
Kb.  6820-6826.  1981 

Gorney.  D  J.  A  Clarke.  D  Croley.  J  Fennell.  J  Luhmann.  and  P 
Mizera.  The  distribution  of  ion  beams  and  conics  below  8000  km. 
J  Geopn  is  Res .  Sh.  83-89.  1981 


Horwitc.  J  L..  Tne  ionosphere  as  a  source  lor  magnetosphen:  ions 
Re:  Geopms  Space  Pn\s..  929-952  1982 

Klumpar  D  M  Transversely  accelerated  ions  An  ionospheric 
source  of  hoi  magnetospnenc  ions.  J  Oeorvm  Res.*-!  4229-423". 
19TV 

Mitchell.  H  G  Jr  and  P  J  Paimadesso.  A  dynamic  modei  for  me 
auroral  field  line  plasma  in  the  presence  ot  field-aligned  current.  J 

Geophss  Res..  88.  2131-2139.  19*3 

Moore.  T  E  .  Modulation  of  terrestrial  ion  escape  ftuv  composmon 
iby  low-altnude  acceleration  and  charge  exchange  chemistry,  J 
Geoph is  Res  .  *‘2.  201 1-2016.  1980 

Rowland.  H  L  .  and  P  J  Paimadesso  Anomalous  resistivity  due  lo 
low-frequency  turbulence.  J  Geopnis  Res.  *'  ~99"-R002.  198? 

Schunk.  R  W  .  Mathematical  structure  of  transport  equations  for 
multispecies  flows.  Re t  Geopins  Spate  Phis.  if.  429-445.  19" 

Shawhan.  S  D  C  -G  Falthammar  and  L  P  Block.  On  the  nature  ol 
large  auroral  zone  electnc  helds  at  1-R,  altitude.  J  Geopms  Res. 
S>.  1049-1054.  19T8 

Shelley.  E  G  .  R  D  Sharp,  and  R  G  Johnson.  Satellite  observations 
of  an  ionospheric  acceleration  mechanism.  Geophss  Res  Leu  .  3. 
654-656.  I9’6 

Shelley.  E  G..  W  K  Peterson  A  J  Ghielmetti.  and  J  Geiss.  The 
polar  ionosphere  as  a  source  of  energetic  magnetospheric  plasma 
Geo  phis.  Res  Lett..  V.  941-944.  1982 

Stern.  D  P .  The  electnc  held  and  global  electrodvnamics  of  the 
magnetosphere.  Ret  Geophys  Space  Phis . /*.  626-640  19'9 


FI  G  Mitchell.  Jr .  Naval  Research  Laboratory  Code  4'80  Wash¬ 
ington.  DC  20335 

P  J  Paimadesso.  Geophysical  and  Plasma  Dvnamics  Branch 
Plasma  Phvsics  Division.  Naval  Research  Laboratorv  Washington 
DC  203"’5  ’ 

I  Received  January  16.  1984 
revised  May  ”.  ’.984 
accepted  May  23.  1984  i 


APPENDIX  F 


Behavior  of  Ionized  Plasma  in  the  High 
Latitude  Topside  Ionosphere 


F-l 


BEHAVIOR  OF  IONIZED  PLASMA  IN  THE 
HIGH  LATITUDE  TOPSIDE  IONOSPHERE 


Supriya  Banerjee  Qangull  and  H.  Q.  Mitchell.  Jr. 


Science  Applications  International  Corporation 
1710  Goodridge  Drive 
McLean.  Virginia  22102 


P.J.  Palmadesso 


Plasma  Physics  Division 
Naval  Research  Laboratory 
4555  Overlook  Avenue.  S.  W 
Washington.  DC.  20375 


January  1985 


INTRODUCTION 


The  behavior  of  plasma  on  the  auroral  magnetic  field  lines  has 
been  the  subject  of  a  number  of  studies  in  recent  years.  Theoretical 
models  of  the  polar  wind  have  been  developed  by  Banks  and  Hoizer 
[1968.  19691.  Hoizer  at  al.  .  [1971],  and  Lemalre  and  Scherer  [19731. 

Using  the  13-moment  system  of  transport  equations  of  Schunk  [19771. 
Schunk  and  Watkins  (1981.  19821  have  studied  the  steady  state  flow  of  a 
fully  ionized  H+  -  0+  -  electron  plasma  along  geomagnetic  field  lines, 
in  their  first  study  of  the  polar  wind  (1981).  they  used  the  13-moment 
equations  for  the  electron  gas  and  a  simplified  set  of  transport  equations 
for  the  hydrogen  and  oxygen  ions.  Their  results  show  that  electron 
temperature  anisotropy  develops  at  altitudes  above  2500  km.  Below 
2500  km  the  electron  gas  is  essentially  collision  dominated.  In  their 
next  study  of  the  polar  wind  (1982).  they  have  used  the  13-moment 
system  of  equations  for  the  hydrogen  Ions  also.  The  results  show  that 
for  supersonic  flow  at  high  altitudes,  the  hydrogen  ion  temperature 
parallel  to  the  field  line  (Tp*)  is  greater  than  the  temperature 
perpendicular  to  the  field  line  (Tp-iJ.  The  reverse  Is  true  for  subsonic 
flow. 


Using  the  same  13-moment  system  of  equations.  Mitchell  & 
Palmadesso  [1983]  developed  a  dynamic  numerical  model  of  the  plasma 
along  an  auroral  field  line.  This  plasma  consists  of  the  electrons, 
hydrogen  and  oxygen  Ions.  The  electrons  and  the  hydrogen  Ions  are 
the  dynamic  species  In  the  model.  They  have  performed  simulations  for 


the  case  of  a  current-free  polar  wind  and  the  case  in  which  a  large 
upward  field  aligned  current  was  applied  along  the  field  line.  The 
results  of  the  polar  wind  simulations  have  been  compared  to  those  of 
Schunk  and  Watkins  (1981.  19821.  It  Is  seen  that  for  low  electron 
temperatures  and  supersonic  hydrogen  Ion  outflow,  both  exhibit  an 
anisotropic  hydrogen  ion  cooling  and  both  have  a  region  in  which  the 
parallel  temperature  increases  with  altitude  before  adiabatic  cooling 
dominates.  The  electron  temperature  profiles,  however,  cannot  be 
directly  compared.  The  lower  boundary  of  Mitchell  and  Palmadesso 
[19631  was  held  at  a  constant  temperature  and  the  simulation  was  run 
until  a  steady-state  was  achieved.  The  outflow  condition  treats  the 
upper  boundary  as  an  electron  heat  sink  and  therefore  the  electron 
temperature  decreases  with  altitude.  Schunk  and  Watkins  [1981] 
specified  the  electron  temperature  and  a  positive  electron  temperature 
gradient  at  the  lower  end.  as  the  initial  condition  to  study  the  electron 
temperature  anisotropy.  The  upper  boundary  need  not  be  specified  in 
this  case. 

We  have  developed  a  numerical  model  to  study  the  steady  state 
behavior  of  the  plasma  encompassing  geomagnetic  field  lines.  For 
theoretical  formulation  we  have  used  the  16-moment  system  of  transport 
equations  of  Schunk  ef  al.  [19821.  The  13-moment  system  of  transport 
equations  allow  for  different  species  temperature  parallel  and 
perpendicular  to  the  field  line,  but  allows  only  a  single  heat  flow  per 
species.  The  16-moment  equations  allow  transverse  and  parallel  thermal 


energy  to  be  transported  separately,  which  simulates  the  behavior  of  a 
large  temperature  anisotropy  for  a  collisionless  plasma  better  than  the 
13-moment  equations.  This  Is  expected  to  be  an  Important  advantage  in 
studies  of  auroral  field  aligned  transport  which  include  the  effects  of 
return  currents  and  anomalous  transport  processes,  such  as  anomalous 
resistivity  and  associated  anisotropic  heating.  Such  studies  are  now  in 
procress,  and  will  be  the  subject  of  a  future  report.  We  have  used  this 
model  to  perform  polar  wind  simulations.  This  to  our  knowledge  is  the 


first  successful  steady  state  solution  to  the  16-moment  set  of  transport 
equations  for  the  polar  wind  problem. 


THE  MODEL 


A  numerical  model  has  been  developed  to  simulate  the  steady 
state  behavior  of  a  fully  ionized  plasma  (H+.0+  and  the  electrons)  along 
the  geomagnetic  field  lines  in  the  high-latttude  topside  ionosphere. 


The  electrons  and  the  hydrogen  ions  are  the  dynamic  species  in 
the  model  and  the  oxygen  ions  form  a  static  background  population  at  a 
constant  temperature.  The  H4  and  electron  temperature  anisotropies 
and  heat  flows  are  not  sensitive  to  the  oxygen  temperature  and  heat 
flows,  as  noted  by  Schunk  and  Watkins  [1981.  1982]  Thus  maintaining 
the  O4  Ions  at  a  constant  temperature  did  not  Introduce  appreciable 
errors  as  far  as  the  H4  ions  and  electrons  are  concerned  [Schunk 
19821. 
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The  distribution  function  is  considered  to  be  gyrotropic  about  the 
field  line  direction,  which  reduces  the  16-moments  approximation  to  six 
moments:  number  density,  velocity  of  the  species  parallel  to  the  field 


line,  temperatures  parallel  and  perpendicular  to  the  field  line,  and 
parallel  and  perpendicular  heat  flow  along  the  field  line.  The  resulting 
transport  equations  used  for  hydrogen  and  electrons  are  given  as 
follows: 
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Charge  neutrality 
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where,  n  *  number  density 

v  «  species  velocity 

A  *  cross-sectional  area  of  a  flux  tube 
(proportional  to  1/B) 

B  =  magnetic  field  of  the  earth 
E  ~  Electric  field  parallel  to  the  field  line 
G  ■  gravitational  constant 
M  =  mass  of  the  earth 
m  ■=  mass  of  the  particular  species 
T i  «  temperature  of  the  species  parallel  to  the 
field  line 

•  temperature  of  the  species  perpendicular 
to  the  field  line 

h|  -  heat  flow  parallel  to  the  field  line 
fr-L  -  heat  flow  perpendicular  to  the  field  line 
k  «  Boltzmann  constant 


F-ll 


-  1  3A  3 

A  *  A  Hr  ~  7 

e  *=  electrons 

p  «  hydrogen  ions 

o  *  oxygen  ions 

For  a  given  moment  F  of  the  distribution  function.  OF/Of 
represents  the  change  in  F  due  to  the  effects  of  collision  and  we  would 
include  the  effects  of  plasma  turbulence  such  as  anomalous  resistivity 
when  the  model  is  further  developed.  The  collision  terms  used  in  this 
model  are  those  of  Mitchell  and  Palmadesso  [1983].  They  have  used 
Burger's  [1979]  collision  terms  for  the  case  of  Coulomb  collisions  with 
corrections  for  finite  species  velocity  differences.  The  collision  terms 
are  given  in  Appendix  A. 

We  have  assumed  that  the  total  flux  tube  current  /  remains 
constant. 
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In  the  following,  the  current  I  is  assumed  to  be  zero. 
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Using  aquations  (2),  (7)  and  (8)  the  electric  field  E  parallel  to 
the  field  line  Is  calculated  (Mitchell  and  Palmadesso.  1983). 
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We  will  consider  the  steady  state  of  the  equations  (1)  -  (6). 
This  set  of  ordinary  differential  equations  are  solved  by  first  eliminating 
all  derivatives  in  a  given  equation  except  one  and  then  integrating  the 
resulting  quantities  numerically  along  the  field  line.  The  nqw  set  of 
equations  are: 
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The  simulation  is  carried  out  on  an  unequally  spaced  grid.  The 
cell  size  is  selected  small  at  the  lower  end  of  the  flux  tube.  This 
enables  us  to  determine  the  plasma  dynamics  properly  In  the  presence 
of  large  density  gradients  due  to  the  s mall  scale  height  ot  oxygen. 


F-15 


The  system  of  equations  we  have  to  solve  is  a  system  of  stiff 
differential  equations.  A  typical  solution  of  a  stiff  system  has  a  short 
Initial  Interval  in  which  It  changes  rapidly  (called  an  Initial  transient) 
after  which  it  settles  down  to  a  comparatively  slowly  varying  state. 
Methods  of  solving  stiff  ordinary  differential  equations  has  been  discussed 
by  Gear  et  al.  .  [19791.  We  will  use  the  general  procedure  used  by 

Watkins  [1981], 

SIMULATIONS  AND  RESULTS 

Schunk  and  Watkins  [19821  have  performed  polar  wind  simulations 
for  both  supersonic  and  subsonic  hydrogen  Ion  outflow.  Until  recently  it 
was  not  clear  If  the  polar  wind  is  supersonic  or  subsonic.  Nagai  et  al. 
[1984]  first  reported  the  supersonic  nature  of  the  polar  wind  along  polar 
cap  field  lines.  The  data  for  this  study  were  obtained  from  DE  1 
satellite  This  paper  clearly  shows  that  the  hydrogen  ion  flow  in  the 
polar  ionosphere  is  supersonic  in  nature.  Subsonic  polar  wind  has  not 
yet  been  observed  We  would  consider  hydrogen  ion  outflow  as 
supersonic. 

As  noted  above,  solutions  have  been  obtained  for  the  current 
free  case.  The  lower  boundary  is  fixed  at  1500  km.  At  this  boundary 
we  set  the  H+  ion  velocity  at  16  km  s-1.  H+  ion  density  at  80  cm-3, 
oxygen  Ion  density  at  5000  cm-3.  The  hydrogen  Ion  temperature  at  the 
lower  boundary  is  3500°  K.  The  oxygen  ion  temperature  was  kept 


constant  at  1200*  K.  The  results  ot  this  current  tree  polar  wind 
simulations  are  shown  in  figures  la-lg.  Figure  la  shows  oxygen  ion 
density.  1b  shows  H*  ion  density.  1c  shows  electron  density.  Id  shows 
hydrogen  ion  velocity.  Oxygen  ions  are  the  dominant  species  only  up  to 
an  altitude  of  3500  km.  Supersonic  H+  ions  flow  in  divergent  magnetic 
field  lines.  The  hydrogen  momentum  balance  equation  shows  that  the 
ambipolar  electric  field  value  produces  the  sharp  increase  in  H+  ion 
velocity  lower  end  of  the  tube.  Electron  velocity  also  increases  as  it  is 
evident  from  equation  (9)  and  is  shown  is  Figure  'n.  The  total  flux 
along  the  flux  tube  is  conserved.  I.e..  nVA  =  constant.  Therefore,  as 
the  velocity  and  the  area  increases,  the  density  should  decrease.  The 
hydrogen  ion  density  decreases  as  it  flows  through  the  diverging  flux 
tube.  The  electron  density  also  decreases,  as  it  is  evident  from  the 
charge  neutrality  equation  ( 7)  . 

A  study  of  equation  (il)  reveals  that  at  the  upper  end  of  the  flux 
tube  velocity  variation  results  mainly  from  a  balance  between  the  terms 
containing  hydrogen  ion  temperature  difference  CTp»  -  TPx> .  electron 
temperature  difference  <Te|  -  Tej.) .  hydrogen  ion  temperature  t  Tp a ) 
and  electron  temperature  (^6|)  parallel  to  the  field  line.  i.e.  mirror 
forces  and  parallel  pressure  gradients. 

Figure  If  shows  the  hydrogen  ion  temperature  parallel  and 
perpendicular  to  the  geomagnetic  field.  H*  temperature  exhibits  two 


basic  characteristics: 
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(1)  Adiabatic  cooling  -  Supersonic  ion  gas  cools  down  as  It  expands 

in  a  diverging  magnetic  field. 

(2)  Temperature  anisotropy. 

These  effects  were  also  displayed  by  the  previous  studies  of  the 
polar  wind  using  the  13-moment  system  of  equations  by  Schunk  and 
Watkins  (1982]  and  Mitchell  and  Palmadesso  [1982].  Like  Schunk  and 
Watkins  [1982].  we  obtained  solutions  for  only  positive  H+  heat  flow  at 
the  lower  boundary.  This  implies  that  an  upward  flow  of  heat  from  the 
lower  ionosphere  is  required  for  a  supersonic  hydrogen  ion  outflow 
[Schunk.  1982].  This  upward  flow  of  heat  is  associated  with  a  negative 
H+  temperature  gradient. 

At  the  lower  end  of  the  flux  tube,  due  to  rapid  expansion  of  the 
supersonic  ion  gas.  both  Tj.  and  T*  decrease.  This  was  also  noted  by 
Schunk  and  Watkins  [1982],  Hydrogen  Ion  temperature  perpendicular  to 
the  field  line  decreases  continuously.  Appreciable  temperature 
anisotropy  develops  around  2500  km.  The  temperature  anisotropy  is 
more  prominent  In  the  H+  ions  than  in  the  electrons.  This  is  because 
of  the  fact  that  the  hydrogen  Ions  have  supersonic  velocities  and  in  the 
collisionless  region  heat  transport  Is  not  efficient  for  H+  Ions,  compared 
to  that  for  electrons.  Also,  as  the  particles  move  up  In  a  decreasing 
magnetic  field.  v-l  decreases  In  order  to  keep  adiabatic  invariant  n 
constant.  As  the  total  energy  of  the  particle  Is  conserved.  %  mv,3 
increases  at  the  expense  of  ^mvj.3.  That  is.  the  perpendicular  energy 
gets  converted  to  the  parallel  energy.  A  study  of  equation  (ill)  and 
(iv)  show  that  the  temperature  variation  is  produced  mainly  as  a  balance 


t 


J 


J 


t 


j 


J 


F-18 


J 


between  the  convection  process  and  the  mirror  force  effects.  The 

collisions  play  an  Important  role  below  2500  km.  In  equations  (v)  and 

(vi)  the  temperature  gradient  terms  are  very  important. 

We  compared  our  solutions  of  the  equations  based  on  the 
16-moment  system  with  that  of  Schunk  and  Watkins  [19821  solution  of  the 
13-moment  equations.  The  general  behavior  of  the  H4  ion  temperature 
parallel  and  perpendicular  to  the  field  line  remains  the  same.  H4  ion 

temperature  perpendicular  to  the  field  line  decreases  continuously  with 

altitude.  Parallel  temperature  first  decreases  and  then  increases  and 
finally  tends  to  remain  constant  with  altitude.  We  observe  an  anisotropy 
with  To.  >  T |  below  2500  km.  Schunk  and  Watkins  [19821  observed 
similar  anisotropy  for  the  low  electron  temperature  case  when  they 
lowered  the  H4  ion  temperature  and  heat  flow  and  when  the  oxygen  ion 
density  was  increased  at  the  lower  end.  They  have  pointed  out  that  the 
results  are  sensitive  to  the  boundary  conditions  used,  in  the  sense  that 
the  qualitative  picture  remains  the  same  only  the  quantitative  picture 
differs. 

We  have  also  compared  our  results  with  those  of  Mitchell  and 
Paimadesso  [19831  and  Holzer  et  al.  [19711.  Mitchell  and  Paimadesso 
[19831  started  their  simulation  at  800  km  at  the  lower  boundary.  At  this 
level  the  H4  Ion  temperature  Increases  with  altitude  due  to  Joule  heating 
caused  by  H4  l on  collisions  with  oxygen  ions.  This  effect  rapidly 
decreases  with  altitude.  The  general  qualitative  picture  here  is  in  good 
agreement  with  our  results. 


Holzer  at  al.  [1971]  have  compared  the  solutions  of  hydrodynamic 
and  kinetic  solutions  for  supersonic  polar  wind  outflow  In  a  collisionless 
regime.  Both  hydrodynamic  and  kinetic  solutions  show  that  Tx 
decreases  continuously.  T*  for  both  cases  decreases  rapidly  with 
altitude  and  then  tends  to  become  constant.  For  the  hydrodynamic  case 
at  all  altitudes  the  hydrogen  ion  temperature  parallel  to  the  field  line  was 
greater  than  that  perpendicular  to  the  field  line.  The  kinetic  solutions 
showed  a  region  at  the  lower  end  where  Tj.  was  greater  that  T(.  The 
cross-over  region  was  noticed  at  the  lower  end.  In  these  cases  also 
we  notice  that  our  solutions  are  in  good  agreement  with  Holzer  at  al. 
[1971J. 


Finally,  we  compared  our  results  with  Nagai  at  al.  [1964].  Nagai 
at  al.  [1981]  have  used  the  data  from  Dynamics  Explorer  (DE)  to 
demonstrate  the  supersonic  nature  of  the  polar  wind.  The  obsevations 
were  obtained  from  65s  to  81*  Invariant  latitude  and  at  an  altitude  near 
2Rg.  The  results  show  that  for  an  estimated  range  of  spacecraft 

potential  of  +3  to  +5  V.  the  temperature  range  of  0.  l  to  0.2  eV  was 
obtained  corresponding  to  flow  velocities  of  25  to  16  km  s'1. 
Calculated  mach  numbers  ranged  from  5.1  to  2.6.  The  Mach  number 
calculated  from  our  results  corresponding  to  a  flow  velocity  of  16  km  per 
second  Is  2.2. 

We  have  varied  slightly  the  H+  Ion  velocity,  density  and 
temperature  at  the  lower  end  to  study  the  sensitivity  of  the  solutions,  to 
these  parameters.  At  the  lower  end  the  hydrogen  ion  density  is 
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Increased  to  100  cm-3,  velocity  Is  decreased  to  10km  per  second  and 
the  temperature  is  raised  to  3800°  K.  The  results  of  these  changes  are 
presented  in  Figures  2a  -  2 f.  The  qualitative  picture  and  the  relative 
importance  of  the  contributing  terms  remain  the  same  as  before.  The 
quantitative  change  is  obvious  as  the  initial  conditions  are  changed. 
The  mach  number  calculated  in  this  case  for  a  flow  velocity  of  16  km 
s-1  is  2.68.  This  is  in  good  agreement  with  the  value  2.6  calculated 
by  Nagai  ef  al.  [19841. 


Electron  temperature  parallel  and  perpendicular  to  the  geomagnetic 
field  lines  are  shown  In  Figure  1g.  The  most  important  effect  exhibited 
by  electron  temperature  is: 

(1)  temperature  anisotropy 

(2)  Below  2500  km  the.  electron  gas  is  collision  dominated,  as  noticed 
by  Schunk  ef  al.  (19811. 

'Collision  dominated*  Implies  that  the  colllsional  relaxation  rate  is  greater 
than  the  rate  associated  with  the  driving  term  that  produces  the 
anisotropy.  Appreciable  temperature  anisotropy  develops  above  2500 
km.  Both  temperature  parallel  and  perpendicular  to  the  field  line 
increases.  Heat  flow  is  considered  downward  here  (that  is.  heat  flows 
from  the  magnetosphere  to  the  Ionosphere)  as  considered  by  Schunk  ef 
al.  (1981).  Also,  as  noticed  by  Schunk  ef  al.  [19811.  the  electron 
temperature  ratio  at  the  upper  end  is  Tx/T|  -  2.  The  contributions 
from  the  collision  terms  are  very  important  below  2500  km  in  equations 
(iii)  and  (iv).  Since  the  collision  terms  are  important  in  this  region, 
the  electron  temperature  anisotropy  observed  In  this  region  is  very 
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small.  The  anisotropy  Increases  with  altitude.  Electron  temperature 
variation  Is  produced  mainly  as  a  balance  between  the  convection 
process  and  the  mirror  force  process.  The  heat  flow  is  downward  for 
the  electrons  and  the  perpendicular  energy  Increases  as  the  parallel 
energy  decreases.  The  temperature  gradient  terms  are  important  at  all 
altitudes  in  equations  (v)  and  (vi).  The  electron  species  velocity  is 
less  than  the  electron  thermal  velocity. 

Our  results  here  are  in  good  agreement  with  Schunk  and 
Watkin's  (1981)  low  electron  temperature  case.  Schunk  and  Watkins 

[1981]  varied  the  boundary  electron  temperature  gradients  to  see  the 
extent  to  which  their  solutions  are  valid.  Their  results  show  that  with 
the  increase  in  boundary  electron  temperature  gradient,  the  electron 
temperature  Increased  but  the  direction  of  anisotropy  remained  the 
same.  It  is  also  clearly  explained  by  Schunk  and  Watkins  [1981]  that 
this  observed  anisotropy  Is  opposite  to  that  predicted  by  the 
Chew-Goldberger-Low  (double  adiabatic!  energy  equations  The 

tendency  of  the  adiabatic  terms  to  produce  an  anisotropy  with  T*  >  Tx 
is  also  present  in  our  equations,  but  the  heat  flow  effects  dominate  and 
act  to  produce  the  reverse  anisotropy. 

The  electron  temperature  profiles  cannot  be  directly  compared  to 
Mitchell  and  Palmadesso  [1983].  They  treated  the  upper  boundary  as  an 
electron  heat  sink,  which  decreases  the  electron  temperature  with 


altitude. 


DISCUSSIONS 


We  have  studied  the  steady  state  behaviour  of  the  plasma 
encompassing  the  geomagnetic  field  lines,  using  equations  based  on  the 
16-moment  system  of  transport  equations.  The  asymptotic  behavior  of 
the  solutions  of  the  transport  equations  at  high  altitudes  is  quite  sensitive 
to  the  boundary  conditions  applied  at  the  lower  end  of  the  flux  tube. 
This,  coupled  with  the  absence  of  any  standard  set  of  assumptions  for 
specifying  those  dynamic  variables  for  which  upper  boundary  conditions 
must  be  supplied,  leads  to  considerable  variation  of  results  at  high 
altitudes  in  the  studies  referenced  above.  Effectively,  one  finds  similar 
Ionospheres  and  widely  different  magnetospheres  In  this  group  of 
calculations.  While  this  makes  quantitative  comparison  of  results 
somewhat  difficult,  it  is  clear  that  qualitative  agreement  among  the 
various  calculations  is  good. 

Studies  of  auroral  field  line  equilibria  including  the  effects  of 
return  currents  and  anomalous  transport  processes,  and  using  the  16 
moment  approach  described  here,  are  In  progress. 
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Each  sum  includes  all  charged  particles  species  In  the  simulation.  The 
velocity  -  corrected  coulomb  collision  frequency  vsa  is  given  by 
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Figure  1 

(a) 

Oxygen  ion  density  profile  for  steady  state  polar 

wind. 

• 

<b> 

H+  ion  density  profile  versus  altitude. 

• 

<c) 

e~  density  profile. 

<d> 

H+  velocity  profile  for  steady  state  polar  wind. 

• 

• 

(e) 

e~  velocity  profile  versus  altitude. 

• 

(f) 

H+  ion  temperature  parallel  and  perpendicular  to 

the  geomagnetic  field  versus  altitude. 
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<8> 

e~  temperature  parallel  and  perpendicular  to  the 

• 

geomagnetic  field  versus  altitude. 

Figure  2 

(a) 

H+  ion  density  profile  for  steady  state  polar  wind 

• 

versus  altitude. 

— 

<b> 

e  density  profile. 

.  '  _ 

(c) 

H+  Ion  velocity  profile. 

• 

(d) 

e  velocity  profile. 

’  • 

(e) 

H+  ion  temperature  parallel  and  perpendiuclar  to 

■  ’• 

the  geomagnetic  field. 
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(f) 

e  temperature  parallel  and  perpendicular  to  the 

• 

geomagnetic  field. 
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Abstract 

A  stabilization  mechanism  of  the  current-driven  collisional 
electrostatic  ion-cyclotron  Instability  is  considered  based  upon  Dupree's 
resonance  broadening  theory.  The  theory  considers  kinetic  ions  fk^  >  ll 
as  well  as  fluid  ions  (k^p^  <  1).  The  nonlinear  saturated  amplitudes  are 
estimated  with  application  to  the  auroral  ionosphere. 


1. 


INTRODUCTION 


It  is  well  known  that  obliquely  propagating  electrostatic  ion- 
cyclotron  (EIC)  waves  may  be  excited  in  a  collisionless  plasma  by  a 
relative  streaming  between  electrons  and  ions  parallel  to  the  ambient 
magnetic  field  [Drummond  and  Rosenbluth.  1962].  The  effect  of  weak  and 
strong  electron  collisions  on  this  Instability  has  been  considered  by  many 
workers  [Kindel  and  Kennel.  1971;  Milich,  1972;  Chaturvedi  and  Raw.  1975] 
while  the  role  of  ion- ion  collisions  was  examined  by  Varma  and  Bhadra 
(1964).  The  electron  collisions  facilitate  growth  of  the  wave  while  ion 
collisions  are  stabilizing.  Physically,  the  instability  is  related  to  the 
dissipative  effect  on  electrons  in  their  parallel  notion  which  impedes  the 
"instantaneous”  redistribution  of  the  electron  fluid  to  a  Boltzman-like 
distribution  in  the  wave  potential.  In  the  collisionless  limit,  the 
dissipation  is  due  to  the  wave-particle  (Landau)  resonance,  while  in  the 
collisional  case,  it  is  caused  by  the  electron  collisions  with  ions  (or 
neutrals).  When  the  electron  drift  velocity-  exceeds  the  parallel  wave 
phase  velocity,  the  EIC  wave  becomes  unstable.  The  nonlinear  stabilization 
of  the  collisionless  EIC  instability  has  been  presented  by  Dum  and  Dupree 
(1970)  based  on  the  resonance  broadening  mechanism  of  Dupree  (1966).  In 
this  work,  we  extend  Dura  and  Dupree^s  theory  to  the  case  of  the  collisional 
EIC  instability.  Physically,  the  effect  of  the  turbulence  generated  by  the 
instability  may  be  interpreted  as  an  enhanced  ion  viscosity. 

Kindel  and  Kennel  (1971)  have  suggested  that  the  EIC  instability  has 
the  lowest  threshold  for  excitation  among  various  low  frequency  ion  waves 
in  the  topside  auroral  ionosphere  which  is  characterized  by  field-aligned 
currents.  The  possibility  of  excitation  of  EIC  waves  by  field-aligned 
currents  at  lower  altitudes  (such  as  the  upper  E-  and  F-regions)  has  also 


been  considered  by  D'Angelo  (1973)  and  Chaturvedi  (1976).  There  have  been 
some  observations  which  indicate  that  ETC  waves  nay  have  been  observed  in 
these  regions  of  the  auroral  ionosphere  [Bering  et  al.,  1975;  Ogawa  et  al., 
1981;  Yau  et  al.,  1983;  Bering,  1984;  Fejer  et  al.,  1984;  Basu  et  al., 
1984.  At  such  altitudes  the  collisional  excitation  of  EIC  waves  would 
obviously  be  a  likely  possibility.  We  present  estinates  of  the  saturated 
amplitudes  of  EIC  waves  for  the  auroral  situations.  In  the  next  section, 
we  outline  the  theory  and  then  discuss  the  result  in  the  ionospheric 
context  in  the  final  section. 


2.  THEORY 

The  coordinate  frame  for  the  auroral  application  considered  here  has 

the  z-axis  aligned  with  the  earth's  magnetic  field  Bq  z,  and  the  y-  and  x~ 

axes  point  in  the  northward  and  westward  directions,  respectively.  In 

equilibrium,  a  field-aligned  current  JQ  £  is  assumed  to  flow  owing  to 

electrons  drifting  with  a  speed  Vq  z  relative  to  ions.  The  electron 

dynamics  is  considered  in  the  collisional  limit  and  is  described  by  fluid 

equations.  This  treatment  is  valid  for  vg  >  o  and  <  1,  where  v£  is 

the  electron  colision  frequency,  to  the  wave  frequency,  k  the  wavenumber  ( II 

and  1  denote  parallel  and  perpendicular  to  the  magnetic  field, 

respectively),  and  is  the  electron  mean  free  path.  Here  =  ve/ve, 

where  v  =  (T  /m  )*^2  is  the  electron  thermal  speed  and  we  have  expressed 
e  e  e 

temperature  In  energy  units.  For  ions,  we  use  the  Vlasov  equation,  which 
allovjs  consideration  of  the  transverse  wavelengths  in  the  regime  ~  1, 

where  pa  *  v . /Jh  is  the  mean  ion  Larmor  radius-  The  dispersion  relation 
for  the  ion-cyclotron  waves,  in  the  linear  approximation,  is 
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(1) 


1  +  a»)  *  0 


where  e  .  are  the  electron  and  ion  contributions  to  the  plasma  dielectric 
e,i 

constant  In  the  small  amplitude  limit. 

A  derivation  of  the  expression  for  a"  is  as  follows.  The  equations 

6 

used  are 


at 


+  V  •  f  n  v  )  =  0 


(2) 


I*  x  ®0 

0  =  -  Vp  -  en  f~  V<b  + - )  -  n  n  v  v 

re  e'  T  c  ’  e  e  e— e 


(3) 


p  -  nT 


(4) 


Using  the  expansions,  n  -  nQ  +  n,  =  VQz  +  y_, 
electron  velocities  are  given  by 


=  J ,  the  perturbed 


v*  v  —S '■n  T  > 


-I 

2 


T 

0  e 


and 


e  e  0  e 


(5) 


(6) 


Combining  (2),  (5),  and  (6)  gives  us  the  desired  expression 


u 


.2  2  |, 
kve  [1 


Z  V  v2  k2 

i  2  2  ^ 1  +  ” 2  — 2^  J 

vV  K  kr 

e  H  e  • 


(7) 


where  w  «=  f4irn„e2/m  l1^2  is  the  electron  plassa  frequency/ and 
e  v  0  eJ 
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We  shall  use  che  collisionless  expression  for  the  Ions  which  has  been 


derived  In  many  places  [e.g. ,  Dum  and  Dupree,  1970] 


“)  =  2  2  ZUX  “  roW^  2  2_2  VV 


n=*l  id  -  n  0. 


‘If)1'2  |^r-  «p  t-  «) 


2  2 

where  2a^  **  [(w  -  QjV^Vil  ,  and  Z  is  the  ion  charge. 

Using  (7)  and  (9)  in  (1)  gives  the  linear  dispersion  equation  for  the 
EIC  modes. 


t“  -  V 


T  v  u> 

“ z  if  ril‘  -  ‘tHi 

i  k.v 


where  we  made  the  following  approximations,  n  =  1, 

a2  »  1,  (to  -  «  1,  (v  /fl^Ck^/k^ )  «  1.  From  (10),  one  obtains  the 

real  frequency  of  the  modes,  wi  Ch, to  =  to^  +  iy,  and,  |y{  «  tor. 


“r  “  fii  “  Ti  niri 


For  «  1  (the  long  transverse  wavelength  approximation)  ,  one  obtains  the 
familiar  dispersion  relation  for  EIC  modes  in  the  fluid  limit. 


k2  c2 

to  *  +  ~  ±2  S) 

r  1  ai 
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where  Cg  *  [(.T^  +  is  the  ion  acoustic  speed,  and  Z  ■  1  has  been 

assumed. 

Similarly  the  growth  rate  is  given  by 


e  I 


(13) 


which,  for  the  case  \i±  <  1,  becomes  [Chaturvedi  and  Raw.  19751  , 

C  ^  V 

^  "l£*K 

i  k|  r 


(14) 


Thus,  the  expressions  (12)  and  (14)  refer  to  the  long  wavelength 
2  2 

t^j^e  ((  1>  ^  1]  EIC  instability  in  a  collisional  plasma.  An 

application  of  this  instability  has  previously  been  discussed  for  the 
auroral  E-  and  F-region  situations  [Chaturvedi.  1976]. 

The  nonlinear  dispersion  relation  for  the  electrostatic  ion-cyclotron 
modes,  including  the  effects  of  resonance  broadening,  nay  be  obtained  by 
substituting  w  =  w  +  iAw  in  lieu  of  o>  in  the  ion  contribution  to  the 
dielectric  constant  (ejL)  in  (1)  [Dum  and  Dupree,  1970].  Here  AtoW  is  the 
modification  introduced  by  the  effect  of  a  spectrum  of  finite  amplitude 
modes  on  the  particle  orbits  (resonance  broadening  effect).  Thus, 


1  +  e*(k,  o>)  +  e^(lc,  u)  +  iAwW)  =  0  (15) 

• . 

is  the  nonlinear  dispersion  relation  for  the  EIC  modes.  We  note  that  Dura 
and  Dupree  [1970]  have  shown  the  effect  of  resonance  broadening  is 
important  only  for  ions  in  the  EIC  wave  case.  Hence  the  contribution 


coming  from  the  resonance  broadening  effect  on  electrons  has  been  ignored 


in  Che  expression  (15).  An  expression  for  Auiw  has  been  given  by  Dum  and 
Dupree  [1970] , 


.  *  ki'=  .2„,klVi„  1  , 

‘v  -7-  *  V  Fit'srrK=rr57n — isr-;1 

0  -  i  +  i — Vi 
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(16) 


where  Aa>W/^(o  —  )  «  1. 

A  simple  expression  may  be  obtained  from  (15)  for  EIC  inodes. 
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(17) 


where  ion-cyclotron  damping  has  been  neglected.  One  may  obtain  a  nonlinear 

n£ 

growth  rate  y  for  EIC  modes  from  ( 17)  which  is  assumed  to  vanish  at  the 
saturation  level. 


n£  £  w  _ 

y  =  Tk  -  All)  =  0  (18) 

W 

For  the  EIC  case.  Aw  may  be  approximated  as  [Dum  and  Dupree,  1970], 

A0>W  -  to,  -  n1)U-^)2  -  1]1/2  09) 

nl 

where  n^/n*J  i  1,  and  has  been  assumed  that  nonlinear  resonance 

broadening  dominates  quasilinear  and  collisional  broadening.  Here  is 
the  saturated  nonlinear  amplitude  of  the  wave,  and,  n^  is  the  threshold 
level  of  the  nonlinear  amplitude  at  which  the  resonance  broadening  effects 
assume  importance.  The  expression  for  n*j*  is 
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T  1  u  -  0 


where  F^(x)  * 


ii1  -i  tf)4  tf)6  + 


... ,  for  x  <  2 
z  >  3 


It  may  be  noted  that  the  broadening  of  resonances  above  corresponds  to 
an  enhancement  in  the  group  of  ions  that  can  exchange  energy  with  the  wave 

via  resonance  interaction.  Stabilization  of  the  mode  results  when  the 

resonance  is  broadened  to  an  extent  such  that  the  bulk  of  the  ion 

distribution  interacts  with  the  wave  and  absorbs  energy  from  it,  thereby, 
leading  to  a  steady  finite  amplitude  nonlinear  state.  We  now  use 

expressions  (18)-(20),  and  (11)-(13)  to  compute  the  nonlinear  saturated 
amplitudes  for  the  collisional  EIC  modes.  From, (18)  and  (19),  one  has 
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For  the  case,  Te  =  T^,  oae  has 


l"  -  nj  =  nir1 


&2 


[  _  £  i^r>2 


l1  +  I^T2tk,,o-“r»2| 
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The  expression  (24)  gives  the  saturated  nonlinear  amplitudes  of  the 

collisional  ion-cyclotron  inodes  due  to  resonance  broadening  effects.  A 

comparison  with  the  collisionless  case,  discussed  by  Dum  and  Dupree  [1970]  , 

shows  that  the  saturated  amplitudes  can  be  higher  in  the  collisional  case, 

1  2 

by  an  increment  of  approximately  -  (V0^ve)t  *^,1^  j  '  We  note  that» 

the  above  comparison,  it  is  implied  that  ~  «  1,  where  y^c  is 

the  collisionless  growth  rate. 


3.  DISCUSSION 

We  have  considered  the  saturation  of  the  collisional  current-driven 
electrostatic  ion-cyclotron  instability  due  to  the  resonance  broadening 
mechanism  of  Dupree  [1966].  This  work  represents  an  extension  of  a  similar 
saturation  mechanism  proposed  for  the  case  of  current-driven  collisionless 

9s 

El  C  instability  by  Dum  and  Dupree  [1970].  For  the  collisional  EIC 
instability  ,  the  nonlinear  stabilization  may  lead  to  larger  saturated 
amplitudes  than  in  the  collisionless  case.  One  may  also  note  that  m  the 
collisional  case,  the  linear  growth  rates  are  larger  than  the  corresponding 
collisionless  growth  rates.  The  collisional  EIC  instability  considered 
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here  Is  applicable  to  the  longer  parallel  wavelengths ,  while  the  transverse 


scale  size  is  in  the  range  k^p^  <  1  to  k^p^  >  1  .  It  should  be  noted  that 
the  present  paper  considers  kinetic  ions,  i.e.,  k^p^  >  1>  in  contrast  to 
the  previous  work  of  Chaturvedi  11976],  which  considered  fluid  ions, 
i.e.,  k^^  «  !•  Dupree's  resonance  broadening  theory  is  valid  only  for  a 
broad  spectrum  of  waves  which  are  assumed  isotropic  and  Incoherent,  i.e., 
the  wave  coherence  time  (spectral  width)  is  much  shorter  than  an  ion 
cyclotron  period.  For  a  narrow  coherent  wave  spectrum  resonance  broadening 
theory  must  be  replaced  by  an  analysis  which  considers  exact  ion  dynamics 
in  a  coherent  wave  [Davidson,  1972;  Aamodt ,  1970].  Recent  nonlinear 
numerical  simulations  [Pritchett  et  al. ,  1981;  Okuda  and  Ashour-Abdalla , 
1981]  of  the  collisionless  ion  cyclotron  instability  indicate  a  large 
amplitude  coherent  wave  spectrum  in  the  nonlinear  regime.  However  these 
simulations  also  show  several  modes  excited  in  the  saturation  phase  of  the 
ion  cyclotron  instability.  To  our  knowledge,  there  have  been  no  nonlinear 
simulations  of  the  collisional  current-driven  ion  cyclotron  instability. 
We  shall  now  discuss  some  particular  examples  of  the  auroral  ionospheric 
application  of  the  collisional  EIC  instability. 

In  a  recent  rocket  experiment  [Bering,  1984],  ion-cyclotron  waves  were 

observed. at  the  F-region  altitudes  (-  237  tans).  For  this  region  of  auroral 

ionosphere,  we  have  Tfi  -  -  0.1  eV,  '  3.0  x  10  sec  ,  V£  *•  2  x 

10^  sec-*,  etc.  For  the  collisional  excitation  of  the  modes  with  -  10 m 

and  Xj  -  500m  (100m),  one  needs  VQ  >  2.0  x  10^  cm  sec"*  for  the 

Z  -3 

instability.  In  this  case  the  growth  rate  is  y  /n  *  10  .  Recent  DE  and 

Hilat  satellite  observation  has  measured  the  currents  of  this  magnitude  in 
the  auroral  F-region  [Bythrow  et  al. ,  1984;  Sugiura  et  al. ,  1984].  We  use 
■*  3.0  x  lO^cm  sec  *  from  Bythrow  et  al.  data  to  compute  the 


the  value  of  V 


saturated  amplitude  for  ETC  waves  from  (24).  The  saturated  amplitude  is 


found  to  be,  n j/Qq  “  0.25,  or  a  25%  density  fluctuation  level.  The 
saturated  amplitude  estimates  presented  above  is  comparable  to  the 
experimental  observations.  We  also  note  that  the  saturated  amplitudes  for 
Che  parameters  cited  above  are  slightly  larger  for  the  colllslonal  case 
Chan  Che  collisionless  case  when  for  Che  sane  parameters,  the  saturation 
amplitude  would  be  22.8%.  Large  amplitude  saturation  has  also  been 

a* 

reported  in  the  laboratory  experiments  of  the  EIC  waves  fBohmer  and 
Fornaca ,  1979].  Finally,  we  mention  that  in  the  auroral  ionosphere,  the 
currents  would  vary  with  respect  to  the  altitude  | i.e. ,J(  (z)  or 
no(z)e  V^Cz)],  and  that  the  plasma  may  also  be  in  transverse  motion  which 
may  be  sheared.  We  are  currently  studying  these  effects  on  the  linear  and 
nonlinear  aspects  of  collisional  EIC  waves  for  the  auroral  ionosphere. 
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Abstract 

The  possible  generation  and  suppression  o'-  ion  cyclotron  waves  in  a 
col L isional  plasma  by  external  high  power  electromagnetic  waves  witn 
frequency  close  to  the  local  upper-hybrid  frequency  is  considered.  It  is 
snown  that  the  ion-cyclotron  instability  can  be  destabilized  (stabilized; 


for  uj  <  u;  .  (a,  >  <js  .  i .  The  results  are  apolied  to  naturally  occurring  ion 

o  uh  o  uh  j  » 

cyclotron  instabilities  in  the  hign  latitude  ionospnere. 
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INTRODUCTION 


1  . 

It  is  now  recognized  that  many  of  the  phenomena  occurring  in  the 

auroral  ionosphere  may  be  associated  with  the  presence  of  the  field-aligned 
current-systems  which  are  a  constant  feature  at  these  latitudes  [see  e.g., 
3urke,  1981].  In  addition  to  being  a  key  component  of  the  ionosphere- 
magnetosphere  coupling  circuit,  these  currents  may  also  be  responsible  in 
generating  micro-and/or  macro-structures  (turbulence;  in  the  ambient 
plasmas  at  low  altitudes.  Such  structures  have  been  observed  by  various 

measurement  techniques  (ground  based  ionosound,  VH?  radar  backscatter, 
optical  measurements,  scintillations,  in-situ  rocket  and  satellite 
measurements,  etc.;  A  catalogue  of  the  structure  scale  sizes  spans  the 
domain  from  a  few  meters  to  a  few  hundred  of  kilometers  [see  e.g.,  Aarons, 
1973;  Clark  and  Raitt,  1976;  Dyson,  1969;  Dyson  and  Winningham,  1979; 
Frenouw  et  al . ,  1977;  Greenwald,  1979;  Hanuise  et  al . ,  1981;  Hower  et  a!., 

1  966;  Kelley  et  al . ,  1980;  Ogawa  et  al . ,  1976;  Olesen  et  al . ,  ">  976 ;  Phelps 

et  al . ,  1976;  Sagalyn  et  al . ,  1  979;  Vickrey  et  al . ,  1980;  Weaver,  1  965]. 
Recent  theoretical  studies  have  attempted  to  interpret  these  structures  in 
terms  of  plasma  instabilities,  neutral  turbulence,  structured  particle 
preci pi tation ,  convection  flows,  etc.  [Keski.nen  and  Ossakow,  1983.  Due  to 
the  ever-varying  conditions  prevalent  in  the  auroral  ionosphere,  it  seems 
likely  that  all  of  these  processes  may  be  occuring  at  one  time  or 
another.  In  some  instances,  different  processes  can  result  in  similar 
observable  effects  which  makes  the  resolution  of  individual  mechanisms 
difficult  and  introduces  complications  in  the  modelling  process.  The  use 
of  active  experiments  in  the  near-earth  space  offers  an  attractive 
complement  to  the  studies  of  understanding  of  natural  plasma  processes 
occurring  in  the  ionosphere.  One  technique  that  has  been  widely  used  is 


the  modification  of  ionosphere  using  powerful  radio  waves  (L'tlaut, 
Fialer,  1974;  Tnide  et  al . ,  1 932 ;  Stubbe  et  al . ,  1981;  Wong  et  ai . ,  195*1 
Considerable  amount  of  theoretical  work  has  been  done  in  this  field 
’Perkins  and  Kaw,  1971;  Perkins  et  al . ,  19”4;  Fejer,  1  979;  Vaskov  arid 
Gurevich,  1977;  Gas  and  Fejer,  1979;  Stenflo,  1933].  One  of  the  possible 
consequences  of  the  interaction  of  a  large  amplitude  EM  wave  with  the 
ionosphere  is  the  generation  of  structures  in  the  ambient  plasma  density. 
This  may  come  about  several  ways;  one  of  them  being  the  excitation  of 
plasma  instabilities  by  an  electromagnetic  pump  wave  under  sub-threshold 
conditions.  3y  the  same  token,  one  could  use  the  same  principle  of 
parametric  coupling  of  the  external  pump  and  the  natural  plasma  modes  to 
suppress  a  current-driven  or  gradient-driven  plasma  instability  in  the 
system.  Work  6n  basic  parametric  instability  processes  in  plasmas  is 

exhaustive  [Silin,  1965;  Du3ois  and  Goldman,  1965;  Nishikawa,  1966].  The 
application  of  these  ideas  to  the  possible  control  of  ionospheric 
irregular ities  was  originally  made  by  Lee  et  al.  [1  972]  for  the  case  of 
equatorial  electrojet;  and,  has  since  been  applied  for  the  equatorial 
spread  F  situation  [3ujarbarua  and  Sen,  1978]  and  the  auroral  ionosphere 
[Keskinen  et  al . ,  1  983].  Iri  this  report ,  we  examine  the  possibility  of 
external  control  (excitation  or  suppression;  of  the  current-dri ven  ion- 
cyclotron  instability  in  the  auroral  ionosphere.  In  addition  to  being 
excited  in  the  topside  ionosphere  [Kindel  and  Kennel,  1971],  the  current- 
driven  ion  cyclotron  instability  may  also  be  triggered  in  the  collisional 
bottomside  ionosphere  [Chaturvedi,  1976;  Satyanaryana  et  al . ,  ^QSo;  Fejer 
et  al . ,  1984]  by  a  radio-wave  at  the  local  upper — hybrid  frequency.  In  the 
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next. 


section,  we  outline  the  theory,  and,  estimate  the  incident  power 
density  required  to  stabilize  or  destabilize  the  instability.  The  final 
section  considers  application  of  these  results  to  tne  bottomside  high 
latitude  F  region  ionosphere. 


II.  THEORY 

We  follow  the  theoretical  procedure  outlined  in  Lee  et  al .  [1972]  and 
Keskinen  et  al.  [1933]  for  the  calculation  of  the  dynamic  plasma  response 
to  an  large  amplitude  electromagnetic  pump  wave.  The  equilibrium  consists 


of  a  field-aligned 

current 

J0-^ 

=  -  nQeV0z)  and  an  oscillating 

electric 

field  E„  =  E  cos  u».t. 

-0  — p  0 

We 

have 

equated  the  zero-order  current 

to  an 

equilibrium  electron 

drift 

V 

and  have  used  the  so-called 

dipole 

approximation  for  the  pump  wave  which  is  valid  when  the  wavelength  of  the 
perturbations  (-  X  1 ;  is  considered  much  smaller  than  the  scalesize  of  the 
variation  of  the  pump-field  i.e.,  kn  <<  k.  We  shall  use  the  two- 
fluid  equations  in  describing  the  electron  -  and  ion  -  fluid  dynamics, 
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We  initially  assume  cold  ions  (T.  »  0),  Later,  we  will  present  results  that 
include  the  ion-temperature  effects  (Ti  «  0).  All  symbols  in  Eq.  (1/-(U; 


repair,  their  conventional  meaning.  Since  we  restrict  tr.is  stuoy  tc  oottom- 

siae  altitudes  we  take  v..  <  v.  where  v..  is  the  ion-ion  collision 
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frequency  and  v.  the  ion-neutral  collision  frequency.  In  eqji  1  i  or  i  ar. ,  we 
i  n 
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where  a  =  e,i,  ar:d  _Vq  arid  7^  refer  to  drifts  induced  by  the  ambient  and 

pump  fields,  respectively.  Note  that  eq.  (7 >  describes  the  equilibrium 

oscillatory  motion  of  plasma  particles  under  the  action  of  tne  R? 

electromagnetic  field,  linearizing  '1;  -  (U;  for  perturbations , 
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It  is  convenient  to  transform  to  an  oscillating  frame,  define!  by 


rJ-r-R_.it, 


Tile  plasma  quantities  in  the  oscillating  frame  are  f'ir'  ,  t)  =  f'(.r  ,  tj 
K  M  a  a  a  a 


where  f  stands  for  (n,  v  ,  e)  ,  and  tildes  denote  the  oscillating  frame 


quantities.  Equations  (8;  -  (9;  are  similar  in  the  oscillating  frame,  witn 

substitutions  fv  .  *  V  )  -*  V  Sn  ■*  6n  ,  6V  -*■  6v  ,  6E  ■»  6E  and  r  ■» 
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Defining  electron  and  ion  susceptibilities,  x  >  X< >  as 
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We  have  used  7N^  •  0,  T.  *  0  in  deriving  ( 1 3 v  -  (Id;.  One  now  transforms 
back  to  the  laboratory  frame  and  writes  down  the  dispersion  relation  for 
the  modes  by  using  the  Poisson's  equation.  This  transf ormat ion  has  been 
discussed  in  Lee  et  al .  [1972],  and  the  dispersion  relation,  thus  obtained, 
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and  ;  is  defined  by  k  •  R  =  ;  sin(u! Jt  *  5;,  and,  H  =  -  tt— - ' — t  [l  +  -*t 

J  's  **  ^  X  O 

X  ) .  Note  that  we  have  ignored  the  effect  of  pump  wave  on  ions  and  have 
used  the  approximation  ;  <<  1  in  deriving  (15;  which  states  that  the 
electron  excursion  length  in  the  pump  field  is  smaller  than  the 
perturbation  wavelength.  In  absence  of  the  pump  field,  the  left  hand  side 
of  (15;  leads  to  the  dispersion  relation  for  ion-cyclotron  waves 
[Chaturvedi,  1976], 
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which  descrioes  a  resistive  ion-cyclotron  instability  for  modes  with  real 
frequency, 
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Here  »  Tg/m^ .  An  application  of  tnis  instability  for  the  auroral 

ionosphere  has  recently  been  discussed  by  Satyanarayana  et  al .  [1985]. 
Physically,  the  instability  is  related  to  the  dissipative  effect  on 
electrons  in  their  parallel  motion  which  impedes  trie  "instantaneous" 
redi stri but: on  of  the  electron  fluid  to  a  Boltzmann-like  distribution  in 
the  wave  potential.  In  the  collisionless  limit,  the  dissipation  is  due  to 
the  wave-particle  (Landau;  resonance  [Drummond  and  Rosenbluth,  19t>2],  while 
in  the  collisional  case,  it  is  caused  by  the  electron  collisions  with  ions 
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or  neutra.s/  l -hatu'' veai  and  Kaw ,  1 S  sj.  When  the  electron  drift  ve 
exceeds  the  parallel  wave  phase  velocity,  the  Ell  wave  be cones  ms 
In  the  presence  of  the  pump-wave,  the  dispersion  relation  (15/  is  mo 
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Here,  the  pump  wave  is  taken  us  [Lee  et  al . ,  1972] 
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where,  EDZ,  is  included  as  we  are  considering  modes  with  k^  *  0.  We  have 
used  no/vg  >  k/k^,  >  Y,  v.n>  1  >  A/n“,  in  deriving  (16;  -  (17;.  We  can 
rewrite  the  modified  growth  rate  of  the  modes  as 
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where  Y“  denotes  the  linear  growth  contribution  in  absence  of  the  pump- 
field  while  Yg  represents  the  modification  introduced  by  the  pump.  We  have 
again  used  t  <<  1  in  the  above.  We  see  from  inspection  of  (25;  that  the 


presence  of  the  pump  can  be  stabilizing  (destabilizing;  if  6  >  0  (<  0;,  or, 
when  >  u>MU(u)r.  <  w  ).  We  note  that  similar  criteria  were  also  obtained 

U  Url  U  UH 

by  earlier  workers  [Lee  et  al . ,  1972,  Bujarbarua  and  Sen,  1978,  Keskinen  et 
al.,  1983]. 

We  can  treat  the  finite  ion  temperature  effects  in  a  similar 
fashion.  Since  the  ion-cyclotron  instability  is  likely  to  have  maximum 
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growth  ionosphere  near  k  p.  ~  1,  one  needs  to  use  the  kinetic 


(oollisicnless  Vlasov-3oitzmann ;  equation  for  ions  [Due:  and  Dupree, 
1  970].  In  this  case,  the  modified  dispersion,  relation  becomes, 
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In  the  absence  of  the  pump  wave,  this  expression  yields  the  ion-cyclotron 
wave  dispersion  relation, 
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which  yields  the  expressions  for  the  real  frequency  and  the  growth  rate 
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(29. 


where  the  second  term  in  the  expression  for  y  results  from  the  i on-landau 
damping.  The  coilisional  ion-cyclotron  instability  described  by  equations 
(29;  may  have  relevance  for  the  short  wavelength  observations  (such 


tnac  k  p.  -  1  j  of  ion-cyclotron  waves  at  low  ionospheric  altitudes  [Bering, 
19SM  3atyanaraya.ua  et  al . ,  1  935]. 

The  inclusion  of  pump  wave  effects  in  equation  (28;  leads  to 
modification  of  (29;  in  the  form  given  by 
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where  A  and  V.  are  given  by  (22;  and  (29;  respectively.  We  see  that  the 
pump  wave  is  stabilizing  (destabilizing;  for  6  >  0  (<  0;,  i.e., 
when  !i>0  >  ^uh(w„  <  ;  as  in  case  of  fluid  ions  (eq.  '25;;.  One  can 

readily  extend  this  analysis  to  the  ease  of  kinetic  EIC  instability 
[Drummond  and  Rosenblutn,  1962].  However,  in  the  ionosphere,  the.  kinetic 
instability  is  likely  to  occur  at  higher  altitudes  [Kindel  and  Kennel, 
1 971 ]  such  as  above  the  F  peak,  whereas  the  modification  experiments  have 
access  only  to  the  lower  coilisional  altitudes. 

A  rough  estimate  for  the  threshold  amplitude  of  pump-field  required  to 
stabilize  or  destabilize  the  CIC  instability,  reveals  that, 


°>Ep<2  2B0  ,ve,;u0(u0  ' 

Sit  "  ,  2  Jl  ~~ 

ire  k  e  u) 

I  Pe 


,V0  ”  '  lL  0  ■ 


where  we  have  considered  a  ci rcularly-poiari zea  0-mode,  so  a*  «  -  n >'l  and 
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For  typical  high-latitude  F-region  parameters 


[Satyanarayana  et  al . ,  1985],  we  have,  EQ  -  .5  gauss,  [v  /QeJ  -  10”  , 


rf-  -  10'2,  k  p,  -  1.5,  o i  ( -  /  —4)  -  105  cm,  uin  -  -  3  x  M's  , 
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0  1  p 1 
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'll,  DISC'JcSION 

We  have  studied  tie  effects  of  a  ini  gr.  frequency  elect-’  omagnet i  u  pump 
wave  or,  the  evolution  of  ion  cyclotron  instaoil  ities  in  a  weakly  ionizes 

c.l 1 isional  plasma.  Vie  fine  that  an  electromagnetic  pump  wave  oscillating 
with  the  upper  hybrid  frequency  can  lead  to  the  artificial  production  or 
control  of  ion  cyclotron  instabilities  in  a  colli  si onai  plasma.  The  basic 
physical  mechanism  of  this  process  can  be  expressed  as  follows.  The 

electromagnet i c  pump  wave  with  frequency  w  interacts  with  low  frequence 
ion  cyclotron  modes  4  arid  dri  ves  sidebands  at  a)  *  u>  .  These  si  je bancs 

oH 

can ,  in  turn,  couple  to  the  pump  fields  and  nonli  nearly  affect  the  i 
cyclotron  modes.  This  interaction  is  ponaeroraoti ve  in  nature.  However, 
tne  partial  pressure  force  (Fejer,  1979;  can  also  play  a  role  depending 

udo:i  the  k  of  the  sidebands.  For  parameters  tvpicai  of  the  high  latitude 

I 

ionosphere,  we  find  that  ion  cyclotron  modes  can  be  stabilized  o-’ 

destabilized  with  an  incident  pump  electric  field  on  the  order  o*’  T.l 
V'm.  The  polarization  of  tne  pjmp  wave  should  be  u  mode.  These  power 
density  levels  could  be  accessible  using  the  ionospheric  heaters  in  Alaska 
(Wong  et  al . ,  1  930;  and  Norway  i.Ftuobe  et  al . ,  1951;. 

We  have  made  several  simplifying  assumptions  in  the  course  of  tnis 
paper.  We  have  assumed  the  dipole  approximation,  i.e.,  taken  tne 

_  1 

wavelength  of  the  pump  wave  -  k  1  to  be  muon  larger  tnan  the  wavelength  of 

P 

__  "  _  a  _  i 

tne  ion  evciotron  mooes  k  .  Since  k  1  -  ’OO's  m  and  «  ‘  -  o  ~  * ?  m,  this 

P  : 

assumption  is  valid.  In  addition,  we  have  neglected  pump  eiect”ic  field 
swelling  near  the  reflection  point  (Tinzburg,  195A;  and,  as  a  result,  or 
threshold  pump  electric  fields  should  be  considered  as  1 ower  bounds. 
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Abstract 


The  effects  of  the  finite  current  channel  width  on  the  current 
convective  instability  are  studied  both  analytically  and  numerically. 
First  using  a  sharp-boundary  field-aligned  current  distribution  which  has  a 
finite  width  along  the  plasma  density  gradient,  the  dispersion  relation  is 
obtained  analytically.  It  is  found  that,  for  the  long  wavelength  modes 
(k  d  «  1)  where  the  nonlocal  effects  are  most  prominent,  the  growth 

y  2 

rate  Y  is  proportional  to  |v^d/L  I  in  the  collisional  limit  (vin  »  M)» 
where  d  is  the  half-width  of  the  current  channel,  L  is  the  plasma  density 
gradient  scale  length,  \Fj  is  the  field-aligned  current  velocity,  vin  is  the 
ion-neutral  collision  frequency  and  u>  is  the  perturbation  frequency.  For 
the  long  wavelength  modes  in  the  inertial  limit  (v  «  |u>|],  the  growth 
rate  Y  scales  as  jv^d/L^]0,  where  a  =  1/2  (2/3)  for  k|/k^  fie/vei  much  less 
than  (greater  than)  M/^  and  kz(ky)  is  the  wavenumber  parallel 

(perpendicular)  to  the  magnetic  field,  is  the  electron  (ion) 

gyrof requency,  and  is  the  electron-ion  collision  frequency.  Numerical 
results  are  also  presented  for  a  diffuse-boundary  current  velocity 
distribution.  Applications  to  the  high  latitude  ionosphere  are  discussed. 


I.  INTRODUCTION 

From  a  variety  of  experimental  observations  [see  recent  reviews  by 
Fejer  and  Kelley,  1980,  Vickrey  and  Kelley,  1983,  and  Hanuise,  1983],  it  is 
now  known  that  the  high  latitude  ionosphere,  from  the  auroral  zone  into  the 
polar  cap,  is  a  highly  structured  and  nonequilibriua  medium  containing 
plasma  fluctuations  and  structures  with  scale  sizes  ranging  from  hundreds 
of  kilometers  to  meters.  Several  processes,  e.g.,  particle  precipitation, 
plasma  instabilities,  and  neutral  fluid  dynamics,  have  been  proposed  to 
account  for  high  latitude  ionospheric  plasma  structure  [Kesklnen  and 

Ossakow,  1983a].  The  plasma  instabilities  that  have  received  the  most 
attention  thus  far  are  the  JSxB_  instability  [Simon,  1963;  Llnson  and 
Workman,  1970;  Kesklnen  and  Ossakow,  1982,  1983b;  Huba  et  al;  1983, 
Keskinen,  1984]  and  the  current  convective  instability  [Lehnert,  1958; 
Kadomtsev  and  Nedospasov,  1960;  Ossakow  and  Chaturvedi,  1979;  Huba  and 
Ossakow,  1980;  Keskinen  et  al.,  1980;  Chaturvedi  and  Ossakow,  1981,  1983; 
Satyanarayana  and  Ossakow,  1984;  Gary,  1984;  Huba,  1984].  The  current 

convective  instability  results  from  the  coupling  of  a  magnetic  field- 

aligned  current  and  a  plasma  density  gradient  transverse  to  the  magnetic 
field  —  a  configuration  likely  to  occur  in  the  auroral  zone  ionosphere 
[Vickrey  et  al . ,  1980].  All  of  the  previous  studies  of  the  current 

convective  instability  have  assumed  that  the  width  of  the  current 
transverse  to  the  magnetic  field  is  infinite.  However,  recent 

observational  results  [see,  for  example.  By throw  et  al.,  (1984)]  indicate 
that  the  transverse  dimension  of  the  field-aligned  current  distributions 
may  be  comparable  to  or  less  than  the  density  gradient  scale  length.  Since 
the  instability  requires  both  a  density  gradient  and  a  field-aligned 

current,  the  properties  of  the  instability  may  be  modified  if  one  uses  a 
more  realistic  geometry  with  a  current  channel  of  finite  width.  Indeed, 
physical  intuition  would  lead  one  to  expect  reduction  in  the  growth  rate 
and  modification  in  the  stability  boundary  for  narrow  current  channels.  In 
this  analysis  we  remove  the  infinite-width  current  simplification  and  study 
the  effects  of  finite  current  channel  width  on  the  current  convective 

instabiity.  The  analytical  and  numerical  results  will  show  that,  in  the 

long  wavelength  limit,  kyd  «  1,  where  the  nonlocal  results  are  most 

prominent,  the  growth  rate  depends  on  the  global  quantities  such  as 
(V^d/LT  J,  where  V^  is  the  current  velocity,  d  is  the  half-width  of  the 
current  channel  and  L  is  the  density  gradient  scale  length.  These 

intrinsically  nonlocal  effects  may  be  of  interest  for  interpretation  of  the 
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observational  data.  We  discuss  the  nonlocal  results  and  apply  them  to  the 
high  latitude  ionosphere. 


The  organization  of  the  paper  is  as  follows.  In  Section  II  we  derive 
the  general  dispersion  relation  describing  the  mode  structure  of  the 
current  convective  instability  with  a  finite  current  channel  width.  In 
Section  III  we  present  a  theoretical  analysis  of  the  mode  structure 
equation  while  in  Section  IV  we  give  numerical  results.  Finally,  in 
Section  V  we  summarize  our  findings  and  discuss  applications  to  the  high 
latitude  ionosphere. 


II.  MODE  STRUCTURE  EQUATION 

In  this  paper  we  use  a  slab  model  shown  In  Fig.  (1).  The  plasma  is 
assumed  inhomogeneous  along  the  north-south  direction  (x)  and  is  assumed  to 
support  equilibrium  currents  along  the  magnetic  field.  The  magnetic  field 

A 

is  uniform  and  vertical  (z)  with  the  field-aligned  currents  taken  to  be  of 
the  form  J_  «  Jo(x)  £•  7116  Primary  objective  of  this  paper  is  to  confine 
the  field-aligned  currents  to  a  finite  region  along  the  direction  of  the 

a 

density  gradient  (x)  and  to  study  the  effects  of  finite  current  width  on 
the  current  convective  Instability.  We  neglect  weak  altitude  dependent 
density  gradients  as  well  as  east-west  (y)  gradients  and  transverse 
equilibrium  electric  fields.  The  temperature  effects  responsible  for 
diffusive  damping  are  ignored  as  is  magnetic  field  shear.  Electron  inertia 
is  neglected  since  current  convective  instability  is  a  low  frequency 
instability  (w  «  Furthermore,  we  confine  ourselves  to  the  F-region  of 

the  ionosphere  and  ignore  the  electron-neutral  collision 
frequency  (venJ  compared  to  the  electron-ion  collision  frequency  (vejJ* 
Due  to  the  variation  of  the  field-aligned  currents  and  the  background 
density  along  x,  we  perform  a  nonlocal  analysis  and  derive  a  mode  structure 
equation  for  the  perturbed  potential.  This  procedure  allows  us  to  study 
short  wavelength  and  long  wavelength  modes.  The  basic  two-fluid  equations 
describing  the  electron  and  ion  dynamics  in  the  rest  frame  of  the  neutrals 


Oil 

-s-2  +  V  •  fn  V  1=0, 
9t  K  a-  aJ  ’ 
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V  x  B 
—a  — , 


m  n  f-r—  +  V  •  Vl  V  =  q  n  (E  +  ■ — ■  ■  ■]  —  m_  n.  v.  _ V -  > 

a  a'3t  —a  J  —a  a  c  J  a  a  an-a  —a 


where  a  denotes  species  (e  for  electrons;  i  for  ions),  nQ  is  the  plasma 

density,  _V^  is  the  fluid  velocity,  ma  is  the  mass  of  the  species,  qQ  is  the 

charge  of  the  species,  c  is  the  speed  of  light,  _E_  is  the  electric 

field,  v  is  the  plasma  narticle  collision  frequency  with  neutrals, 
on 

and  R  is  the  friction  force  given  by 


Ri  =  minivie  (li  “  * 


Pv  =  m  n  v  f  V  -  V  ) . 
e  e  e  eiv-e  1J 


The  equilibrium  velocities  are  given  by 


ez  Vei 


4  -  0 


In  obtaining  these  equations,  terms  proportional  to  ver/^e  «  1  have  been 

neglected.  By  setting  Eg  =  0,  it  can  be  easily  shown  that  *  0. 

We  choose  the  friction  force  to  be  R.  s  -  R.,  so  that  momentum  conservation 

0 

demands  v,  mJ  »  v  ,n  and  thus  V  =0.  The  net  drift  velocity 

n  n  61  ®  q 

V ,  =  v  -  v,  then  becomes  V.  =  V  .  More  generally,  however,  neutral 
d  ez  12  a  ez  ^ 

particles  also  participate  in  momentum  conservation,  and  V±z  need  not  be 
zero.  The  above  simplification  implies  that  the  electrons  are  the  primary 
current  carriers. 

In  order  to  derive  the  nonlocal  mode  structure  equation,  we  use  a 
perturbation  of  the  form  f  ~  f(x)  exp  [-i(wt-kyy-kzz  j ] ,  where  w  =  o>r  +  iy , 
y  >  0  for  growth  and  ky  and  kz  are  the  mode  numbers  in  y  and  z 
directions.  We  then  linearize  Eqs.  (I)  and  (2),  and  finally  we  subtract 
the  electron  continuity  equation  from  the  ion  continuity  equation  [Eq.  (1)1 
and  use  quasi-neutrality  condition  to  derive  the  mode  structure  equation. 
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We  consider  only  electrostatic  perturbations  and  do  not  perturb  the 
magnetic  field  [Ossakow  and  Chaturvedl.  1979].  By  perturbing  Eq.  (2)  for 
both  electrons  and  ions,  we  obtain  the  perturbed  velocities  in  the  z 
direction 


V 

ez 


e  E 


m  v  , 
e  ei 


(7) 


(8) 


The  perpendicular  perturbed  velocities  are  given  as 


?.i  •  f  lii  *  £  -  ('W'VM 


(9) 


in =  f  x  i  - 1 


+  iViJ 


I.] 


(10) 


We  substitute  Eqs.  (7 )—  (11)  in  Eq.  (1)  and  use  =  -  Vip  in  the 
electrostatic  limit.  Then  we  subtract  the  electron  continuity  equation 
from  the  ion  continuity  equation  and  impose  quasineutrality  to  obtain 

•^4+  p(x)  q(x)4>  =  0,  (11) 
3x2  8x 


where 


p(x)  =  n^/no 


q(x)  *  -  k 


_  i  k2  (n  /v  .1  n. 

2  z  v  e  ei '  l 


(“  +  iVin) 


k  va<x> 
z  a 


,  ; - -  [k 

(» -  kzVx>)  (“+  iv-,J 


(12) 


(13) 


This  equation  agrees  with  the  nonlocal  mode  structure  equation  derived 
earlier  by  Satyanarayana  and  Ossakow  (1984)  and  Hubs  (1984). 


The  effects  of  finite  current  width  are  contained  in  the  third  term  in 
Eq.  (13).  We  solve  Eq.  (11)  exactly  for  two  specific  profiles  of  the 
current  velocity  V^(x) .  In  the  next  section,  we  obtain  the  analytic 
dispersion  relation  for  a  "waterbag"  distribution. 


Vd(x)  = 


M  <  d 

|x|  >  d 


(Li) 


where  2d  is  the  current  channel  width.  We  choose  an  exponential  plasma 
density  profile  nQ(x)  =  nQ  exp  (x/L)  so  that  n^/nQ  =  1/L.  In  section  IV  we 
present  the  numerical  results  for  both  the  waterbag  current  model  and  the 
diffuse  Gaussian  current  model. 

III.  DISPERSION  RELATION 

The  dispersion  relation  is  obtained  by  matching  the  logarithmic 

derivatives  of  the  wavef unction  inside  and  outside  the  waterbag  at  the 

boundaries,  x  =  +d,  and  requiring  that  the  solution  be  evanescent 

”  •* 

for  x  -*■  +  °°.  First,  we  will  cast  Eq .  (11)  into  a  Schrodinger  type 

equation  by  using  the  transformation 

<j>  »  iKx)  exp  [-  Jp(x)dx].  (15) 


Then,  we  have 

+  Q2(x)  *  -  0 
3x 


(16) 


where 


Q2(x)  =  q( x)  -  p2 /A  -  p'/2 


(17) 


and  p'  =  9p/9x.  For  an  exponential  density  profile,  nQ  =  nQ  exp  (x/L), 
p  =  1/L  and  p'  =  0.  Thus,  for  the  waterbag  profile  Vd(x)  given  by  Eq .  (14) 
and  for  the  exponential  density  profile,  Eq .  (16)  can  be  written  as 

32  , 

;puL  "  Q2  ^out  =0  |x|  >  d  (18) 

9x 
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32\Jj.  , 

+  Qi 


|xi  £  d 


qJ  -  -  [kj  +  i/K2j]  - 


i  k2(n  / v  )o 

zv  e  ei-1  i 

(“  +  iv-r  J 


+ - L_£ - i -  [k  /l  -  i  k  (n  /v  .)] 

r  .Tie,.  \  y  z  1  e  ex  ' J 

(a)  -  k  V.j  (u  +  iv J 


„  „  o  i  k  fn  /v  ,  )n, 

Q2  =  [k2  +  1/(4L2J]  +  - - - — — — -  (21) 

°  y  (-  ^  ivin) 

where  primes  indicate  derivatives  with  respect  to  x.  The  current 
convective  instability  is  a  nearly  purely  growing  mode  with 

0)  =  a)  +  iy  ~  iy.  This  will  be  shown  to  be  true  a  posteriori  in  the  next 

section.  For  u>r  <  y,  the  sign  convention  applicable  in  Eqs.  (18)  and 

(19)  is  such  that  Q2  >  0  and  Q2  >  0.  In  Eq.  (20)  the  sign  of  V , /L  (  <  0)  is 
2  u  ^  u 
chosen  so  that  >  0  and  the  growth  rate  is  positive  for  positive  ky. 

Furthermore,  in  the  following  we  assume  that  |kz^dl  «  M  in  the 

denominator  and  k2  (12  /v  , )  <  k  /L.  First,  we  rewrite  Ch  2  and  Q  2  as 

z  e  ei  y  1  o 

follows : 


k  ( a)  +  iv  ; 

("  +  iVi  J 


2 

k  (u)-a)+)(w-a)_J 

+  iv<  J 


-  Vin  +  ^2HVVeiK 

=  %.».  =  (kzky/k2JlVd/L|n. 

=  -  (iv/2j[l  +  (l  +  A((d2/v2  JJ^'j 
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k‘ 


k  +  1/4 

y 


(27) 


and  k  »  k^,  and  d  are  the  normalized  quantities  kyL,  kzL,  and  d/L 
respectively.  We  note  that  u>+  are  the  two  roots  of  the  local  dispersion 
relation  (Q^  *  0  J.  Since  the  potential,  Q^(x),  in  Eq .  (16)  is  symmetric 
about  x  =  0,  we  can  restrict  our  analysis  to  eigenfunctions  of  definite 

parity . 

In  the  region  |xj  <  d  we  have 


=  A  cos  (Q^x/Lj 

for  even  parity 

(28) 

=  B  sin  (Q^x/Lj 

for  odd  parity 

(29) 

where  A  and  B  are  constants.  In  the  region 
exponentially  decreasing  solution  for  either  case 


=  C  e 

out 


-  Qo  Irl 


>  d ,  we  have  an 


(30) 


where  C  is  a  constant.  Tne  matching  condition  in  the  case  where  V  =  0 
is  that  the  logarithmic  derivative  be  continuous  at  x  “  +  d 


('W'^in^  ^out^out  ^d+ 

where  d+  =  Lim(d  +  ej.  This  condition  yields  the  dispersion  relation 
e-*-o 

tan  (Q^dj  =  Qq  even  modes  Ola) 

A  A  A  A 

cotan  (QOj  =  -  Qq  odd  modes  (31b) 


The  effect  of  finite  current  channel  width  are  contained  in  the  argument  of 
the  tangent  (cotangent)  function  for  the  even  modes  (odd  modes).  We 
analyze  the  dispersion  relation  for  the  even  nodes  by  first  inverting  Eq . 
(31a)  to  obtain 


Q 


i 


i  [Arc 
d 


tan  (Q0/Oi)j 


(32) 


I 


J  . 


.* 


I 


I- 


[«] 


We  can  rewrite  Eq.  (32)  as 

Qt  -  4-  [tan-1^/^)  +  our]  (33) 

d 

where  tan-1  (Qq /Q^  J  is  the  principal  value  of  Arc  tan  (Qq/Q^]  and  ®  *s  an 
integer.  Equation  (33)  is  the  fundamental  nonlocal  dispersion  relation. 
We  note  that  when  d  ■  0,  the  dispersion  relation  Q0  =  0  from  Eq.  Ola)  does 
not  give  instability  since  the  currents  driving  the  instability  vanish. 

We  can  compare  Eq.  (33)  and  Eq.  (19)  to  understand  the  local  and 
nonlocal  limits .  We  recall  that  the  local  limit  means  that  the  current 
channel  width  is  infinite  so  that  Eq.  (19)  describes  the  mode  structure 
throughout  the  space.  In  the  local  theory,  Eq.  (19)  is  also  Fourier 
analyzed  with  respect  to  x  to  obtain 


2  2 

and  if  we  assume  k_.  »  k_  we  regain  the  earlier  results  of  Ossakow  and 

^  " 

Chaturvedi  (1979),  0,  corresponding  to  w  ~  w+.  Comparing  Eqs.  (33) 

and  (34)  we  see  that  in  the  nonlocal  analysis,  the  right  hand  side  of  Eq . 
(33)  provides  the  Inverse  scale  length,  .  The  role  played  by  the 

current  channel,  then,  is  to  form  a  wavepacket  of  width  of  the  order  of 
localized  within  the  current  channel. 

In  the  limit  |Q0/Q1I  »  1>  tan  approaches  */2.  This 

happens  in  the  local  limit  when  ai  =  w+  as  can  be  seen  by  dividing  Eq .  (22) 
by  Eq.  (23)  to  obtain 

Q  2  ,  — 

o  =  _  0)}  to  +  iv ) _ 

0  2  *  ~  1“  “  “+Jl“  -  »_J 


As  we  approach  the  local  limit  we  have  from  Eq .  (33) 


Qt  ■  (m  +  l/2jir/d 
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•-  %  *- 


We  set  m  *  0  and  consider  the  fastest  growing  mode, 
definition  of  from  Eq.  (23),  Eq.  (35)  becomes 

-2  U  *  i,2 

'  k  Cl'+"ivln/«J  =  I? 


Then,  with  the 


(36) 


Thus,  as  we  approach  the  local  limit,  we  have  Ly  *  2d/r  and  Ljj  plays  the 

rule  of  the  wavelength  in  the  x  direction.  For  v£n/lui  «  1  the  new  roots 
are 


(1)  » 


-  (iv/2)  [l  +  (l  +  4  w2  (1  +  ir2/4k2d2)/v2  )]/2] 
(l  +  ir2/4k2d2) 


(37) 


Furthermore,  we  regain  the  local  growth  rates  for  kyd  ♦  namely, 

»  S  u+  -  (-iv/2){l  -  [l  +  ^(w2/v2]j1/2| 


(38) 


In  the  limit  |Q  /Q.  |  «  1,  the  inverse  tangent 

a  ^  a  *■ 

approximately  equal  to  Q  /Q^.  Then  Eq .  (33)  becomes 


function  is 


%/Si  -  Q,  * 


(39) 


Using  Eqs.  (22)  and  (23)  we  obtain 

(w  -  w+j(w  -  <d_]  «•  -  w(oj  +  i J [  1  +  ik2^v  /(w  +  lv^nJ]^^/kd  (40) 

A  f\  A  A  AA 

where  k^  *  (k^/k  )  (^e/ ve^  3(^/v^n  ]  •  The  above  equation  is  valid  for 
(W  «  1  or  iQjd)  «  1  which  is  essentially  the  long  wavelength  limit, 
kyd  «  1.  Equation  (40)  can  then  be  solved  both  in  the  highly  collisional 
and  weakly  collisional  domains.  Using  Eqs.  (24)  and  (25),  Eq.  (40)  can  be 
written  as 

oj2  +  iv  ui  +  w2  »  +  (j>(w  +  iv  )[  1  +  i  k2,v.  /(u>  +  iv  )l^2/kd  (41) 
o  -  v  in'1  zl  in  1  in-" 


The  negative  (positive)  sign  on  the  right  hand  side  yields  a  growing 
(damped)  mode.  In  the  following  anlaysis  we  consider  the  growing  modes. 
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Collisional  limit 


In  this  limit  where  v^n  »  |u|,  Eq.(41)  has  the  following  roots: 

-  -Uy2j  {1  +  [1  +  a  0)2  (1  +  Ki),^]in  (42) 

where  <j  *  (l  +  k^)  /k^d  a^d  v>  "  v  +  vinKj*  A  simple  expression  for 
the  growth  rate  can  be  obtained  by  examining  the  small  channel  width  limit, 
d  «  L,  where  the  growth  rate  is  much  less  than  the  local  growth  rate. 
Thus  for  (D  «  (jj+,  Eq.  (40)  or  (41)  yields 

<i>  id  kd  ■  -  iuv  (l  +  k\)*^ 

+  -  in  zl' 

from  which  the  growth  rate  (ui  =  +  iyj  is  given  as 

y  -  (  kzky/kj  (l  +kzlj‘1/2  (y^J  |Vd/L|  (d/L)  (43) 

It  is  worthwhile  to  compare  the  growth  rate  in  nonlocal  long  wavelength 
limit  as  given  by  Eq.  (43)  with  the  local  result  as  given  by  Chaturvedl  and 
Ossakow,  (1981) 

\  -  (*,/“,)  (VviJ  (VL)  (> +  kL)'1  <**> 

We  then  find  the  simple  result 

y  =  kyd(l  +  kzl)1/2TL  (45) 

Since  kyd  <  1  in  the  nonlocal  long  wavelength  limit,  the  nonlocal  growth 
rate  is  less  than  the  local  growth  rate.  Several  important  conclusions  can 
be  drawn  from  this  nonlocal  analysis.  In  this  collisional  long  wavelength 
limit,  (i)  the  growth  rate  depends  on  the  product  of  the  magnitude  of  the 
drift  velocity,  V^,  and  the  current  channel  width,  d;  (ii)  the  growth  rate 
scales  inversely  with  the  ion-neutral  collision  frequency;  and  (iii) , 

the  growth  rate  scales  inversely  with  the  gradient  scale  length,  L. 


I 


Inertial  limit 


.  In  the  inertial  limit  where  v,  «  luL  the  solutions  of  Eq .  (41)  are 

in  11 

w,  -  -(iv</2)  {l  +  [l  +  4  a>2  (l  +  k2)/v<  j1 /2 }/[ 1  +  <2j  (46) 

_  *2  2 

where  =  fl/k  d)  and  v  *  v  +  v,  k  ,  *,,/2.  To  obtain  a  simple  expression 
j.Ky  \  m  z  i  2 

for  the  growth  rate,  we  consider  small  channel  widths,  (d  «  L) ,  where  the 
growth  rate  is  much  smaller  than  the  local  growth  rate.  Thus  for 
to  «  u>+  Eq.  (40)  yields  in  the  inertial  limit 

u  ukd  ■  -  w2  (l  +  ik2 , v  /u>)1/2  (47) 

+  —  21  in 

*2 

Equation  (47)  can  be  simplified  for  the  case  k^  v  »  |u| ,  i.e., 

AO 

(r/k  j^/v^)  »  j o> |  -  The  growth  rate  can  then  be  written  as 


Y-  (VeiVne^/3(V  ^/3^7d,/L^/3 


From  Chaturvedi  and  Ossakow,  (1981)  we  have,  in  the  local  inertial  limit 
the  maximum  growth  rate 

(«elv».)1/3  n*di/u2/3 

As  a  result,  we  have  for  the  nonlocal  long  wavelength  inertial  limit, 

y  -  (kydJ2/3YL  '  (50) 

Equation  (50)  shows  that  the  nonlocal  growth  rate  in  the  inertial 
limit  y  is  less  than  the  local  growth  rate  since  kyd  «  1  in  the  long 
wavelength  limit.  For  k^lVin  «  |ul »  i*e*»  (^2/k2)  ^  lw|/^»  • 

(47)  yields 


y  *  (u+u_kdj 


j  1 1  /2 


By  using  Eqs.  (24)  -  (27),  this  expression  can  be  rewritten  as 
Y-  (k,k/kj1/2  (M1/2  |Vd/L|1/2(d/L)1/2 


In  this  limit  where'  |Q()/Qi|  «  1,  I  “I  and  kzlvin  «  the  Frow-^ 

rate  depends  on  the  square  root  of  the  product  of  and  d,  and  is 
independent  of  the  ion-neutral  collision  frequency.  An  important 
conclusion  is  that  in  both  limits  discussed  above  the  growth  rate  scales 
as  (V^d/L2Ja,  a  <  1.  We  note  that  the  growth  rates  given  in  Eqs.  (42)-(46) 
can  be  shown  to  be  less  than  the  local  growth  rate,  |u>+|  ,  as  assumed 
earlier.  In  the  next  section  we  solve  numerically  the  full  nonlocel 
dispersion  relation  [Eq.  (33)]  in  order  to  study  the  growth  rate  over  a 
larger  range  of  kyL  and  d/L. 

IV.  NUMERICAL  RESULTS 

In  order  to  illustrate  the  properties  of  Eq .  (33)  and  the  scaling 

properties  of  the  growth  rate  in  the  collisional  and  inertial  domains,  we 

have  chosen,  for  convenience,  the  case  where  kz^  =■  1.  This  choice 

corresponds  to  k  »  k  (v  /ft  )(v  /0 .  )  «  k  .  With  this  choice,  the  local 

z  y  ei  e  in  l  y 

dispersion  relation  (equation  (38))  exhibits  a  maximum  at 

v,  /Ii.  =  (l/24)2/3  (io2/fl2  )2/3.  This  is  shown  in  Fig.  2  where  we 

in  i  o  i 

plot  versus  As  a  numerical  example,  we  choose 

*  1CT4,  j /L |  ■  5,  d/L  -  0.3  and  k^L  -  1  (Bythrow  et  al.,  1984). 

Curve  A  shows  the  exact  solution  of  Eq.  (33)  obtained  by  solving  it 

numerically.  Curves  B  and  C  represent  the  growth  rates  given  by  the 

analytical  expressions  in  Eqs.  (46)  and  Eq .  (42)  in  the  inertial  and 

collisional  domains,  respectively.  These  curves  show  that  there  is  good 

agreement  between  the  numerical  results  and  the  analytical  expressions 

given  in  Eqs.  (42)  and  (46).  Curves  B'  and  C'  show  the  simplified 

analytical  expressions  given  by  Eqs.  (43)  and  Eq .  (52).  Curve  D  gives  the 

local  growth  rate,  w_,  given  by  Eq.  (38).  The  figure  shows  that  for  small 

current  channel  widths,  d  ~  0.3  X/2ir,  where  X  is  the  wavelength  of  the 

perturbation,  the  growth  rate  is  reduced  by  an  order  of  magnitude.  For  the 

particular  choice  of  the  parallel  wavenumber  the  growth  rate  peaks  at 

v.  /ft  ~  2.0  10  whereas  it  is  maximized  at  v  /£  ~  5.0  10  in  the 

in  1  1 

nonlocal  limit.  In  addition,  curves  B'  and  C'  show  that  the  Eqs.  (43) 

and  (52),  which  contain  the  scaling  properties  of  the  growth  rate,  agree 
fairly  well  with  the  exact  numerical  results 

in  v.  »  fl.  and  v.  <<  0.  regimes,  respectively.  Based  on  this  agreement 
we  can  say  that  the  growth  rate  scales  as  (v  /SI  J  in  collisional 


1/2 

domain  and  as  (v^  /fi^j  In  c^e  inertial  limit.  A  more  important  result 
is  that  for  d  «  X  the  growth  rate  scales  as  (v^d/L^J01,  where_a  <  1.  This 
result  shows  that  in  the  long  wavelength  limit  the  growth  rate  depends  on 

the  total  current  in  the  region  where  the  wave  packet  is  localized  rather 

than  on  Vd  as  is  true  in  the  local  case. 

In  solving  equation  (33),  we  consider  the  fastest  growing  mode  (m  -  0) 
and  use  the  following  parameter  values:  vir/ I^/m  =  n1/l^d/'Ll  =  1q4> 
vei/'\  =  10  and  kz/ky  *  ( vei vin/nef!i )  (Chaturvedi  and  Ossakow.  1981; 
Satyanarayana  and  Ossakow,  1984).  In  Fig.  3,  we  plot  the  normalized  growth 
rate  y  =  Y/ 1 V ^ /L  |  as  a  function  of  k  1  k  L  for  various  values  of  the  width 

+  a 

of  the  current  channel  normalized  to  density  gradient  scale  length  d  =  d/L 
=  0.1,  1.0,  and  10.0.  First,  we  see  the  nonlocal  behaviour  of  the 

instability  where  the  growth  rate  is  reduced  for  k  =  k  L  <  1  and  slowly 

increases  and  saturates  to  the  local  limit  at  k»  1  (Huba,  1984).  Second, 
the  larger  the  value  of  d,  the  smaller  is  the  k  value  for  which  the  local 
limit  Y,  is  achieved;  for  d  =  10,  y  approaches  y.  for  k  >  2  whereas 

A  A  A  A  k 

for  d  »  0.1,  y  approaches  1L  for  k  ~  100(not  shown  in  figure).  The  local 
limit,  Yl,  is  given  by  the  imaginary  part  of  Eq .  (38)  normalized  to 

T^us  we  can  conclude  that  the  current  channel  width  has  be  to 
small  (d  <  1)  to  substantially  reduce  the  growth  rate  of  the  short 

A 

wavelength  modes  (k  >  1). 

In  Figure  4  we  plot  y  as  a  function  of  d  for  k  *  0.5,  1.0,  10.0,  and 

A 

100.0.  As  we  discussed  earlier,  we  see  that  as  d  -*■  <*>  we  recover  the 
conventional  current  convective  growth  rate  (yl  given  in  Eq .  (38)).  The 
second  point  is  that,  as  d  is  decreased,  the  growth  rate  decreases, 
eventually  going  to  zero  for  d  +0.  The  quenching  of  the  instability 
should  be  expected,  because  as  d  +  0  the  currents  that  are  driving  the 
current  convective  instability  become  highly  localized  and  thus  do  not 
sample  the  entire  density  gradient.  Since  the  instability  is  driven  by  the 
density  gradient  in  the  presence  of  field  aligned  currents,  as  the  current 
channel  width  (d)  is  reduced  in  relation  to  the  density  gradient  scale 
length  (L),  the  growth  rate  of  the  instability  is  reduced.  The  instability 
is  most  sensitive  to  the  finite  width  of  the  current  channel  when  the 
current  channel  width,  d,  is  comparable  to  or  less  than  the  gradient  scale 
length,  L.  In  fact,  when  the  wavelength  is  comparable  to  the  current 
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channel  width,  X  '  d  implying  kd  -  2ir,  the  growth  rate  drops  by  at  least 
SOX.  Furthermore,  we  notice  that  the  longer  wavelength  modes  are  more 
easily  stabilized.  That  is,  a  wider  channel  (d  >  10)  significantly  reduces 
the  growth  rate  of  modes  with  wavelength  of  4mL  (k  *  0.5),  whereas  channel 

A 

width  of  d  *=  0.1  reduces  the  growth  rate  of  modes  with  wavelengths 

of  0.2irL(k  »  10)  by  the  same  amount.  From  figures  3  and  4,  we  can  conclude 

that  the  growth  rate  of  the  current  convective  instability  is  reduced  if 

the  current  channel  width  is  such  that  kd  <  1.  Similar  results  were 

noticed  in  the  context  of  collisionless  current  driven  ion-cyclotron  waves 

by  Bakshi  et  al.  (1983).  We  note  that  we  find  the  real  part  of  the 

- 

frequency  to  be  much  smaller  than  the  growth  rate,  u  •“  10  «  y. 

We  have  also  numerically  solved  equation  (11)  for  a  more  realistic 
diffuse  profile  of  density  and  current.  We  choose  a  density  profile  given 
by 


n(x) 


1  +  e  tanh  (x/L) 
1  -  e 


(53) 


so  that 


—  =  _L  E  secli  (x/L) 
n  L  1  +  £  tanh  (x/L) 

We  take  £  =  0.8  so  that  n'/n  is  a  maximum  at  x/L  =  x  *  -  0.55.  We  find 


then  that  (n'/n) 


max 


1/L.  In  addition  we  consider  a  smooth  profile  for  the 


current  velocity  V^(x)z  with 


V  (x)  =  V  exp  [-  (x-xj2/d2] 


(54) 


We  take  the  same  parameters  as  in  the  sharp  boundary  case.  In  Fig.  5  we 
plot  Y  versus  kyL  for  several  values  of  d/L.  Similar  nonlocal  behavior  is 
seen  for  the  growth  rate  Y*  In  Fig.  6,  we  plot  Y  versus  d/L.  The  results 
shown  in  these  figures  are  similar  to  those  obtained  by  using  a  simple 
waterbag  model  (Figs.  3  and  4)  leading  us  to  believe  that  the  simple 
waterbag  model  adequately  models  the  essential  physics,  namely  that  the 
finite  current  channel  width  has  a  stabilizing  influence  on  the  current 
convective  instability. 


V 


DISCUSSION  AND  SUMMARY 


We  have  presented  an  analysis  of  the  effects  of  finite  current  channel 
width  on  the  current  convective  instability.  The  current  convective 
instability  results  from  the  coupling  of  a  magnetic  field  aligned  current 
and  a  density  gradient  perpendicular  to  the  magnetic  field.  For  a  current 
with  perpendicular  scale  size  2d  and  a  plasma  density  gradient  scale  length 
L,  our  analytical  results  indicate  a  monotonic  decrease  in  the  growth 
rate  y  of  the  current  convective  instability  for  d/L  <  1  both  in  the 
collisional  (v  »  u>J  and  inertial  limits  (v  «  uj.  For  d/L  «  1  ,  we 
find  y  *  V^d/L  in  the  collisional  limit  while  y  *  (v^d/L  j  ,  a  <  1  in  the 
inertial  limit.  In  general,  the  growth  rate  of  the  current  convective 
instability  is  reduced  by  the  finite  width  of  the  current  channel  from  that 
of  the  local  case  in  which  the  current  distribution  is  infinite  in  extent. 

It  is  significant  to  note  that,  in  the  long  wavelength  limit  kyd  «  1 
where  the  nonlocal  effects  are  most  prominent,  the  dependence  on  V^(x) 
enters  the  nonlocal  results  in  the  sharp-boundary  case  in  the  form 
of  (Vdd) ,  the  "area"  under  the  function  V^(x)  in  the  current  channel.  It 
is  clear  that  this  quantity  is  proportional  to  the  total  current  in  the 
channel  per  unit  length  in  the  y-directin  (divided  by  the  density  of  the 
current  carriers  and  the  electric  charge).  This  point  is  to  be  contrasted 
with  the  local  dispersion  relation  (34)  in  which  the  growth  rate  depends  on 
the  current  velocity  itself,  a  local  quantity.  In  addition,  the  nonlocal 
growth  rate  depends  on  the  fractional  plasma  density  gradient  across  the 
current  channel  (i.e.  d/L).  The  growth  rate  is  reduced  because  in  a  growth 
period  (V^/L)  * }  the  fluid  element  does  not  sample  the  entire  gradient 
(1/L)  but  a  smaller  fraction  of  the  density  gradient  (f/L  ,  f  =  d/L). 
Furthermore,  a  single  value  of  y  corresponds  to  the  entire  wavepacket  which 
occupies  the  current  channel.  These  nonlocal  features  are  well-known  and 
general  to  all  intrinsically  nonlocal  perturbations  such  as  the  tearing 
mode  (see,  for  example,  Chen  and  Palmadesso,  1984).  With  respect  to 
perturbations  that  have  valid  local  limits,  certain  differences  in  the 
interpretation  of  theoretical  and  observational  results  must  be  kept  in 
mind  as  one  goes  from  the  local  to  nonlocal  regime.  First,  with  finite 
current  channels,  observations  must  provide  global  quantities  such  as  the 
total  integrated  currents  in  order  to  predict  the  behaviour  of  the  plasma 


at  any  point.  Second,  because  there  is  no  plane  wave  in  the  x  direction, 
an  observer  passing  through  the  current  channel  in  the  x  direction  does  not 
see  the  usual  Doppler  shift  Q  that  would  be  predicted  by  a  local  theory, 
where  VQ  is  the  velocity  of  the  observer.  This  point  has  also  been  noted 

by  Gangull  et  al.  (1984)  in  connection  with  the  current  driven  ion 

cyclotron  instability.  The  two  perpendicular  directions,  x  and  y,  are  no 
longer  equivalent. 

An  important  result  is  that  in  the  long  wavelength  limit,  the  growth 
rate  scales  as  some  power  of  the  product  of  the  magnitude  of  the  drift 

velocity  and  the  current  channel  width  (v^d/L^J3,  a  <  L.  This  suggests 
that  the  growth  rate  would  be  the  same  whether  a  weaker  current  is 
distributed  over  a  larger  channel  or  a  stronger  current  is  concentrated  in 
a  narrow  channel.  With  regard  to  the  auroral  ionosphere,  if  the  density 
gradient  scale  length  is  around  20  kms,  then  we  see  from  Fig.  4,  that  the 
growth  rate  of  smaller  scale  modes,  say  X  ~  1  km  corresponding  to 
kyL  -  100,  is  reduced  from  0.3  V^/L  to  0.15  V^/L  by  a  current  channel  of 

width  2d  *  40  km.  The  above  growth  rate  corresponds  to  0.75  10-^  s-^ 

_  9 

if  Vd  “  50  m/s  (corresponding  to  currents  of  order  uA/m  ) . 

Since  vin  *»  /L ,  these  parameters  correspond  to  the  high  latitude  F 

region.  We  also  point  out  that  the  short  wavelength  modes  (kyL  <  1)  are 

not  affected  by  the  current  channels  of  40  kms  width. 

Vickrey  et  al.  (1980)  have  computed  the  growth  rates  from  the  current 
convective  instability  to  explain  small  scale  plasma  density  fluctuations 
near  high  latitude  F  region  large  scale  plasma  enhancements.  However, 
their  data  indicate  that  the  transverse  dimensions  of  the  currents  driving 
the  instability  are  comparable  to  the  perpendicular  (to  the  geomagnetic 
field)  scale  sizes  of  the  plasma  enhancements.  Our  results  suggest  that 
their  growth  rates  are  overestimates.  From  our  analysis  we  would  predict 
that  both  the  long  and  short  wavelength  modes  driven  by  the  current 
convective  instability  should  have  longer  growth  times  than  previously 
estimated.  Other  data  sets  have  also  shown  very  narrow  high  latitude  F- 
region  field-aligned  currents.  From  the  results  of  this  paper,  we  expect 
the  nonlocal  nature  to  have  an  important  impact. 


Recently  By throw  et  al«  (1984)  using  HILAT  satellite  data  have 

measured  very  large  downward  currents  (~  100  yA/m2),  presumably  carried  by 

cold  upward  drifting  electrons,  in  the  high  latitude  topside  F-region 
ionosphere.  The  dimensions  of  these  currents  perpendicular  to  the  magnetic 
field  is  of  order  the  transverse  scale  size  (—  3  km)  of  precipitation 
induced  density  structures.  Turbulent  horizontal  ion  drifts  were  also 

measured  in  conjunction  with  the  large  currents  and  transverse  density 
gradients.  Their  data  shows  that  d  ~  1.9  km,  L  =  6  km, 


and  =  30  km/sec  .  In  the  case  of  ionospheric  F  region,  ve^/^e  10” 
and  The  growth  rate  for  different  values  of  1  are  as 

follows.  For  \  *  1,  2,  and  10  km  y  ~  0.0028  0^,  0.00264^,  and 
0.00146  respectively.  Whereas,  for  d/L  »  1,  the  local  growth  rate 

is  ~  0.0031  n .  .  For  narrower  current  channel  and  large  density  gradients 
or  longer  wavelength  modes  the  growth  rate  could  be  substantially  lower. 

Finally,  several  aspects  of  the  theory  of  the  effects  of  finite 

current  channel  width  on  the  current  convective  instability  have  not  been 

discussed  here.  For  very  large  currents,  the  self-consistent  role  of 

magnetic  shear  must  be  included  [Huba  and  Ossakow,  1980],  An  approximate 

value  of  the  scale  length  for  magnetic  shear  is  L  =  cB/4rJ  with  c,  the 

s 

speed  of  light,  B  the  magnetic  field,  and  J  the  current  density. 

_6  2  a 

For  J  =  10  A/m  and  B  ~  0.5  G  we  find  L  ~  10  km.  For  d  «  L  where  d  is 

s  s 

the  current  channel  width  we  do  not  expect  magnetic  shear  effects  to  play 
an  important  role.  In  addition,  we  have  not  considered  self-consistent 
velocity  shear  and  its  effects  on  the  current  convective  instability  with  a 
finite  current  channel  width,  the  finite  parallel  extent  of  the  auroral 

ionosphere,  electromagnetic  effects,  or  nonlinear  aspects.  We  are 
presently  Investigating  several  of  these  aforementioned  effects. 
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FIGURE  CAPTIONS 


Schematic  of  the  geometry  used  displaying  the  finite  current  channel 
of  width  2d  along  x. 

Plot  of  growth  rate  (y/^J  versus  the  ion-neutral  collision  frequency 

/2.  j  for  k  d  =  0.3.  V,/L  =  5.0,  and  v  .12=  10  Curve  A  shows 
in  y  1  d  el  e 

the  exact  numerical  solutions  of  Eq .  (33).  Curves  B  and  C  represent 
Eqs.  (46)  and  (42)  which  are  solutions  in  the  inertial  and  collisional 
limits  for  long  wavelength  modes.  Curves  B'  and  C'  represent  the 
simplified  analytical  expressions,  Eqs.  (52)  and  (43),  in  the  same 
limits.  Curve  D  is  the  local  solution,  u>_,  given  by  Eq .  (38). 

A  A  A 

Plot  of  growth  rate  Y  versus  k  for  d  =  0.1,  1.0,  and  10.0  for  sharp 

boundary  case.  The  parameters  chosen  are  /L 1  =  1, 

fl./|Vd/L|  =  104,  and  vel/|Vj/L|  =  10_4. 

A  A  A 

Plot  of  growth  rate  Y  versus  d  for  k  =  0.5,  1.0,  10. 0  and  100.0,  and 

A.  A 

for  the  same  parameters  as  in  Fig.  3.  Note  that  y  YT  (Eq-  38) 
-  L 
for  d  > 

Plot  of  growth  rate  Y  versus  wavenumber  k  in  the  collisional  limit  for 
diffuse  boundary  case.  The  profiles  used  for  the  current  and  the 
density  are  given  in  Eqs.  (53)  and  (54),  respectively.  The  parameters 
used  are  the  same  as  in  Fig.  3. 

Plot  of  growth  rate  Y  versus  finite  current  channel  width  d  for 
diffuse  boundary  case  and  for  the  same  parameters  as  in  Fig.  3. 
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Abstract  We  develop  a  set  of  mode  coupling 
equations  which  describe  the  nonlinear  evolution 
of  the  Ravlelgh-Tavlor  and  E  *  B  gradient  drift 
instabilities  which  are  relevant  to  the  iono¬ 
sphere.  We  show  that  for  a  three  mode  svstem, 
the  nonlinear  equations  describing  these  insta¬ 
bilities  correspond  exactly  to  the  Lorenz  equa¬ 
tions  which  approximately  describe  the  Ravletgh- 
Benard  instability.  It  is  shown  that  the  three 
mode  system  car,  exhibit  a  strange  attractor  with 
chaotic  behavior.  Ion  inertia  plavs  a  critical 
role  in  this  phenomenon  in  that  if  it  is 
neglected,  as  in  the  colllslonal  limit,  Che  three 
mode  system  does  not  exhibit  chaos  and  a  stable 
convection  pattern  results. 

Introduction 

It  is  well-known  that  interchange  instabili¬ 
ties  produce  turbulence  in  the  ionosphere 
[Ossakow,  1979;  Fejer  and  Kellev,  1980],  The 
Raylelgh-Tavlor  instability  is  believed  to  cause 
the  Intense  nighttime  equatorial  F  region  turbu¬ 
lence  known  as  equatorial  spread  F  [Ossakow, 1981 ; 
Kelley  and  McClure,  19811,  while  the  E  *  B 
gradient  drift  instability  has  been  Invoked  to 
explain  high-latitude  ionospheric  irregularities 
[Kesklnen  and  Ossakow,  1983],  the  rapid  structur¬ 
ing  of  bariim  clouds  [Llnson  and  Workman,  19701, 
and  turbulence  in  equatorial  electrolet  [Ossakow, 
1979J,  These  instabilities  are  fundamentally 
similar  in  nature  in  that  thev  require  a  densitv 
gradient,  and  they  act  to  interchange  the  high 
and  low  plasma  density  regions.  However,  thev 
have  different  driving  mechanisms:  the  Ravlelgh- 
Taylor  instability  is  driven  by  the  gravitational 
force,  while  the  E  >  B  gradient  drift  Instability 
is  driven  by  an  ambient  electric  field  or  neutral 
wind.  A  considerable  amount  of  research  has  been 
devoted  to  the  study  of  these  instabilities  and 
their  application  to  ionospheric  turbulence. 

Since,  in  general,  it  is  the  nonlinear  phase  of 
the  instabilities  that  is  observed,  it  is  impor¬ 
tant  to  identify  the  salient  characteristics  of 
this  phase  (e.g.,  wave  amplitude  at  saturation, 
power  spectra,  etc.). 

Interchange  Instabilities,  as  they  are  applied 
to  the  Ionosphere,  can  be  divided  into  two  cate¬ 
gories:  colllslonal  and  Inertial.  The  colll¬ 

slonal  limit  considers  v^n  >>  w  (where  v^ts  the 
ion-neutral  collision  frequency  and  w  is  the  wave 
frequency)  while  the  Inertial  limit  considers 
ui  »  v,  .  In  the  ionosphere,  the  transition  from 
the  colllslonal  limit  to  the  Inertial  limit 
typically  occurs  in  the  altitude  regime  -  509 
km.  The  bulk  of  the  nonlinear  research  on  Inter- 
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change  instabilities  in  the  ionosphere  (both 
theorv  and  simulation)  has  been  restricted  to  the 
colllslonal  domain.  The  purpose  of  this  paper  is 
to  extend  the  nonlinear  theory  of  interchange 
instabilities  into  the  Inertial  regime. 

The  organization  of  this  letter  is  as  follows. 
In  the  next  section  we  present  the  geometry, 
assumptions,  and  derivation  of  the  nonlinear  mode 
coupling  equations.  In  the  following  section  we 
present  our  results  for  a  three  mode  svstem  and 
show  the  correspondence  to  the  Ravleigh-Benard 
problem.  We  derive  a  criterion  for  the  onset  of 
chaotic  turbulence  involving  the  dissipation 
parameters  (i.e.,  diffusion  coefficient,  ion- 
neutral  collision  frequency).  Elnallv,  In  the 
last  section  we  summarize  our  findings  and 
discuss  the  implications  for  ionospheric 
turbulence. 

Derivation  of  Nonlinear  Equations 

The  plasma  configuration  and  assumptions  used 
in  the  analysis  are  described  as  follows.  We 
consider  an  ambtenl  magnetic  field  in  the  z- 
directlon  ! J  *  Bq  ezl,  a  gravitational  accelera¬ 
tion  in  the  -x-dlrection  ' g  »  -g  exl,  a  densitv 
gradient  in  the  x-dlrection  fn  *  n0(x)  and 
dng/3x  >  0  1,  and  an  ambient  electric  field  in 
the  y  direction  -  E q  evl.  We  assume  two 
dimensional  perturbations  in  the  x-v  plane 
(transverse  to  B)  such  that  *  h  e  ♦  k  e..  with 
k  L  »  1  and  k^L  »  1  where  L  ■  [*5n  n/dx]')'  is 
the  density  gradient  scale  length.  ror  simpli¬ 
city  we  assume  a  cold  ion  plasma  '  Tj  *  O'.  We 
consider  low  frequency  turbulence  in  a  weaklv 
colllslonal  plasma  such  that  5/9t  <<  'j,  << 

"i»  vie  <<  3j,  and  v#1  <<  ~e  where  7  -  i,c 

Is  the  cyclotron  frequency  of  species  a,  Vjnts 
the  ion-neutral  collision  frequency,  Is  the 

ion-electron  collision  frequency,  and  v  .  Is  the 

el 

electron-ion  collision  frequency.  We  nezlect 

electron-neutral  collisions  since  v_  •'*  « 

en  e 

v,  / w ^  in  the  F  region.  rinallv,  we  consider 
electrostatic  turbulence  and  assume  nuasl- 
neutrality  f »  n^l. 

The  equations  used  in  the  analysis  are 
continuity,  momentim  transfer,  and  charge 
conservation: 
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•  !  nV.  I 


»v  - 


(i  > 


*  Sr  fE  *  i  *  s'  -  ^  t1  -  vet'\:e  -  ^ 


dv<  , 
-rfi  •  —  '  E  *  -  V 
dt  m,  -  c  '1 


B  I 


,  'V,  -  V  I 

le  -1  ~e 


-  v .  V  *  g 
in  -1 


J  *  T  •  |  n!  V  -  V  !  I  » 

-  -1  ~e  1 


(2) 

(3) 

(4) 


66 


Huba  et  al.:  Chaotic  Fluid  Behavior 


70 
i  60 


60' 

40' 

30' 

20- 

4 

10' 

-20  ^io 


i 


I 


I 

20  ’  30 


where  c,  -  y„c,  vJn  -  vln'Yp.  ^  -  :  S''«n "  , 

?j  •  4?c/B*2y01,  V  -  >?,  De  -  Oe/x:Y0,  Yn  ;'e  ♦ 

vincEQ / B 1  /L. ]  and  >  is  half  of  the  maximum 
wavelength  permitted  (l.e.,  '  <  2L ) . 

Ue  consider  the  following  perturbations  for 
ij  and  n,  :  Jj  *  X,  sin  x  sin  v  and  S|  *  Yj 

sin  x  cos  y  ♦  Z,  sin  2x  where  we  have  taken  k  ■ 

kv  with  kx  *  1 />  and  kv  *  l/l  for  simplicity. X 

Here,  x  and  v  represent  the  x  and  v  spatial  coor¬ 

dinate  normalized  to  1,  and  onlv  the  coefficients 
Xj,  Yp  and  Zj  are  assumed  to  be  time  dependent. 
Substituting  ft j  and  6j  into  (7)  and  (8)  we  obtain 
the  following  set  of  coupled  ordinary  differen¬ 
tial  equations: 


-  oX  + 

oY 

(9) 

Y  +  rX 

-  XZ 

(10) 

-  2Z  * 

XY 

(11) 

Fig.  1.  Depicted  is  an  approach  to  the  non¬ 
trivial  steady  state  attractor  to  (9)-(ll) 
projected  onto  the  X-Z  plane.  The  parameters 
used  for  the  numerical  simulation  are  a  ”  ID  and 

r  *  15;  note  that  r  *  21.4  so  that  l  <  r  <  r  . 

c  c 


We  perturb  (I)-(4)  about  an  eauillbrlum  and 
let  n"rV)*n,  -  7J,  and  V  -  V  *  V  . 

To  lowest  order  in  va/0a,  the  eaul?lhrlum  dfl?ts 
are  given  bv  V  -  *  -  !cTg/eBl  '  ?ln  n/lx!'1  ev 
(  Che  electron  diamagnetic  drift)  and  V,p  *  !  g/f! , 

♦  I  v.n/C,  II  cEp/B  I J  ev  f  the  ton  gravitational  drift 
and  Ion  Pedersen  drift,  respectively).  Note  we 
have  chosen  Vpx  ♦  Vpx  -  cEpv/B.  We  solve  (2)  and 
(3)  fur  and  and  substitute  these  values 

into  (1)  and  (4).  We  arrive  at  the  coupled  set 
of  equations  for  n  and  4: 


and 


£ 

y 


(5) 


'  B  ^  *  *t  X  *  vln!"2?  *  a  (6) 

9 

where  Dfi  -  veipe  *s  the  e^ectron  diffusion  coef¬ 
ficient  and  we  nave  assumed  ?/^t  >>  n , 

It  mav  be  seen  that  (5)  and  (6)  are  mathemati¬ 
cally  the  same  as  the  Ravleigh-Benard  eauations 
[Eos.  (17)  and  (18)  of  Lorenz  (1963)]  orovided 
the  substitution  Vjn  ♦  is  made  in  (6). 


Results 


We  now  present  results  of  our  analysis  for  a 
three  m^de  configuration,  prior  to  this  we  cast 
(5)  and  (6)  into  dimensionless  form,  Rpecifi- 
callv,  we  find  that  (5)  and  (6)  can  be  written  as 


*n,  -  **2  v 

Ttf  *  V  "l  *  7y*l  +  70 

and 


»  (7) 


e 

z 


X  74, 


7  17 


where  the  dot  over  a  variable  indicates  a  time 
derivative,.  X  “  Xj  /fo,  Y„*  Yj  /Tc/2v.n,  ,Z  * 
rZp  r  -  2D  t] ,  c  -  vtn/2De  and  r  -  liDgV^’'1. 
Equations  f 9 )— (11)  correspond  exactly  to  the 
equations  solved  by  Lorenz  (1963)  for  the 
Ravlelgh-Benard  instability  (with  the  excention 
that  Lorenz'  parameter  b  Is  eaual  to  2  in  our 
case) . 

Following  Lorenz  (1963),  (9)-(ll)  can  be 
analyzed  to  determine  (1)  the  nonlinear  fixed 
states  of  the  svstem,  and  (11)  the  stability  of 
these  fixed  states  as  a  function  of  r  and  q.  ’’he 
fixed  states  are  determined  bv  the  condition 
X  «  Y  *  Z  "  0.  If  r  <  1,  the  onlv  stable  steadv 
State  is  given  bv  X^  *  Yp  «  Zp  -  0.  This  repre¬ 
sents  the  state  of  no  convection,  i.e.,  the  usual 
eauillbrlum  state  upon  which  linear  stability 
analysis  Is  performed;  In  fact,  r  »  1  Is  the 
point  of  marginal  linear  stability  of  the 
equilibrium.  Vor  r  >  1,  the  eauillbrlum  is 
unstable  resulting  in  convection  and  the 
interchange  of  high  and  low  density  regions. 
However,  r  >  1  allows  two  additional  fixed 
states,  given  bv  X^  •  Yp  -  ♦  fZ(r  -  1)1*  *  and 
Zr,  «  r  -  1;  these  correspond  to  convection  cells 
of  either  positive  or  negative  vorticitv.  The 
linear  instability  mav  thus  "saturate"  hv 
attracting  to  one  of  these  new  fixed  states  with 
Xn,  Yp,  and  Z0  providing  estimates  for  the 
saturation  amplitudes  uf  n  and  6.  This  is  Indeed 
the  case  fur  1  <  r  <  r  -  o(a  +  5)/(r  -  3)  or 
q  <  3.  In  this  range  of  r,  the  fixed  states  are 
stable  and  the  orbit  in  X,  Y,  7.  phase  space 
asymptotes  to  one  of  the  nontrivial  fixed 
points.  An  example  is  shown  In  Figure  I  (a  *  1\ 
r  *  15)  where  the  projection  of  the  orbit  on  to 
the  X-Z  plane  is  plotted. 

For  o  >  3  and  r  >  r  ,  the  saturated  convection 
pattern  described  above  is  itself  unstable.  No 
other  fixed  stable  states  exist;  this  means  tkit 
the  amplitudes  X,  Y,  and  7  oscillate  in  intensity 
in  periodic  or  chaotic  fashion,  ’"he  magnitude  of 
these  oscillations  cannot  be  determined  analyti¬ 
cally  and  numerical  analysis  uf  (Q)  -  (1‘)  Is 
reauired.  Nevertheless,  some  general  features 
mav  be  discerned:  even  though  the  PHase  space 
orbit  does  not  approach  a  single  point,  it  does 
lie  in  a  bounded,  or  "attracting",  region  o‘ 
phase  space.  figure  2  illustrates  such  an  orbit 
for  o  •  ID  and  r  -  3".  ’his  orhlt  In  ‘act  tends 
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to  encircle  either  one  or  the  other  of  the  two 
non-trlvial  fixed  states.  There  is,  however,  no 
periodicity  for  the  case  shown:  the  transition 
from  encircling  one  or  the  other  fixed  points  is 
seemingly  random.  In  such  a  case  the  orbit  is 
"chaotic"  and  the  attracting  region  is  a  strange 
actraccor.  Since  all  orbits  are  unstable,  one 
sees  chaotic  behavior  in  the  amplitudes  of  X,  Y, 
and  2  [Ruelle  and  Takens,  1971].  Hote  that  the 
amplitudes  of  X  and  Z  lr.  Figure  2  can  fluctuate 
by  more  than  a  factor  of  2. 

An  Important  point  to  be  recognized  concerning 
the  application  of  this  theorv  to  Interchange 
Instabilities  is  the  following.  As  noted  ear¬ 
lier,  we  consider  two  limits:  colllsional  and 
Inertial.  In  the  colllsional  limit  '  oln  »  R/4C)( 
X  *  0  in  (9)  so  that  X  *  Y  and  the  problem 
reduces  to  solving  only  two  coupled  differential 
equations.  For  this  case,  the  convection  states 
are  always  stable.  This  is  the  situation  that 
has  been  considered  in  most  previous  analytic 
treatments  of  ionospheric  interchange  instabil¬ 
ities  (Rognllen  and  Uelnstock,  1974;  Chaturvedi 
and  Ossakow,  1977,  1979]  although  the  stability 
of  the  convection  states  was  not  analyzed.  Thus, 
for  this  simple  three  mode  svstem,  we  find  that 
ion  Inertia  is  required  for  unstable  convection 
patterns  to  occur.  We  comment  that  the  nonlinear 
behavior  of  Rayle igh-Tavlor  instability  in  the 
inertial  limit  has  been  considered  bv  Hudson 
(  1978).  However,  Hudson  (1978)  did  not  find 
chaotic  behavior  because  it  was  assumed  that 
3/3t  ■  -  iw  where  u>  is  the  linear  e igen- frequency 
in  (6),  This  ad  hoc  assumption  effectively 
reduces  the  problem  to  tvx>  differential  equations 
and  leads  to  results  similar  to  the  colllsional 
limit. 

Conclusions 

We  have  shown  that  Interchange  instabilities 
relevant  to  ionospheric  turbulence  (Ravlelgh- 
Tavlor  and  E  »  B  gradient  drift),  can  be  studied 
in  the  context  of  chaotic  attractor  theorv.  In 
particular,  we  demonstrate  that  for  a  simple 
system  (three  modes)  the  equations  governing 
these  instabilities  are  exactly  the  same  as  those 
that  govern  the  Ravlelgh-Benard  lnstahilitv 
[Saltzman,  1962;  Lorenz,  1961].  The  analogy 
between  these  two  instabilities  is  the  following 
ing.  The  Rayleigh-Benard  instability  is  driven 
bv  a  temperature  gradient  and  convects  "hot  and 
cold"  fluid  elements;  the  temperature  gradient  is 
maintained  bv  a  heat  source  at  one  end  and  a  heat 
sink  at  the  other.  The  Ravlelgh-Tavlor  and 
E  *  B  gradient  drift  instabilities  are  driven  bv 
a  density  gradient  and  convect  "heavy  and  light" 
fluid  elements;  in  the  case  of  the  ionosphere, 
the  density  gradient  could  be  maintained  bv 
photolonlzat ton  at  one  end  and  recombination  at 
the  other.  We  have  shown  that  these  interchange 
instabilities  can  exhibit  both  stable  and 
unstable  convection  patterns  in  this  svstem.  A 
ccuclal  point  is  that  unstable  convection  onlv 
results  if  inertial  effects  are  Important, 

1-e.,  vln  $  3/H. 

For  application  to  the  ionosphere,  we  consider 
the  stability  of  the  fixed  states  of  the 
Raylelgh-Tavlor  instability  in  the  equatorial 
ionosphere,  and  the  E  *  8  gradient  drift  insta¬ 
bility  in  the  high  latitude  auroral  ionosphere. 
Three  observations  mav  be  made.  First,  the 
nonlinear  fixed  states  given  bv  X^,  Y0,  and  Z0 


Fig.  2.  A  strange  attractor  for  (9)-(ll)  is 
illustrated  as  a  projection  onto  the  X-7.  plane. 
The  parameters  used  are  o  *  in  and  r  *  50.  'iote 
that  r  *  21.4  so  that  r  >  r  .  All  periodic 
orbits  are  unstable,  as  well  as  the  three 
equilibrium  points.  The  attractor  lies  in  a 
finite  volume  of  space. 


correspond  to  the  saturated  potential  and  density 
fluctuation  amplitudes.  We  note  the  density 
fluctuation  amplitude  associated  with  Y^  is 
n/ng  r  4 ( o  /L  K  vlnvei/ypj  1 1  ,  while  the  ampli¬ 

tude  associated  with  2n  is  n/nn  *  '/L.  These 
estimates  agree  with  previous  results  (Chaturvedi 
and  Ossakow,  1977,  1979]  and  vield  density  fluc¬ 
tuations  of  several  percent  for  typical  F  region 
parameters.  These  estimates  can  varv  hv  more 
than  a  factor  of  2  when  the  instabilities  are  in 
the  "chaotic  regime"  (see  cigure  2).  Fecund, 
since  o  »  v,  /2ve,p“  usln,!  formalizations 
listed  after  (8),  we  find  that  10*  £  r  for 

the  F  region  ionosphere  (200-800  km)  where  we 
have  taken  ■’  *  W?  "*•  ~e  '  1  tm’  in  *  7.4  x 
10**  t  ‘  '  n  sec  [Ftrubel  and  HcFlj-ov, 

1970] .  vei  -  '1.5  x  105"n  sec" 

[Braginskil,  1965;  Johnson,  1961]  wnere  T  is  the 
electron  temperature  in  eV,  n^  is  the  neutral  gas 
density,  n  Is  the  electron  density,  *  ■  21.4  - 

1.15  log  n*  +  1.45  loe  T  ,  and  the  neufral 
densities  were  obtained  from  a  'acchia  (1975) 
model  neutral  atmosphere.  Third,  since  n  >5  1, 
the  critical  value  of  r  is  given  bv  r  =  c.  ror 
the  Raylelgh-Tavlor  instability,  the  condition 
for  unstable  fixe;)  states  can  thus  he  written 
as  v^n  <  (g/2L)  *  “.  rur  g  -  9.8  m/sec‘  and  l  » 

10  km,  we  find  that ) unstable  behavior  can  occur 
for  Vj  <  O.oj  sec  ‘  which  corresponds  to 
altitudes  greater  than  400-500  km  in  the  equato¬ 
rial  F  region  ionosphere.  ror  the  f  *  R  gradient 
drift  instability,  the  condition  for  an  unstahle 
fixed  state  is  oln  d^cE^'JRL.  ’"aklne  cc.n  •'*  »  6  x 
in-  m/sec  and  L  ■  10-  km  [Weber  et  al.,  198-.’,  we 
find  that  chaotic  behavior  can  occur  for  c  ' 

6  x  10” >  sec  "  which  corresponds  to  altitudes 
greater  than  roughly  500  lor.  in  the  higs  latitude 
f  region. 

Finally,  we  have  onlv  considered  a  simple 
three  mode  svstem  which  could  be  argued  to  he 
unrealistic.  It  is  known  that  the  nonlinear 
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behavior  of  the  Lorenz  eauatlons  for  more  than 
three  modes  can  be  different  from  the  three  mode 
svstem  [Ott,  1981).  For  exanple,  we  have  shown 
that  fur  three  modes,  the  nonlinear  fixed  states 
are  alwavs  stable  in  the  collislonal  limit  (i.e., 
vn ) .  However,  we  have  alsu  developed  a 
pseudu-spect ral  code  which  follows  the  evolution 
of  a  manv  mode  svstem  ( «■  1 20  nodes).  preliminarv 
results  indicate  that  chaotic  fluid  behavior  can 
also  occur  in  the  coliisionai  limit,  in  sharp 
contrast  to  the  simple  three  mode  result.  A 
report  on  the  nonlinear  dvnamics  of  the  manv  mode 
system  will  follow  shortlv. 
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“scan”  functions  that  are  obtained  from  three-dimensional  optical  sources  observed  by  remote  sensors. 

We  establish  the  relationship  between  singular  properties  of  these  functions  or  their  derivatives  and  the 
spectral  index  of  their  transforms,  and  describe  the  limitations  on  obtaining  reliable  spectral  indices  where 
there  is  no  clear  separation  of  scales  in  a  spatial  profile.  The  ability  to  extract  a  good  estimate  of  the 
spectral  index  depends  on  the  complexity  of  the  spatial  emission  profile,  the  adequacy  of  resolution,  and 
aliasing  errors  that  necessarily  result  from  the  analysis.  We  illustrate  these  competitive  effects  by 
numerical  examples  using  spatial  profiles  of  a  top  hat,  circular  arc  and  trapezoid. 
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estimating  spectral  indices  from  transforms  of 

DISCRETE  REPRESENTATIONS  OF  DENSITY  FUNCTIONS 
i .  INTRODUCTION 

One  of  Che  important  needs  cf  the  defense  community  is  to  be  able  to 
evaluate  reliably  the  effect  on  optical  sensors  of  the  disturbed  atmosphere 
resulting  from  a  high  altitude  nuclear  event  (HANE).  If  ve  can  understand 
the  structure  and  emission  characteristics  of  the  disturbed  ataosphere  it 
will  be  possible  to  design  detectors  which  avoid  particular  wavelength 
regions  and  can  discriminate  between  targets  and  artifactual  atmospheric 
phenomena . 

A  great  deal  has  been  learned  in  the  past  several  years  from  the 
research  programs  at  the  Naval  Research  Laboratory  (NHL)  and  elsewhere 
about  the  instability  mechanisms  that  lead  to  ionospheric  plasma  structures 
and  the  space-time  characteristics  of  the  resulting  striations.  In  the 
near  future  we  hope  to  clarify  the  cause  of  the  so-called  “freezing" 
phenomenon  for  striations,  make  predictions  about  their  inner  scale  length, 
etc.  However,  to  use  this  information  to  design  better  detectors,  we  must 
relate  the  observed  spectral  characteristics  of  the  density  fluctuations  of 
the  emitting  medium  to  the  structures  that  numerical  simulations  and  ocher 
forms  of  data  (besides  optical)  predict,  and  vice-versa.  This  is  an 
"Inverse"  problem  and  can  be  ill-posed  and  yield  nonunique  solutions.  The 
motivation  for  our  studies  is  to  reduce  nonuniqueness ,  etc.  through  a 
detailed  consideration  of  the  procedures  used  in  relating  observed  spectral 
quantities  to  striation  properties. 

We  will  address  several  aspects  of  this  problem  in  a  series  of  papers 

that  are  currently  in  preparation.  In  this  paper  we  consider  idealized 

"scan"  functions,  namely  functions  cf  one  variable  that  can  arise  from 
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three-diaensiotial  optical  sources  that  are  observed  by  remote  sensors.  We 
will  establish  the  relationship  between  continuity  properties  of  these 
functions  or  their  derivatives  and  the  spectral  index  of  their 
transforms.  We  will  show  how  inadequate  resolution,  whether  in  measured 
data  or  numerical  simulations,  introduces  errors  in  estimates  of  spectral 
indices.  Specifically,  we  will  discuss  the  errors  that  arise  from 
"aliasing"  and  the  number  of  data  samples  required  to  obtain  an  adequate 
separation  of  scales.  We  will  illustrate  these  effects  with  numerical 
examples . 

In  a  second  paper  in  preparation  we  relate  spectral  properties  of 
multidimensional  emitting  sources  to  spectral  properties  of  the  scan 
functions.  Sources  of  constant  emission  intensity  and  sources  with  finite 
gradients  viewed  from  different  directions  will  be  considered. 

In  a  third  paper,  a  simple  model  of  a  realistic  nonaxisymmetric 
ionospheric  striation  is  constructed,  which  incorporates  the  properties  of 
emitting  structures  established  in  the  NRL  research  programs.  Using  this 
model,  we  examine  the  variation  in  spectral  properties  that  would  be 


observed  by  scans  obtained  from  different  viewing  directions.  We  also 
investigate  the  sensitivity  of  the  spectral  index  to  variations  in  model 
parameters.  Subsequent  papers  will  investigate  multiple  striation  effects 


and  other  properties  needed  to  further  clarify  the  relationship  between 
emitting  sources  and  measured  spectral  indices. 

A  preliminary  investigation  of  these  topics  has  been  given  by  Wortaan 
and  Kiib  [1].  They  have  added  the  additional  feature  of  a  self-similar  and 
probabilistic  distribution  of  scale  sires  in  the  density  function  and  a 
thorough  comparison  with  available  data.  However,  they  do  not  focus  on 
uncertainties  in  the  spectral  indices  resulting  from  inadequate  resolution 


and  the  inadequate  separation  of  scales. 


NOTATION  AND  TRANSFORMS 


“i 

2.1  Notation 

v»e  define  the  direct  and  inverse  Fourier  transforms 
f  ■  f  and  f  ■  ^  f  • 


Three  forms  of  f  are  considered.  The  continuous  function  on  x  e  f— ,  « } ; 
the  periodic  function  on  x  c{- L,  L];  and  the  sampled  periodic  function  on 
x  s [-L,  L],  with  2N  samples  and  spacing  h.  These  and  the  relevant  forms  of 
Parseval's  relation  are: 


f(k)  ■  /  f(x)  e  '“^dx. 


f(x)  -  (2*)'1  /  f(k)  e+ikxdx. 


-  •> 


f  |f|"  dk  -  2v  /  f  (x)  dx; 


-  L  -ik  x 

=  f[kv)  -  (2L)"1  /  f (x)  e  v  dx, 
*L 


f(x)  -  l  t[\) 


+ik  x 

v 


x  E  [->,  ■+-]  , 


X  E [-L,  L] ; 

v  e[— ,  +■>] 


(2.1a) 

(2-lb) 

(2.1c) 

(2.2a) 

(2.2b) 


F 


T  !fj  -  (2L)  /  f^(x)  dx 

.  n»N  -iahk 

=  F(k  )  -  (2N)”1  l  f (nh)  e  ,  n  c[-N+l,  N} ; 

v  n— N+l 


(2.2c) 

(2.3a) 


N  «  +inhk 

f(nh)  -  T  F(ltJ  e  v,  v  e  [-K+1,  S] ,  (2.3b) 

v— N+l 

N  \* 

l  IF  1 2  -  (2N)_1  l  I f (nh) I ",  (2.3c) 

n»-J5+l 

where  k^  ■  (irv/L)  =  (irv/Nh),  and  v  is  Che  mode  number.  Note  if  f(x)  in 
(2.2a)  is  a  function  Chat  vanishes  identically  outside  a  region  contained 
within  (-L,  L),  (a  function  of  compact  support),  then 

f(k)|.  .  -  (2L)  f  . 

k*k  v 

v 

That  is,  they  have  the  same  form. 

We  have  displayed  these  forms  so  as  to  clarify  relationships.  3righam 
[2]  shows  analytically  and  with  lucid  graphics  that  a  periodic  function 
f(x)  •  f(x+2L)  can  be  obtained  from  a  function  of  compact  support 
on  x  e[-L,  L]  by  convolving  it  with  the  series 

T  6(x-2nL). 

In  the  transform  domain  this  convolution  becomes  a  product  of  f(k) 
with  £  o(k~n/2L)  which  amounts  to  selecting  discrete  lines  frcm  the 
continuous  Fourier  transform.  Finally,  we  sample  the  physical  space  by 
multiplying  by  V  o(x-nh)  and  integrating.  In  the  transform  domain  this 
becomes  a  convolution  which  causes  the  leakage  or  "aliasing"  phenomenon 


that  arises  in  discreta  systems 


Transforms  of  elementary  Continuous  Functions  of  Compact  Support 
One  of  our  goals  is  to  characterize  physical  space  functions  by 
spectral  indices.  That  is,  the  power  density  If!-  (or  |Fi2,  etc.)  has  an 
envelope  that  may  be  characterised  by  k  J  in  various  regions  j  and  we 
seek  to  define  these  regions  and  find  accurate  estimates  of  p,.  For 

convenience  in  illustrating  separation  of  scales  and  asymptotic  properties, 
we  will  use  a  function  f(x)  that  is  composed  of'  piecewise-constant ,  linear, 
quadratic,  etc.  functions  and  fractional  powers  of  these  functions.  Vie 

believe  these  functions  are  sufficiently  general  to  include  the  essential 
features  of  real  scans.  The  spectral  index  p  will  be  determined  by  the 
particular  functions  that  are  chosen  and  by  the  manner  in  which  they 
intersect. 

First,  consider  the  transform  of  (3^f)  on  x  ®] 

[5xf]  «  /  (3X£)  e~ikxdx  -  (ik)  f(k).  (2.4) 

In  general,  if  3qf  vanishes  sufficiently  rapidly,  then 

(3*f)  -  (ik)q  f(k).  (2.5) 

In  the  sense  of  generalized  functions,  the  derivative  of  a  Heaviside  step 
function 


H(x) 


r  1  x  >  0 
U  x  <  0  ’ 


is  the  delta  function  5(x).  Their  transforms  are  related  by  ^<S(x))  »  1 
■  (ik)  H.  Thus,  for  functions  of  compact  support  that  are  composed  of 
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The  symmetrical  trapezoid  of  amplitude  A  is  obtained  by  combining 
,  „  with  (1. 2)  where  in  the  latter,  a  *  0  and  b  ■  a.  Thus 


A(b  +  a) (sin  z.  sin  c  )/(t, z  ), 


(2.6) 


wnere 


4  k(b  t  a) . 


(2.7) 


The  half-width  of  the  trapezoid  may  be  defined  as  l, ^  m  (b  —  a)/2,  and  the 
first  null  of  (2.6)  is  at  This  is  also  the  interval  between  nulls 
associated  with  sin  z±<  In  a  similar  fashion,  if  f  is 


1. 


ix|  <  a, 


f  ( n )  -  ;  1  - 


!sl 


*).. 

—  a  ^  ~  ~  ^ 

aJ  '  a  j 


a  <  lx|  <  b. 


(2.8) 


f(x)  -  0, 


1x1  >  b, 


where  A  *  (b  -  a),  t  >  -1.  Note,  f  is  singular  at  |xl  ■  b  if  -1  <  t  <  0 
and  f  has  a  singular  slope  at  Ixi  ■  b  if  0  <  :  <  1.  The  transform  is  given 
in  Appendix  A  and  for  x  -  1/2  (an  elliptical  arc)  it  is 


f(k)  -  k_l  sin  ka{2  -  r  H  (kA)}  +  ir  k~L  J,  (k A) 


-1 


(2.9) 


where  is  a  Struve  function,  as  discussed,  for  example,  in  Reference  3, 
3nd  Is  the  Bessel  function  of  the  first  kind.  If  kA  »  1, 


-2 


HjCkA)  -  Y, (kA)  +-  +  0(kA)  , 


K-15 


where  Y,  is  the  Sessel  function  of  the  second  kind.  Thus 


lia  f  (5c) 
kA  >>  1 


(2rr)1/2&Oci)”3/: 


cos 


•,  .  Jit', 

kA  -  - — j  -  sm 


kA 


3ir '  ,  - 

“ — ■  sm  <a  . 

u  - 


(2.10) 


Further  properries  of  these  functions  are  discussed  below. 


3.  ASYMPTOTIC  SPECTRA  AND  SEPARATION  OF  SCALES 
3.1  Functions  on  the  Infinite  Line 

In  this  section,  quantitative  results  for  special  functions  are 
presented  and  general  rules  are  induced.  Particularly,  that  the  asymptotic 
spectrum  of  continuous  functions  is  determined  by  the  physical  space 

regions  where  slopes  of  f  change  in  the  most  singular  manner. 

.  * .  •> 


The  spectral  representation  of  variables,  ifi  ,  in  nonlinear 

dynamical  processes  often  can  be  represented  by  a  power-law  function  k 

in  the  region  k^  <  k  <  k^,  where  pj  is  called  the  spectral  index  in 

region  j.  (This  excludes  the  dissipative  range  where  some  exponential 

variation  with  k  usually  occurs).  These  representations  are  often  obtained 

by  least-squares  fitting  procedures  which  suppress  oscillatory  effects. 

For  example,  the  envelope  of  maxima  of  piecewise  polynomials  discussed 

previously  can  be  fitted  by  if  |“  a  k  ^  when  length  scales  are  sufficiently 

"separated".  For  k  *  »,  p  is  called  the  asymptotic  spectral  index. 

2-4 

For  the  trapezoid  (2.6),  the  asymptotic  spectrum  is  (4/A)“  k  ,  or  p  ■ 


A  and  for  (2.8),  the  asymptotic  spectral  index  is  obtained  from  Appendix  A 


ror  t  •  1/2  (see  Equation  (2.10))  p  “  3  which  is  intermediate  between  2  and 


-t 
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where  k^  -  2r/(b  +  a)  and  kj  ■  2ir/(b  -  a).  Thus  if  (b  +  a)/(b  -  a)  >>  1  we 
have  a  good  separation  of  scales.  For  the  trape2oid-plus-top  hat  with  u  << 
1  shown  in  Figure  1, 


f  »  (1  -  u)(b  +  a)(sin  z+  sin  z_)/(z+z_)  +  2yb(sin  kb)/(kb),  (3.3) 

and  we  have  four  regions 


f 

e 


(1 


u)(b  +  a). 


k  «  k,  , 

4. 


2k 


-1 


x 

e 


kx  «  k  «  k2, 


k^  <<  k  <<  k^, 


(3.4) 


f 

e 


k3  «  k; 


where 


k1  «  2r/(b  +  a),  k^  -  2r/(b  -  a), 
k3  -  (1  -  y)  u~*  ir/(b  -  a), 


(3.5) 


and  where  we  have  assumed  y  «  1.  The  asymptotic  spectral  index  is  2 
because  of  the  small  but  finite  jump,  'tote  that  the  last  region  begins  at 
a  point  dependent  on  the  size  of  the  discontinuity,  which  in  practice  could 


be  related  to  a  data  artifact. 


f 


3.2  Periodic  Continuous  and  Discrete  Functions 

Because  of  the  computational  efficiency  of  the  fast  Fourier  transform 
algorithm,  one  usually  imbeds  functions  in  a  periodic  domain,  -L  <  x  <  L. 
If  the  functions  have  compact  support  over  a  range  <  2L,  then  from  (2.2a) 

the  transforms  have  the  same  form  but  the  continuous  k  is  replaced  by  k  * 

v 

*v/ L,  where  v  takes  on  all  positive  and  negative  integers.  As  a  rule,  if 
one  wishes  many  harmonics  between  nulls,  one  requires  [l/i  l/2)  >y  where 
is  the  "half-width"  of  the  function.  If  we  satisfy  this  criterion  we 
vill  obtain  a  reasonable  approximation  to  the  continuous  transform  function 
but  it  may  not  yield  a  good  estimate  for  the  spectral  index,  as  we  will  see 
in  Section  3.3. 

For  discrete  functions,  defined  at  intervals  h  ■  L/N,  Eq.  (2.3a)  is 
applicable.  The  discrete  system  has  2JJ  independent  harmonics  v  ■  (-?rrl), 
(-JW-2) ..  .-1,0,1, ..  .N.  The  lowest  harmonic  is  (it/Nh)  and  the  highest 
is  (ir/h).  For  the  symmetric  trapezoid,  Eq.  (2.3a)  yields 


F(6)  -  A 


(3+a)  f*ia  T  9(8+3)  T  ®(8-s)  1 

2N  (S+a)sin(i  0)  (3-a)sin(i  9) 


(3.6) 


where 


b  •  Sh  and  a  ■  ah, 


9  •  kh  •  irv/N,  v  e[-N+-L,N], 


(3.7a) 


(3.7b) 


and  9  ■  ir.  The  essential  difference  between  (3.7)  and  (2.6)  is  the 

ta&x 

2  2 

presence  in  the  denominator  of  (sin  6/2)  instead  of  (9/2)  .  This 
difference  is  called  "aliasing"  [4]  and  is  the  result  of  "folding"  the 
discrete  spectrum  of  the  Fourier  series  around  the  highest  mode.  Thus 
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aliasing,  an  unavoidable  result  of  dealing  with  discrete  data,  modifies  the 
asymptotic  spectral  index. 


To  obtain  a  quantitative  measure  of  the  error  we  define  a  ratio  of 
local  "indices"  and  subtract  one,  or 

dflnlf  |2]/d(ln  0) 

- - - 1}.  (3.8) 

df In I?  !  ]/d(ln  9) 

•  e 

where  fe  and  Fg  are  the  envelope  functions  corresponding  to  f  and  F, 
respectively.  Thus  if  ep(9)  >  0,  Fg  has  a  smaller  effective  p  than  does 
f  .  An  approximate  result  for  the  trape20id  is  obtained  by  setting 


=  { 


and 


(sin 


where 


P2  ■  2  for  2ir/(b+a)  <<  k  «  2ir/(b-a) 
p^  *  4  for  k  »  2v/(b-a). 


Thus 


ep  -  [(tan  j  S)/[j  »)]  -  1  -  (62/12)  +  0(9*;.  (3.9) 

is  positive  and  independent  of  and  is:  0.024  at  9  *  it / 6 ;  0.053  at 
9  ■  rr / A ;  0.103  at  9  *  t/3;  and  0.273  at  ir/2.  That  is,  aliasing  errors 

decrease  the  measured  soectral  index.  Thus,  if  we  use  a  nonlocal  fitting 


r 


procedure  to  estimate  p  (as  described  below)  and  we  wish  to  avoid  using 
dat3  that  contributes  local  errors  >  27%  (or  >  10.3%),  we  must  discard  half 
(or  two-thirds)  of  the  modes! 

3.3  Estimating  Spectral  Indices  of  the  Trapezoid 

As  discussed  in  Sec.  4,  a  least-squares  (nonlocal)  fitting  procedure 
is  used  to  estimate  spectral  indices.  The  essential  caveats  are:  avoid 
using  data  near  a  transition  between  spectral  ranges;  and  discard  data 
above  k^nv/2  (or  k^^/S) .  We  discuss  the  choice  of  appropriate  data 
fitting  regions  for  the  trapezoid,  if  we  wish  to  obtain  estimates  of  p2  ■  2 
and  p-j  ■  4. 

We  wish  to  fit  peaks  of  the  slow  oscillation  associated  with  sin 
k(b-a)/2  in  the  last  region  (No.  3).  The  last  data  mode  will  be 


yk 

max 


5  r«/h, 


(3.10) 


where,  for  example,  to  avoid  aliasing  errors  y  <  1/2.  If  we  start  at 
3  k~/2,  the  condition  for  peaks  beyond  the  transition  yields  a  range 
condition 


(y  +  U3 ) (2ff/(b-a ) )  -  yir/h 


or 


(b  -  a)  -  h(3  +  2y3)/y. 


(3.11) 


# 
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The  intermediate  fitting  region  (No.  2)  starts  after  k^,  the  first 
null,  and  proceeds  to  k^.*.  Here  kj*  is  chosen  according  to  the  error  made 
as  one  approaches  k->,  that  is  according  to  the  departure  of  [sin  (k(b  - 
a)/2)/(k(b  -  a)/2)]“  from  unity  as  given  in 

[sin  ^  ~  a)/  yk^b-a)]2  -  1  -  +  Ofe^'j  , 


or 

-  (3)”1/2  k:*(b  -  a)/2,  •  (3.12) 

'We  proceed  as  in  the  highest  range,  and  require  that  we  fit  y,  peaks 
associated  with  sin  k(b+a)/2,  or 

[j  +  u2';[2r/(b  +  a)]  -  (12)1/2  El/(b  -  a),  (3.13) 

or  using  (3.11) 

(b  +  a)  -  h( 3  +  2y 2 ) ( 3  +  2u3)  */yEl(12)1/2.  (3.14) 

Finally,  we  wish  to  have  sufficient  data  in  the  first  region  before 
the  first  null  at  2N/(S+n)*  Thus 

N  -  w  (3  +  a)/2,  (3.15) 

where  a  minimal  requirement  i3  y,  >  i.  If  we  take  y,  ■  4  and  requirements 

1  4. 

in  the  other  regions,  as  follows: 

y,  *  y3  »  3,  y  •  1/2  and  c,2  -  0.1,  (3.16) 
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then  we  obtain 


(b  -  a)/h  ■  18,  (b  +  a)/h  •  464.6  and  N  ■  329, 

where  the  last  is  obtained  from  (3.15)-  In  Section  4.2  we  will  compare 
methods  of  fitting  the  data  from  the  trapezoid  (b-a)/h  ■  16  and  (b^a)/h  ■ 
464  for  N  *  512,  1024,  and  2048,  which  straddle  the  value  N  *  929. 

4.  FITTING  DISCRETE  DATA 

4.1  Least  Squares  Fits 

In  this  section  we  illustrate  errors  in  a  weighted  least-squares  fit 
*  2 

of  discrete  data  lF(k  )|  over  specified  ranges  with 

If,  I2  •  rl  k_P  "  Eo  v~V>  v  »]•  (4.1) 

Thus,  p  and  Eq  are  obtained  from  the  pair  of  linear  equations 

I  wv  loSio|F|2  "  lo8l0  E0  4  wv  +  *  I  Vv  “  0  (4*2) 

V  V  V 

T  w  z  log,_|F|2  -  log, nEn  Y  w  z  +  p  Y  w  z2  -  0  (4.3) 

L  v  v  *10  *10  0  ‘•vvr-vv  x  ' 

v  v  v 

where  zy  •  l°810u  and  tiie  wei8htin8  wv  that  yields  good  fits  is 

■.•i'Vi-Vi1'  •  <4-‘> 

v 


-• 


because  it  emphasizes  the  lower  modes 


The  fitting  range  for  spectral  region  j  is  defined  as 


v  e,v  ,  v 


jl*  wjF-' 


where  v  and  v._  are  the  initial  and  final  mode  values  included  in  the  fit 
j- 

for  region  j,  and  are  chosen  where  |F(k  )|“  has  a  local  maximum,  and  such 
that  they  are  not  too  close  to  transition  points.  This  procedure  was  found 


to  give  a  good  estimate  of  p  for  single  figures. 


No  consistent 


improvements  were  obtained  when  spectra  for  single  figures  were  smoothed. 
However,  when  many  figures  were  placed  on  a  line  (including  overlapping 


figures),  we  found  that  the  precise  Vjj  and  Vj?  were  less  critical.  This 

-  2 

follows  because  the  point-to-point  variation  of  1 r 1  was  large  (i.e., 


poorly  correlated).  It  is  possible  that  an  algorithm  that 

-  *\ 

fits  log- -|r  I"  with  a  polynomial  in  z  would  give  a  better  estimate  of  a 
local  spectral  index. 

Table  2  contains  summary  information  on  the  top  hat  (a  •  b),  circle 
(Eq.  2.8  with  a  ■  0  and  r  *  1/2)  and  trapezoid.  This  table  illustrates  the 
errors  made  in  obtaining  p,  when  parameters  are  varied  including  the 
fitting  interval  vjp]  or  aaax’  c^e  Cota^  number  of  data  maxima  in  the 

interval.  Measures  of  the  quality  of  fit  are  given  by  •  {p  -  p^/p^  x 
100  and  by 


'  ;VjF  “  Vjl-  -  W-/log10171  ”  iOg10  V 

•* _ v 

"""  *  r  — s  2  -I  1/2 

'  w  [  z  -  z  1 

L  -  V'*  V  '  J 


,  _  -p  >  2 . 1/2 

-  loe.  .  E-v  r  .  ► 


(i-5) 


where  z  *  ^  w  z.  A  w  .  Note:  In  statistical  fitting  procedures  a  is  the 

-  V  J  “  V  w 

V  v 

square  root  of  the  variance  of  p. 
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Table  2  —  Results  of  filling  simple  figures 


4.2  Discussion  of  Fitted  Results. 

The  results  given  in  Table  2  are  for  the  top  hat  (cases  1-6),  the 
circle  (cases  7-10)  and  the  trapezoid  (cases  11-21).  To  assure  a  good 
value  of  p  (to  minimize  5q),  the  figures  were  well  resolved  and  occupied  a 
small  extent  of  the  total  interval  (to  yield  well-defined  oscillations). 
These  requirements  dictate  a  large  total  mesh  size.  The  cases  illustrated 
in  the  table  show  the  effect  of  satisfying  these  criteria  to  a  greater  or 
lesser  degree. 

If  we  compare  the  errors  in  the  least  squares  results  for  region  2  we 
find  that  for  the  top  hat  and  circle  (two-region  functions)  P2  is  much 
closer  to  p?  than  for  the  trapezoid  (a  three-region  function) ,  for  a  given 
mesh  size.  Thus,  even  with  large-mesh  sizes  a  least  squares  fit  to  the 
data  produces  substantial  errors  in  the  prediction  of  a  spectral  index  if 
there  are  several  distinct  regions  of  !c-space  with  different  spectral 
indices. 

Cases  1  and  2  show  results  for  a  mesh  (2N  *  4096)  much  larger  than  is 

a  o 

being  used  presently  in  numerical  simulations.  A  plot  of  logiglFl"  vs. 

logTgV  for  these  cases  is  shown  in  Figure  2.  The  ordinate  is  normalized  so 

that  the  area  under  the  profile  is  unity.  The  lower  scale  on  the  abscissa 

is  defined  in  such  a  way  as  to  provide  a  measure  of  the  size  of  the  object 

relative  to  the  mesh.  The  number  given  at  the  origin  is  the  ratio  of  the 

mesh  size  to  the  size  of  the  figure  (here  it  is  9.3  -  2043/232).  The  first 

null  (which  is  not,  in  general,  a  point  of  the  plot)  occurs  at  1  on  this 

scale,  the  second  at  1/2,  the  third  at  1/3,  etc.  In  Table  2  we  see 

errors,  5  ,  in  p  of  3*  and  5",  respectivelv,  and  a  consistent  variation 
? 

in  a.  Note  that  the  fitting  procedure  always  yields  a  p  >  p.  This  is  due 
to  our  algorithm  for  choosing  the  fitting  regions.  We  are  not  certain 


# 


t 


whether  the  increase  in  error  from  case  1  to  case  2  is  related  to  the 
decrease  in  sample  sine  (14-1038  to  14-526)  or  has  to  do  with  v,_  in  case  2 
being  farther  from  the  aliasing  region,  since  aliasing  tends  to  spuriously 
reduce  p.  In  any  event,  the  errors  are  acceptably  small.  In  cases  3  and  4 
the  same  top  hat  is  placed  on  a  mesh  half  the  size  of  that  in  cases  1  and 
2.  we  obtain  slightly  better  results,  with  errors  of  2"  and  4.5% 
respectively.  The  minor  improvement  is  due  to  the  particular  choices 
of  vOT  and  determined  by  our  algorithms.  In  fact,  choosing  vT  in  cases 
1  and  2  to  be  15  instead  of  14  improves  the  fit  enough  that  cases  1  and  2 
then  show  smaller  errors  than  cases  3  and  4,  respectively . 

With  a  -  smaller  top  hat  in  a  smaller  box  (2N  •  512,  cases  5  and  6, 
Figure  3)  the  errors  are  larger,  4%  for  case  5  and  11.5%  for  case  6.  The 
normalized  standard  deviation,  a,  has  also  increased.  For  the  circular  arc 
the  results  are  consistent  with  the  top  hat  results.  For  example,  cases  7 
and  8  give  6^  of  2%  and  5%,  respectively.  The  errors  for  cases  9  and  10 
compare  closely,  also,  with  the  analogous  top  hat  cases  5  and  6. 

For  the  trapezoid  (see  Figure  4),  the  errors  in  P2  range  from  17.5%  to 

29%.  Generally,  as  the  data  set  increases,  5  and  c  decrease  if  we  do  not 

approach  too  close  to  transitional  points  or  aliasing  regions.  The  smaller 

errors  in  region  3  are  the  result  of  aliasing  errors  competing  with  the 

errors  introduced  by  the  fitting  orocedure.  The  variation  in  6  for 

P 

different  meshes  among  comparable  regions  (e.g.  26.5%,  23.5%  and  17.5%)  is 

an  indication  of  the  magnitude  of  the  variability  obtained  by  such 
procedures  when  data  with  aliasing  errors  are  included.  These  larger 
errors  result  because  the  configuration  of  ’’minimal"  parameters  (3.16)  does 


H 
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not  yield  a  sufficient  number  of  oscillations  of  data  far  from  the 
transitional  points.  If  we  choose  a  more  conservative  set  of  parameters, 
e.g. 

1  * 

u ,  *  8 ,  '!  “  y  '  and  ■  0.01 

then  we  obtain 

(b  -  a)/h  -  33,  (b  +  a)/h  -  3290  and  M  -  13,170. 

This  large  value  of  N  cannot  be  used  conveniently  or  routinely  with 
present-day  computers. 

In  addition  to  the  trapezoid  runs  in  Table  2  we  have  made  runs  with 
randomly  placed  multiple  (three)  identical  trapezoids.  In  a  mesh  with  M  » 
2048,  analogous  to  the  single  trapezoid  cases  11-14,  we  found  only  small 
differences  in  the  resulting  values  of  p , .  This  suggests  that  single 
figures  C3u  provide  a  good  estimate  of  variability  due  to  fitting 
procedures  In  a  situation  where  multiple  figures  occur.  However,  a  proper 
statistical  theory  for  multiple  figures  is  needed  to  generalize  our  limited 


5.  CONCLUSIONS 

We  have  demonstrated  the  essential  elements  which  are  required  to 
determine  accurate  estimates  of  spectral  indices.  We  have  presented  both 
analytical  arguments  and  numerical  experiments,  which  use  least  squares 
procedures  for  simple  geometric  representations  of  scan  functions.  For 
two-region  figures,  such  as  the  top  hat  or  circular  arc,  we  find  that  an 
accurate  estimate  of  the  spectral  index  can  be  obtained  with  256  or  larger 
mode  numbers,  over  a  dynamical  range  of  30-50  db.  However,  for  three- 
spectral  region  figures,  even  with  a  moderate  separation  of  scales,  an 
excess  of  2048  modes  is  required  to  obtain  good  estimates  of  the  spectral 
indices.  Here,  a  typical  dynamical  range  is  80  db.  We  have  investigated 
various  sources  of  errors  including,  for  example,  the  number  of  modes  in 
the  data  set,  aliasing,  and  transitional  nulls.  It  is  possible  that 
fitting  functions,  which  are  based  on  physical  considerations,  will  reduce 
the  data  set  required  to  obtain  accurate  estimates  sf  spectral  indices. 

There  is  a  practical  lesson  to  be  learned  from  this  study.  Spectral 
indices  determined  from  data  cannot  safely  be  used  beyond  the  range  in  k 
for  which  they  have  been  measured.  We  have  shown  that  even  under  well 
controlled  conditions  large  errors  in  spectral  indices  can  occur.  To 
extrapolate  these  indices  beyond  the  dynamical  range  for  which  they  were 
obtained  can  produce  power  level  predictions  that  are  incorrect  by  orders 
of  magnitude.  From  a  systems  perspective  one  could  conceivably  take  a  very 
conservative  point  of  view,,  a  worst  case  hypothesis,  and  assume  that 
wherever  the  atmosphere  structures,  the  spatial  power  spectrum  of 
irregularities  falls  off  like  k  .  However,  this  would  be  unduly 
constraining  to  instrument  designers.  The  fact  is  that  we  do  know  a  fair 
amount  about  the  likely  shapes  of  striations  under  HANE  conditions.  We 


K-2  9 


should,  therefore,  be  able  to  construct  analytical  models  of  striations 
that  sufficiently  mimic  reality  so  that  we  can  investigate  the  sensitivity 


of  spectral  indices 

both 

to 

model 

parameters 

and  to 

the  direction 

of 

observation.  Their 

valid! 

=y 

could 

not 

go  to 

larger 

k  values  than 

is 

warranted  by  the  details 

of 

striation 

struct 

ures  as 

pradicted  by 

our 

physical  theories.  These  studies  are  being  embarked  upon  now  and  will  be 
reported  on  presently. 
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appendix  a.  transform  of  a  special  function 

we  consider  Che  function 

f(x)  -  1  !xi  <  a, 

f(x)  -  (1  -  d'2(:t  -  a)2)T,  a  <  ix!  <  b, 

f(x)  *  o  !xi  >  b, 

where  A  *  b  -  a  and  t  >  1.  Since  it  is  symmetric  the  transform 
written  as 

f (k)  ■  I  t  I*  +  2k"1  sin  ka, 

where  the  last  term  is  associated  with  the  region  |xl  <  a  and 
I  -  K^r*1/2  ,1/2-(t+1)  k-<;+1/2>  e'11*}  * 

<W““>  -  1  8t+l/I<k4)l- 

The  last  is  obtained  from  [5]  Sec.  4.3,  Eq.  12  and  the  use  of 
W(k4)  *  lT+W2  Jt+1/2(“>> 

and 

'i+l/2<lt4)  •  i,+V2  5,«/2(“>- 


where  J_  and  I_  are  the  usual  Bessel  functions  and  L  and  H  are  the  Struve 
tn  a 

functions • 

«  ? 

It  can  be  shown  that  if  1  »  (b+a)/2,  |f(k)i"  has  two  well-separated 
spectral  regions  where  the  spectral  index  of  the  envelope  is  p^  ■  2  and  ?•> 
»  2(t+1),  respectively.  Thus,  if  t  ■  -  1  +  e  then  p?  •  2e ,  nearly  a  flat 
spectrum. 
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We  have  established  a  relationship  between  the  asymptotic  spectral  index  of  idealized 
piecevise-constant  (pc)  opticallv-thin  radiating  sources  and  their  scans.  For  Piecewise- 

constant  clouds,  where  the  one-dimensional  asymptotic  spectrum  of  the  power  is 

_2 

proportional  to  k  ,  we  have  shown  that  the  asymptotic  spectrum  of  the  scan  depends  uoot. 
the  character  of  the  contour  at  the  point  x^  =  (x^,  y^)  where  it  is  tangent  to  the 
extremal  ray.  If  the  contour  at  (x^)  behaves  like  y-yQ  =  Y  (x-x^)  then  the  asymptotic 

spectral  envelope  of  the  PSD  of  the  scan  varies  as  k  ^  T  For  a  convex  curve  with 

-3 

finite  curvature  at  x^,  we  have  t  *  1/2  and  obtain  the  well-known  result,  k  .  li 
addition,  if  the  radiating  density  in  such  a  cloud  flank  varies  with  a  power  law  m,  then 
the  asymptotic  spectral  envelope  of  the  scan's  PSD  varies  as  k  +  T  +  .  We  also  apply 

the  results  to  the  interpretation  of  optical  scans  from  two  PLACES  events.  These  are 
insufficiently  resolved  and  their  estimated  spectral  index  of  2.5  is  associated  with  ' 
composite  of  effects  and  not  the  nonlinear  dynamics  of  striation  evolution. 
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1. 


INTRODUCTION 


Observation  of  unstable  and  turbulent  geophysical  fluid  dynamical 
processes  are  often  indirect  and  made  from  remote  sensors.  Many  processes 
are  observed  optically  from  several  vantage  points  and  the  spatial  radiance 
distribution  is  recorded  photographically  or  electronically.  From 
successive  frames,  one  hopes  to  deduce  the  location  and  morphology  of 
evolving  hierarchies  of  structures.  Unfortunately,  a  detailed  recon¬ 
struction  is  impossible  because  of  the  lack  of  precise  control  of  the 
processes  that  govern  the  radiation,  the  paucity  of  recording  locations, 
and  the  lack  of  detailed  in-situ  (rocket  borne)  diagnostics.  That  is, 
compared  to  the  progress  in  laboratory  tomography,  our  problem  is  highly 
underdetermined. 

A  long-range  goal  of  the  present  investigation  is  to  construct  simple 
models  of  radiating  ionospheric  or  RANE  plasma  clouds  that  are  useful  to 
communication  and  tracking  systems  engineers.  We  are  interested  in  the: 
intercloud  distances,  scale  sizes,  gradients  and  asymmetries  with  respect 
to  the  earth's  magnetic  field  and  ambient  winds  and  the  evolution  of  these 
structural  features.  We  will  distill  the  bits  of  information  available 

from  field  experiments  and  large-scale  nonlinear  dynamical  computer 

simulations  into  cogent  models.  Conventionally,  one  discretizes  field  data 
and  uses  the  computed  power  spectral  densities  (PSD's)  to  compare  with 
realistic  turbulent  or  wave  steepening  numerical  simulations.  However, 
PSD's  and  their  spectral  exponents  are  subject  to  errors  because  of  the 
inadequacy  of  resolution  and  dynamical  range  in  experimental  and  numerical’ 
simulation  data.  Some  considerations  of  the  latter  were  given  in  the  first 
report  of  this  series-*  and  are  applied  here. 

In  Section  2  we  discuss  the  relation  between  radiation  from  an 
idealized  (piecewise-constant,  pc)  cloud  and  its  projection  functions, 
f(x).  These  are  intensity  scans  through  a  "slice"  of  the  cloud.  For 
simplicity,  the  cloud  is  taken  to  be  sufficiently  remote  so  that  parallax 
effects  are  negligible.  That  is,  all  rays  emitted  by  the  cloud  are 

perpendicular  to  the  projection  plane.  We  will  show  that  essential 

properties  of  f(x)  are  related  to  properties  of  the  cloud's  boundary  curve 
(e.g. ,  curvature,  etc.)  at  points  where  projection  rays  are  tangent  to  the 
boundary  curve.  We  also  examine  the  competition  between  local  curvature 


and  density  gradient  at  a  tangent  ray  to  clouds.  In  Section  3  we  relate 
PSD's  of  clouds  to  the  PSD's  of  their  projection  functions.  In  Section  & 
we  analyze  measured  scans  from  two  !:PLACES"  experiments  in  light  of  the 
above  results,  and  Section  5  presents  our  conclusions. 

2.  PROJECTION’S  OF  3D  CLOUDS 
2.1  Introduction 

Ionospheric  plasma  cloud  densities  may  be  approximated  by  the 
separable  function 


n(x',t)  “  2'*ti 


(1) 


where  z'  is  along  the  earth's  magnetic  field.  Thus  exhibits  a  steep 
"backside"  and  g  may  be  approximated  by  exp  -  [ ( z'  -  Zq1/£]"  where 
l  *  +  (vt)  approximates  a  diffusive  spreading  along  z'  with 

diffusivity  v  and  zQ(t)  decreases  in  time  as  the  cloud  settles  from  its 
high  altitude  release  point.  There  is  evidence  that  the  symmetry  in  z'  - 
zQ  may  be  broken  in  time,  that  is,  the  higher  altitude  regions  may  be  more 
diffuse.^  However,  to  illustrate  the  nature  of  projections  and  the 
essential  issues  involved  in  computing  PSD's  we  suppress  the  time  variable 
and  consider  an  idealized  cloud  with  piecewise  constant  (pc)  density  in  a 
bounded  domain  D,  namely 


n 


(2) 


2.2  Piecewise-Constant  Clouds. 

Figure  1  shows  a  segment  of  a  pc  cloud,  the  curve  C(x,y)  =  0 
(which  is  the  intersection  of  domain  D  and  P(x) ,  the  perpendicular 
intersection  plane)  and  the  projection  plane  on  which  the  radiance  image  is 
recorded.  The  sketch  to  the  right  of  the  plane  is  an  intensity  plot  f(x) 
associated  with  a  "slice",  the  line  a-b  on  the  projection  plane.  For  an 
optically  thin  cloud,  f(x)  is  obtained  by  integrating  the  intersection 
intensity,  fj(x,y),  along  the  y  direction  (perpendicular  to  the  projection 
plane).  The  limits  of  integration  y+(x)  and  y_(x)  are  the  intersections  of 
a  line  perpendicular  to  the  projection  plate  with  C(x,y)  *  0.  That  is 


+y  (x) 

f(x)  =  J  dy  fT(x,y)  =  F0!  y+(x~)  +  v_ (x)  \  =  Fny(x)  •  (3) 

-y_(x) 

Generally,  for  non-pc  clouds  fj(x,v)  will  not  be  constant  and  will  depend 
on  the  orientation  angle  of  the  viewer  with  respect  to  the  magnetic  field 
and  ambient  wind. 

Consider  f(x)  near  x  *  xq  where  a  projection  ray  is  tangent  on  the 
left  to  C(x,y)  =  0,  (e.g.,  point  a  in  Fig.  1).  Thus,  for  x  >  xq  we 

represent  the  curve  locally  for  y  >  y^  by 


x  -  xQ  =  t, 


y  -  y0  =  yt  , 


where  t  -*■  (0+).  That  is,  the  right  side  of  (4a)  and  (4b)  may  be  considered 
the  leading  terms  in  a  series  in  t,  which  represent  an  arbitrary  curve. 
Thus , 

yx  5  yt/xt  =  TYtT_1,  (5) 

is  singular,  constant,  or  zero  as  t  ♦  0  if  t  <  1.0,  t  =  1.0  or  t  >  1.0, 
respectively.  Similarly,  the  curvature 


Vt  -  *tt?t  YT(,— +  ° 

«  2  2,3/2  B  ,  2-2t  ^  2  2,3/2  ’ 

(x  +  y  )  [t  +  t  y  ] 


(-  <  1) 


is  singular,  constant  or  zero  as  t  ♦  0  if  r  >  1/2,  t  =  1/2,  or  r  <  1/2, 

respectively.  The  table  below  summarizes  some  cases  in  the  vicinity 

of  X  =  X  . 

'  -0 
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Table  1.  Various  Curves,  (Equation  4)  Near  an  Extremal  Ray  and  The 
Asymptotic  Behavior  of  the  PSD  for  Piecevise-Constant  Regie 


Lons 


T 

LOCAL 

FUNCTIONAL  FORM 

^(x0) 

FIG.  2 

ASYMPTOTIC 
BEHAVIOR  OF  PSD 
FOR  PC  REGIONS 

2.0 

y-y0  =  +y(x-x0)2 

0 

ac 

(NOT  SHOW) 

k-6 

4/3 

y-v0  =  +y(x-x0)‘+/3 

0 

ao 

CUSP 

(NOT  SHOWN) 

k-14/3 

1.0 

y-y0  *  +y(x-x0) 

Y 

00 

CORNER 
(NOT  SHOWN) 

k-4 

2/3 

y-y0  =  +y(x-x0)2/3 

00 

ao 

(NOT  SHOWN) 

k-10/3 

1/2 

y-y0  *  +y(x-Xq)  ^2 

ao 

-2/y2  . 

• 

k-3 

1/3* 

y-y0  «  y(x-x0)1/3 

ao 

0 

A 

k-8/3 

1/4 

y-y0  -  +y(x-x0)1/a 

oo 

0 

□ 

k-5/2 

e«l 

y-y0  *  +y(x-x0)£ 

00 

0 

(NOT  SHOWN) 

k-(2+2t) 

*A11 

cases  are  for  x  >  xQ 

except  t  * 

1/3  which 

applies  for  -*  <  x  <  •» 

The  next  to  last  column  refers  to  illustrations  given  in  Figure  2.  The 
last  column  gives  the  asymptotic  behavior  of  the  PSD  for  pc  densities  (i.e 
m  *  0,  as  discussed  in  Sec  3.2). 


For  example, the  elliptical  limacon 

(x,yi  -  ( 1-U  cos  el(d  cos  e,  e  sin  61, 
has  a  curvature 


aB(l  +  2p2  -  3y  cos  61/D3^2 


(7) 


PC 


(9) 


D  *  a^(sin  8  -  u  sin  29  +  e^fcos  8  -  cos  29  1^. 


From  (8)  one  obtains  r*0at8»0ifii«  1/2  and 

(y/Bi  «  ( 2  i  (j  -  xl1^4  +  ...  ,  (10) 

which  corresponds  to  the  t  *  1/4  entry  in  Table  1.  More  realistic  clouds 

may  be  composed  by  summing  many  nested  pc  clouds  and  each  one  will 

contribute  its  own  projection  function. 

2.3  Finite-gradient  Clouds. 

We  now  consider  more  realistic  n(x)  with  finite  gradients  near 
the  edge  of  the  boundary  of  the  domain.  Hence  fj(x,y)  is  no  longer 
constant  within  the  contour  of  intersection  C(x,y)  and  we  have  two 

competing  space  scales  at  the  tangency  points,  namely,  the  local  radius  of 
curvature  and  the  local  gradient  scale,  i  *  f^/iVf^i. 

To  elucidate  this  competition,  we  perform  a  local  analysis  for  a 
structure  with  a  polynomial  flank  of  degree  m 

fx  -  Xq-10  l(*b  -  x)2  +  (yb  -  y)2]”^2  f0,  xo~,el  <  x  c  xo  * 


where  (xfe,  yfe) 


are  on  the  boundary  such  that 

y  -  (7»  '  y) 

x  (xfe  -  x) * 


x.  y  t 

x,  *  xn  -  | - )  . 

b  0  x  y 


To  lowest  order  this  is 


x0y  t 

x.  «  x  -  ( - 1  . 

b  0  v  x  y 


At  fixed  x,  one  evaluates 


f  -  2 J  f_(x,y)dy, 
0 


Near  x 


where  y+  -  y(xQ  -  x)T'. 
and  retains  only  the  lowest 
obtains 


*  Xq  ,  one  expands  the  terms  in  parenthesis 

•y 

order  in  y,  0(v~),  and  after  some  algebra 


,  o  i  \m+T_L  rw  „m+T  +  l  .... 

f  *  2xo  F0Y^X0  ~  +  °^x0  “  x)  03) 

Thus,  to  leading  order  the  exponent  increases  from  r  to  (m  +  t  )  if  a 
piecewise-constant  cloud  is  replaced  by  one  with  a  m-th  degree  polvnomial 
flank.  Note  this  indicates  that  by  examining  projections,  one  cannot 
distinguish  between  local  gradients  of  density  and  the  local  shape  of  the 
boundary  curve  of  the  cloud. 


3.  Power  Spectral  Densities  of  Piecewise-Constant  Clouds  and  Projections 
3. 1  Clouds 

We  define  the  direct  and  inverse  Fourier  transforms  of  an  n- 
dimensional  cloud  as 

f(k)  =  f(kj,k2»  ...  »^n)  *  J  (n)^2pe  »  I  E  P  (14) 

-n  -  +i k*  x 

f(x)  -  f(Xj,x2,  ...  ,xn)  =  (2r)  J  f(k)e  "dk  ,  k  e  f"  (15) 

where  J ^  symbolizes  n  integrations  that  cover  the  entire  domain 

and  dx  =  dx.  dx.  ...  dx  and  dk  =  dk,  dk„  ...  dk  .  The  last  can  be 

'■iz  n  -12  n 

written  as  dk  -  dk  dck,  where  k  *  |k|  and  do,  is  an  (n-1  )-dimensional 
surface  differential  such  that  J(n_j)d°k“  2tt 2 /r (n/ 2) .  The  functions  f 
and  f  satisfy  Parseval's  formula 

Et  =  j  | f | 2  dk  -  (2*)n  j  | f ( x ) | 2  dx,  (16) 

*  2 

where  | f |  is  the  PSD. 

Gelfand  et  al.^  show  that  if  the  boundary  3D  of  a  pc  cloud  of  densitv 
Fq  1 8  a  convex  surface  (i.e.  ,  at  each  point  on  ?D  the  product  of  the 
principal  radii  of  curvature  *  0),  and  if  ?D  is  centrally  symmetric  about 
the  origin  (e.g.,  like  an  ellipsoid),  then  the  asymptotic  spectrum  is 


(17) 


f(k)  -  2F0(2it)(n"1)/:{p1P2...cn_1l(1/2:)k"(n+1)/2 


x  cos  |ka  -  (n-t-l)ir  j{  1  +  0(k  , 


where  k  ■  |k|,  2a  is  the  "diameter"  of  D  perpendicular  to  the  direction  k/k 

(which  is  associated  with  the  index  n)  and  p.,o_,  ...  ,P  ,  are  the 

l  z  n- 1 

principal  radii  of  curvature  at  points  A  and  A'  on  ?D,  namely  the  extremal 

points.  Figure  3  illustrates  these  quantities  for  an  ellipse  (n  ■  2) 

where  k/k  -  e  ,  and  the  curvatures  <  *  1/p,  at  A  and  A'  are  the  same,  since 
-  ~y  1 

the  ellipse  is  centrally  symmetric.  The  two-dimensional  PSD  obtained  from 
(17)  is 


E(k)  =  | f (k) ) 2  -  8irF2p1k~3  cos2|  ka  -  |^-J |  1  +  Ofk“1/2}} 
We  define  the  one-dimensional  PSD  as 


(18) 


V10  5  k"'‘  E(i>  -  k”‘1  Ju-n^k'"2*  <"» 


and  thus  E T  *  J  dk  E.(k).  From  (19)  with  (17)  the  dominant  term  in  E.(k) 

A  —CD  1  1 

is 

i—  -i) 

E  ^(k)  -  I2n+2x  2  /r(y)jF2k  2(p  jP2**  .pn_i )  cos2[ka  -  (n+Orj  +  ...  . 

(20) 


That  is,  the  asymptotic  dependence  of  the  one-dimensional  PSD  of  an  n- 

dimensional  piecewise  constant  cloud  with  convex  boundaries  is  proportional 

-2  2  3 

to  k  and  the  quantity  in  brackets  is  (4x)  or  (4it)  for  n  *  2  or  3, 

respectively.  The  amplitude  of  the  asymptotic  spectrum  is  inversely 

proportional  to  the  product  of  the  curvatures  at  the  extremal  points. 

3.2  Projections 

In  Section  2  we  have  shown  that  in  a  small  region  near  the  tangent  ray 

(e.g.,  the  origin  x  *  0),  we  can  represent  the  projection  function  as 

f(x)  *  xTh(x),  x  >  0,  (21) 

where  h(x)  is  an  analytic  function  for  x  >  0  and  t  >  0.  The  simplest 
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projection  function  for  a  convex  cloud  is 
T1  t2 

f(x)  «  x  xll  -  (x/a2H  h12(x),  0  <  x  <  a2> 

where  is  analytic  and  greater  than  zero  between  0  <  x  <  a2>  and  t  j , 

are  >  0.  The  asymptotic  spectrum  will  depend  on  which  exponent  is  most 
singular,  that  is,  smaller.  For  simplicity,  we  consider  one  such  point  and 
examine  the  Fourier  transform 

.  ®  -ikx 

f(k)  “  J  e  x  h(x)  dx 
0 


f(k)  -  k-(T+1)  J  e"iCE:TbU/k)dS 


where  kx  ■  If  one  applies  the  method  of  stationary  phase0  for  k  »  1 
we  can  show  that  the  integral  is  0(1)  and  the  asymptotic  spectral  index 
of  f  is  -  ( t  +  1).  The  result  agrees  with  that  presented  in  our  previous 

3 

report,  namely  for  the  function 


f  *  1,  |x|  <  a,  f  -  0,  |x]  >  b 


f  *  [1  -  (x-a)2(b-a)  V,  a  <  |x|  <  b, 


the  asymptotic  spectrum  is  -  (t  +  1)  or  the  spectral  index  of  the  PSD  of  f 
is  p  *  2(t  +  1), 

We  conclude  with  the  results:  For  clouds  contained  in  a  finite  domain 

and  having  a  polynomial  flank  of  degree  m  (see  Equation  (11)),  the 

*  2 

asymptotic  spectral  index  of  |f|  (the  PSD  of  the  projection  function  f(x)) 


p  ■  2(  1  +  t  +  m) . 

For  j>£_  densities  (m  -  0)  the  asymptotic  spectral  behavior  is  given  in 

_3 

the  last  column  of  Table  1.  Note  the  well-known  result,  a  k  dependence 
occurs  when  the  curvature  at  the  extremal  ray  is 
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finite  (t  *  1/2).  Furthermore,  the  asymptotic  spectral  index  varies 
continuously  from  slightly  greater  than  2  (t  =  e)  to  indefinitely  large 
values  depending  upon  the  nature  of  the  cusp.  Note,  a  linear  flank  on  a 
convex  curve  gives  an  asymptotic  PSD  a  k-^. 

4.  Application  of  Results 

3 

We  apply  the  results  of  the  present  and  previous  papers  to  data  from 
the  recent  "PLACES"  high-altitude  barium  cloud  releases. ^  We  will  show 
that  the  PSD  results  in  Reference  7  for  events  GAIL  and  IRIS  are  valid  only 
for  the  small  wavenumber  region,  K  <  1.5  km  1  which  is  the  region 
associated  with  the  mean  size  of  the  cloud.  These  spectra  do  not  yield  any 
information  about  the  asymptotic  spectral  index.  Such  exponents  arise  in  a 
Rufenach  fit  to  a  nonlinear  dynamical  process,  namely 

PSD(lO  -  U  +  (KL  )2]'p/2 
o 

where  (KLQ)  »  1.  In  this  section  K  *  radians/km  «  (length)-1  (i.e.  not 
the  conventional  2ir/ (length) )  and  LQ  is  the  outer  scale  length,  typically  1 
km  to  3  km. 

Optical  emission  data  for  events  GAIL  and  IRIS  are  given  in  reference 
7  in  several  forms:  non  field-aligned  photographs  of  optical  emission; 
smoothed  optical  radiance  contours  (e.g.,  Fig.  4a  and  5a);  several  scans  of 
the  contours  in  a  direction  transverse  to  the  local  magnetic  field  (e.g. 
Fig.  4b  and  5b);  and  a  PSD  of  a  "windowed"  scan  (e.g.  Fig.  4c  and  5c). 

O 

Several  features  of  the  data  reduction  process  deserve  comment.  In 
windowing,  the  given  data  is  multiplied  by  a  prescribed  function  (a  Kaiser- 
Bessel  window)  which  makes  the  resulting  function  nearly  periodic.  This 
avoids  discontinuities  and  large  contributions  to  the  high-wave  number 
spectrum  at  the  expense  of  introducing  a  frequency  domain  "smoothing"  by 

Q 

convolution.  In  Figs.  4a  and  5a  three  rectangular  regions  are  shown.  The 
scans  or  profiles  in  Figs.  4b  and  5b  and  their  standard  deviations  are 
obtained  by  averaging  21  separate  scans  in  each  rectangular  region. 
Typically  this  involves  fewer  than  256/2  *  362  points  per  scan.  This  data 
is  then  reinterpolated  with  250  to  500  points  (twice  the  ratio  of  the 
highest  to  the  lowest  mode  number)  so  as  to  obtain  a  reasonable  fit  to  the 
oscillations,  which  are  attributed  to  striations.  These  reasonable  but 
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ad  hoc  procedures  lead  one  to  question  the  validity  of  the  highest  50!.'  0f 
the  modes  as  a  representation  of  the  nonlinear  dynamics  of  striation 
evolution.  The  following  table  presents  pertinent  information  obtained 
from  the  small  figures  in  Ref.  7. 

EST.  SPECTRAL 

HIGHEST  MODE  LOWEST  MODE  HIGHEST  MODE  INDEX 
FIG.  EVENT  REF.  7  (km-1)  (km-1)  LOWEST  MODE  (REF.  7) 

4C  IRIS  FIG.  66  6.6  0.066  100  2.5 

(LOWEST) 

5C  GAIL  FIG.  51  7.6  0.038  200  2.5 

(LOWEST) 

For  an  approximation  consistent  with  the  location  of  the  first  two 
nulls,  the  data  in  Figures  4c  and  5c  are  conveniently  fit  with 
trapezoids.  For  example,  the  symmetric  trapezoid  with  altitude  A,  upper 
and  lower  parallel  sides  2a  and  2b,  respectively,  has  a  PSD3 

|f!2=  I A(b  +  a)  (sin  z+sin  z_)/( z+z_)j2  , 

where 

z+  *  irK(b  +  a). 

Thus,  if  the  scales  are  well-separated,  (b  +  a)/(b  -  a)  »  1,  then  we 
have  a  k-2  envelope  for  Kn  =  2/(b  +  a)  <  K  <  =  2/(b  -  a)  and  a  k-4 

envelope  for  K  >  K21.  From  our  asymptotic  theory  given  in  Section  2,  the 
k-4  region  would  occur,  no  matter  what  the  shape  of  the  function  in  the 
region  (b  -  a),  where  the  trapezoid  is  linear.  This  linear  behavior 
corresponds  to  t  *  1  in  Table  1.  If  other  exponents,  r  ,  describe  the 
function  in  this  narrow  region  then  the  appropriate  spectral  index  envelope 
would  be  2(t  +  1). 


The  first  two  nulls  in  Fig.  4c  are  consistent  with  fitting  the  scan  in 
Fig.  4b  with  a  symmetrical  trapezoid  whose  upper  and  lower  parallel  sides 
are  2a  *  1.8  km  and  2b  “  6.2  to.  The  first  null  of  the  discrete  Fourier 
transform,  Kjj  -  2/(b  +  a)  -  0. 5  is  associated  with  the  first  transition. 
The  first  null  of  the  second  transition  is  at  K21  “  2/(b-a)  *1.1  and  is 
consistent  with  the  second  null  in  Fig.  4c.  Hence  we  conclude  that  the 
scales  are  not  well  separated.  The  only  information  available  concerning 
the  asymptotic  spectrum  lies  in  the  range  K  >  1.5.  This  region  represents 
a  composite  of  effects  resulting  from:  the  K“4  trapezoidal  spectrum;  the 

small-scale  structures  on  the  trapezoid  (their  widths  and  separations); 

film  grain  noise;  and  aliasing.  One  cannot  see  the  spectral  index  of 
individual  striations. 

Event  GAIL  had  steeper  gradients  as  shown  in  Fig.  5b.  One  could 
approximate  this  scan  function  by  an  unsymmetric  trapezoid  with  an  upper 
parallel  side  2a  •  14.5  to  and  a  base  composed  of  a  right  segment  bj  *  8.45 
to  and  a  left  segment  b2  *  9.45  km.  The  lack  of  symmetry  causes  an 
interference  of  the  nulls  and  they  aren't  as  clean  as  in  the  discussion  of 

Fig.  4b.  However,  it  is  reasonable  to  approximate  the  unsymmetric 

trapezoid  with  a  symmetric  one  with  2b  -  17.9  then  Kn  *  0.123  and  K21  * 
1.18,  a  good  separation  of  scales.  Thus,  between  0.123  and  1.18  the 
spectral  index  is  changing  from  2  to  4.  For  K  >  1. 2  a  comment  similar  to 
that  given  in  the  above  paragraph  applies. 

As  discussed  in  reference  3,  to  make  a  good  esimate  of  the  asymptotic 
spectral  index  from  a  scan  with  no  noise,  one  needs  at  least: 

256  modes  for  a  scan  function  with  two  k-space  regions 

10,000  modes  for  a  scan  function  with  three  well  separated  k— space 

regions. 

Thus,  we  conclude  the  data  presented  do  not  allow  one  to  deduce  the 
spectral  index  of  striations.  It  is  obvious  that  a  single  unqualified  PST) 
index  can  be  misleading. 


5.  CONCLUSIONS 


In  this  report  we  have  considered  the  relationship  between  a  radiating 
cloud  and  the  power  spectral  density  of  a  scan  of  its  photographic  image. 
To  allow  us  to  focus  on  the  uncertainties  associated  with  geometrical 
aspects,  we  have  assumed  idealized  conditions,  namely:  optically  thin 

clouds,  no  parallax  effects  and  no  distortion  due  to  camera,  lenses  and 

film  grain..  We  have  considered  clouds  with  a  piecewise  constant  and  power 
law  radiating  density.  We  have  not  attempted  to  correlate  this  radiant 

density  with  the  ion  density. 

For  convex  piecewise-constant  clouds,  where  the  one-dimensional 
asymptotic  spectrum  of  the  power  is  proportional  to  k  ,  we  have  shown  that 
the  asymptotic  spectrum  of  the  scan  depends  upon  the  character  of  the 

contour  at  the  point  where  it  is  tangent  to  the  extremal  ray.  If  the 

contour  at  (xq,  yg)  behaves  like  y  -  y^  •  y(x  -  Xq)T  then  the  asymptotic 
spectral  envelope  of  the  PSD  of  the  scan  varies  as  k  In 

addition,  if  the  radiating  density  in  a  cloud  flank  varies  with  a  power  law 

m  then  the  asymptotic  spectral  envelope  of  the  scan's  PSD  varies 

, -2( 1  +  r  +  m) 
as  k 

We  have  applied  these  considerations  to  data  from  PLACES  events  IRIS 
and  GAIL.  We  have  shown  that  the  spectral  Index  obtained  in  Ref.  8  is 
associated  with  a  fit  to  an  intermediate  region  with  several  competing 
effects  and  is  not  associated  with  the  asymptotic  spectral  index  that 
arises  in  nonlinear  turbulent  or  wave  steepening  dynamical  processes. 
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Figure  Captions 


Schematic  of  a  remote  radiating  cloud  and  the  projection  function  f(x) 
through  a  slice  of  the  cloud. 

Two  projections  of  a  realistic  two-finger  cloud  showing  the  effects  of 
tangency  points  (  □  and  A  )  where  *  <=  0. 

Parameters  used  to  define  the  asymptotic  spectrum  of  a  convex 
centrally  symmetric  piecewise-constant  2D  cloud. 

Event  IRIS.  PSD  contains  100  modes.  (Reference  7,  Figs.  65  and  66). 

(a)  Smoothed  radiance  contours  and  three  rectangular  regions  In  which 
scans  are  made. 

(b)  Fitted  radiance  profiles  with  upper  and  lower  standard  deviation 
corresponding  to  the  lowest  scanning  rectangle.  Small  scale 
oscillations  in  arrowed  circle  indicate  striations.  (These  are 
resolved  with  about  10  points  per  period.) 

(c)  PSD  of  information  in  (b)  above  after  using  a  Kaiser-Bessel  window. 

EVENT  GAIL.  PSD  contains  200  modes.  (Reference  7,  Figs.  50  and  51). 

Captions  on  (a)  (b)  (c)  same  as  in  Fig.  4. 
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A  simple  model  is  used  to  show  that  the  finite  parallel  length  of  ionospheric  plasma  clouds  can  affect 
the  growth  rate  of  strtatton  instabilities  le.g..  gradient  drift).  The  finite  parallel  length  of  plasma  clouds 
tends  to  favor  the  growth  of  stnations  with  short  perpendicular  wavelengths. 


1  Introduction 

In  the  disturbed  ionosphere.  Ravleigh-Taylor  [Scannapieco 
and  Ossakow.  1976:  Ott.  1978;  Ossakow  et  at..  1979:  Zalesak 
and  Ossakow.  1980]  and  gradient  drift  instabilities  [Simon. 
1963:  Lmson  and  H'orkman.  1970:  McDonald  et  at..  1980, 
1981]  are  considered  to  be  primary  sources  for  fluid  structur¬ 
ing.  These  instabilities  are  predicted  to  be  aligned  along  mag¬ 
netic  field  lines  with  the  result  that  analysis  and  numerical 
simulation  have  emphasized  the  flute  approximation,  which 
neglects  the  explicit  dependence  of  modes  on  the  coordinate 
parallel  to  the  ambient  magnetic  field:  when  considered,  it  has 
been  taken  into  account,  in  a  gross  sense,  by  averaging  plasma 
parameters  over  magnetic  field  lines,  but  without  considering 
the  implications  on  the  ionosphere  of  accompanying  mode 
variation  along  magnetic  field  lines.  One  exception  to  this 
generality  is  the  paper  by  Goldman  et  at.  [1976],  which  calcu¬ 
lates  eigenmodes  in  the  electrostatic  approximation,  recog¬ 
nizing  that  modes  must  vary  along  the  magnetic  field  lines  as 
one  moves  away  from  the  source  of  instability,  an  artificial 
plasma  cloud 

Artificial  plasma  clouds  in  the  ionosphere  have  a  finite  spa¬ 
tial  extent  that  can  influence  the  development  and  properties 
of  plasma  instabilities.  In  this  paper,  particular  emphasis  is 
placed  on  determining  certain  effects  on  the  gradient  drift  in¬ 
stability  resulting  from  the  finite  length  of  plasma  clouds 
along  the  geomagnetic  field.  It  is  demonstrated,  with  a  rather 
simple  plasma  geometry,  that  finite  plasma  length  implies 
parallel  currents  and  electric  fields  which  contribute  to  the 
development  of  eigenmode  structure  along  the  geomagnetic 
field.  Specifically,  the  finite  field  line  integrated  electron  den¬ 
sity  of  ionospheric  plasma  clouds  can  play  a  role  in  reducing 
the  growth  rate  of  striation  instabilities.  This  point  is  subse¬ 
quently  quantified.  The  finite  parallel  length  of  ionospheric 
plasma  clouds  tends  to  favor  the  growth  of  striations  with 
short  perpendicular  wavelengths. 

In  section  2  the  calculation  model  and  general  equations  are 
discussed.  Section  3  contains  a  derivative  of  the  dispersion 
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equation.  Section  4  describes  the  quantitative  evaluation  of 
the  mode!  for  parameters  appropriate  to  barium  releases. 
Concluding  remarks  are  given  in  section  5 


2.  General  Eolations 

We  first  derive  a  set  of  nonlinear  equations  to  describe  the 
evolution  of  a  cold  plasma  cloud  IT  >0|ina  uniform  mag¬ 
netic  field  B  =  B0-  with  a  background  neutral  wind  V.  =  I„.x 
(see  Figure  la).  For  simplicity  we  consider  only  low  frequency 
c  ct  «  v,  motion  of  the  cloud  and  take  the  electron  collisions 
to  be  sufficiently  weak  so  that  v,  Q, «  I  bui  allow  v,  Q,  to  be 
arbitrary.  The  collision  frequency  and  gvrofrequency  of  the  x 
species  are  given  by  v,  and  Q,.  respectively  In  this  limit  the 
fundamental  equations  of  our  analysis  are  continuity,  momen¬ 
tum  transfer,  charge  neutrality  and  Ampere's  law 

'-r1  -  V  •  (nVji  =  0  ill 

(  l 

0  =  —  eE  —  -  x  B  -  m,i„(v,  -  V„l  -  m,v,.,(v,  -  v,|  |2l 

c 

t* 

0  =  rE  *  -  i,  x  B  -  m, i,„n,  -  V.i  -  m,v„(v,  -  »,)  1 3 1 

i 

V  •  J  *>  V  •  [n,.iv,  -  »,.l]  =  0  1 4 1 

4it 

V  *  B  =  —  J  (5l 

t 

where  the  variables  have  their  usual  meaning  We  take  the 
electric  and  magnetic  fields  to  be  represented  by  potentials  as 

1  .'4.  . 

E  =  -  Tip - —  :  tbl 

i  rt 

B  -  B ,,z  t  T.(.  x  r  |7| 

where  <t>  is  the  electrostatic  potential  and  4.  is  the  vector 
potential  associated  with  the  magnetic  field  produced  by  the 
self-consistent  plasma  currents.  We  consider  only  A.  since 
J „  »  /.  and  we  assume 

|VA.  x  ;|  «  Bo 


111.913 

M-3 


.  • 
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Fig 


where 


-  TT  Tn  •  V,  x  e. - —  lb-  VlV  :  4.  =  0 

si,  '  4tI<> 


V  -4: 


4n 

?n. 


[b  -V\0 


1  dA.~ 
c  di 


(131 

1 14l 


O  =  <2>  —  (B  cH t',.  ft,  IV,  •  x 
d  dl  -  c  ci  -s  ir„  Q.li  »  V,  •  F 


1,  «  m,v,  ne: 

Equation  Il2i  is  the  electron  continuity  equation.  i13i  is  the 
charge  conservation  equation,  and  ( 14)  is  Ampere  s  law  Thus. 
(12MI4i  provide  a  complete  description  of  the  evolution  of  a 
three-dimensional,  cold  plasma  cloud 
We  will  only  consider  the  linear  stability  of  a  two- 
dimensional  cioud  which  is  localized  both  along  and  across 
the  magnetic  field  B0:  nt  -  nr(.x.  ci  with  l.xi  <  \0  and  ;ri  < 
The  background  plasma  is  taken  to  be  uniform  throughout  all 
space  The  equations  describing  this  two-dimensional  equilib¬ 
rium  are  given  by 

r»  If  1/1  i.4.  ro  \ 

—  ~  -  r - — =  0  1 1 5 1 

it  e  < :  17,  \  c  cl  rz  ' 

.  v  <  c  c  i  <‘:  4. 

7T  p  ~  »  —  =  0  ( 16) 

si,  o  r.x  r.x  4rte  cz  <  x~ 


Plasma  configuration  and  geometry  im  Coordinate  system 
ibi  Density  profile  parallel  to  B„ 


('*  4.  4rr  / 1  cA.  ci 
ex'  o),  \c  ci  cz 


The  electron  cross-field  motion  is  given  by 


From  (I5m!’i  we  find  that  the  equilibrium  is  given  by  4.  = 
i  =  0  with  n.tv.  :i  an  arbitrary  function.  For  simplicity  we 
consider  the  plasma  density  to  be  given  by  (similar  to  that 
used  by  S  per  I  mu  [I983u]l 


- V  0  x  ; 

B 


while  the  parallel  motion  is  given  by 

l’ 


lb  ■  V10  -  -  — - 

c  1 1 


where  i,  =  i,„  -  v,.„  and  b  -  B  B„ 

The  ion  cross-held  motion  is  given  by 

I  -  r  .  i ,ft  ..  . 

b'OX:~Q,S'*: 


l8l 


<9| 


—  -  V  o  -  (  — 
Q  B  '  Q  1 


(101 


where  o  =  1 1  -  i,„;  ft.'V  1  and  the  parallel  motion  is  given  by 

.■  i,„  [  .  I  .'4.' 

r,  = - |  i  b  •  V  i<p  -  — —  1 1 1 1 

nip  i,  j_  ,ti 

In  i  Hit  we  have  included  both  the  Pedersen  and  Hall  re¬ 
sponses  to  the  electric  field  and  neutral  w  ind  w  hile  in  ( 1 1 1  we 
1  ave  assumed  m,.v„  s<  m(\,„ 

Substituting  I8H 1 1 1  into  1 1 1.  i4i.  and  (5l.  we  find  that 

— —  -  V  <p  X  C  •  V«  *  -2—  ( /i  .  nr  -  4.  «  0  ll  2) 
Ji  B  4?:.- 


nn.  z\  =  n,  =  n,(x|  -  n„  lc!  < 
ni  x.  ;i  =  n  .  =  [;•  > 


1 1 8> 


where  the  subscripts  i  and  b  refer  to  cloud  and  background, 
respectively  isee  Figure  Ibi 

We  note  that  if  we  had  retained  a  finite  plasma  temperature 
then  the  density  equation  would  be 


i  l  •  z  m,xm  <  z 

where  T  =  T.  -  T,  and  we  have  taken  i  fx  =  0  Equation  il9| 
describes  the  dillusion  of  the  cloud  along  :  with  a  diffusion 
coefficient.  f>.  =  T  Thus,  in  general  |15wl7)  will  not 
have  equilibrium  solutions  when  /;  *  0  and  T  *  0.  How¬ 
ever.  in  calculating  the  growth  rates  of  unstable  modes  with 
growth  times  which  are  short  compared  with  the  diffusion 
time  t.  =  D..  we  would  expect  the  evolution  of  the  equilib¬ 

rium  to  have  very  little  influence  on  the  stability  calculation 
for  this  situation  Consideration  of  finite  temperature  effects 
will  be  deferred  lo  a  later  report 

3  Linlarizld  Eyi  Atkins  and  Dispersion  Relation 
To  find  the  influence  of  the  parallel  dynamics  on  the  insta¬ 
bility.  we  linearize  i"w9i  where  the  perturbed  quantities  vary 
as  fi  ^  pin  exp  c/t  -  ik,\  i  After  eliminating  the  equation  for  n 
algebraically,  we  obtain  two  coupled  differential  equations  for 
4.  and  6. 
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I0.N|? 


(V  -  Vo  I®  =  -  yxD,  -  (21) 

c  cz 

where  y0  =  —  n<’l„  n.d.  n<  »  cn<  cx.  y  ■  y  -  ii,!-.',.  Qt. 
D,  =  \  fc2  cj^2  is  the  resistive  diffusion  coefficient,  and  x  = 
*VuA 

Prior  to  solving  (20)  and  (21 1  for  the  density  profile  given  by 
|I8|.  we  first  consider  a  cloud  of  infinite  extent  (z0  —  x  ln  (18)1 
and  Fourier  expand  modes  parallel  to  B0.  i.e..  pin  -  p  exp 
liA.r).  We  consider  the  local  approximation  {kjri  n)~ 1  »  1)  so 
that  (20)  and  (21 1  can  be  solved  algebraically  This  allows 
comparison  with  previous  results  [ Sperling .  1983b;  Basu  anti 
Copp i.  1983]  and  insight  into  the  effects  of  finite  parallel  wave¬ 
lengths.  The  local  dispersion  equation  is  given  by 

(V  -  VoNv  +  It, *0,1  =  -yxk.2D,  (22) 

We  note  that  the  right-hand  side  of  (221  can  be  expressed  as 
-V k.2\\2  v„S,  where  l'A  «  B(4jtnm,|'  2  is  the  Alfven  velocity. 
This  form  explicitly  shows  the  coupling  to  an  Alfven  wave 
which  is  the  dominant  finite  k.  effect.  For  simplicity  we 
assume  y  »  A, l„(v,„  £2,)  and  solve  (22)  in  two  limits:  y  »  A/D, 
(electromagnetic  limit)  and  y  «  A/D,  (electrostatic  limit).  It  is 
found  that 

V  -  1  -  *.-2  -  I  -  ksny  y0v,.s,  y  »  A/D,  (23) 

y  =  (l  +  {/  ,£/)''  y « A/D,  (24) 

where  y  =  y  y0.  =  ktLr.  L.  =  A.r,.  and  L,  and  z,  are  the 

perpendicular  and  parallel  resistive  length  scales  given  by 
L2  -  D,  y0  and  z,2  =  xD,  y0.  In  the  ideal  limit  (D,  =  0).  (23) 
indicates  that  electromagnetic  effects  stabilize  the  instability 
when  A/  >  I  lie..  A/F/  >  yv,/,)  by  coupling  to  an  Alfven 
wave  This  result  is  similar  to  that  of  Basu  and  Coppi  [1983] 
who  investigated  the  collisional  Rayleigh-Taylor  instability. 
On  the  other  hand.  (24)  indicates  that  in  the  electrostatic  limit 
there  is  only  a  reduction  in  growth  rate  This  is  because  re¬ 
sistive  diffusion  across  the  magnetic  field  lines  is  sufficiently 
rapid  to  dissipate  the  Alfven  wave  Finally,  in  the  limit  A.—  0 
we  recover  from  (22)  the  standard  result  y  =  y0  -  ilt>l/.(v111'01), 
where  the  real  frequency  is  caused  by  the  equilibrium  electric 
field  in  the  x  direction;  in  a  frame  of  reference  moving  with  the 
electrons,  however,  the  mode  has  no  real  frequency.  A  second 
mode,  which  is  damped,  is  given  by  y  =  -A/D,  —  ik y I’J 0,1 
[Cbuet  al.,  1978:  Sperlmg.  1983b]. 

For  a  general  profile  n<  x.  rl  the  coupled  equations  for  0  and 
A.  must  be  solved  subject  to  the  boundary  conditions  0.  A,  — 
0  as  Irl  —  x  For  the  step  profile  for  n(x.  rl  given  m  (18),  the 
solutions  to  (20)  and  (21)  in  the  region  |zl  >  z0  can  be  written 
as  plane  waves. 

A.  =  .4.,  exp  [-*,|r|]  (25 a) 


which  diverge  as  ;i  have  been  omttted  in  (25ai  and 
(25b)  The  parameter  R  is  a  measure  of  the  electrostatic  or 
electromagnetic  nature  of  the  mode  For  A/D,  »  y.  we  note 
that  R  -  1  and  the  mode  is  essentially  electrostatic  ln  the 
opposite  limit  kt2Dr «  y.  the  mode  is  electromagnetic  and 
R  «  I 

In  the  region  |r|  <  z0.  the  solutions  for  0  and  A.  are 


.4.  *  A:<  '  sin  (A<rl 

-  4:<  ;  cos  (A.zl 

(26al 

0  =  0<  1  cos  (A.rl 

*  0. 2  sin  lA^i 

(26b) 

If.  *  A/D,<M,« 

l  J  «  k._cSr  '-2 

(26c| 

k<  t  Vo 

-  y  1  \ 

(26dl 

k,:  {  7 

To  complete  the  dispersion  relation,  we  must  match  the 
various  plane  wave  solutions  at  r  =  +r0.  The  appropriate 
matching  conditions  are  obtained  from  (201  and  (21).  Inte¬ 
grating  these  two  equations  across  the  discontinuity  in  the 
density  at  r  *  ±  z0.  we  find  that  0  and  A.  must  be  continu¬ 
ous.  For  the  even  0  solution  ( ©, :  *  0),  we  obtain  the  disper¬ 
sion  relation  for  the  growth  rate  y. 


tan 


7  f*/D„. 


-*-  mit 


(27) 


where  m  is  an  integer  The  dispersion  relation  for  the  odd  0 
mode  {0<  1  =  0)  is  similar  to  (27)  except  tan'  1  is  replaced  by 
-  cot " 1 


In  general,  the  dispersion  equation  (27)  has  an  infinite 
number  of  solutions  for  a  given  set  of  physical  parameters, 
corresponding  10  eigenmodes  with  an  increasing  number  of 
modes  (ml  along  z.  The  dispersion  equation  |27|  can  be  solved 
numerically  for  arbitrary  values  of  the  background  and  cloud 
parameters.  However,  to  gain  an  understanding  of  the  general 
scaling  of  the  growth  rate  y  with  the  parallel  extent  of  the 
cloud,  it  is  useful  10  solve  (27)  analytically  To  do  this  we  make 
a  number  of  simplifying  assumptions.  We  consider  only  the 
lowest  order  mode  (i.e..  m  *  0  which  implies  0  <  A«r0  <  it  2; 
it  is  easily  shown  that  this  mode  has  the  largest  growth  rate): 
take  v„  £2,  to  be  small  so  that  d  s  1  and  the  real  frequency. 
ktVmv, can  be  neglected;  and  finally,  take  all  parameters 
but  the  density  to  be  the  same  inside  and  outside  of  the  cloud 
In  this  limit  the  expressions  for  lc  $  reduce  to 


k.2 

K: 


HR), 


Ll 

k,2 


( 2Su  1 


(28b) 


with 


where 


S  =  <p>  exp  [  -  A ,  ir|] 


(y  >  —  A/D,  >  14.  >  *  k  ,c0 . 


(25b) 


(25cl 

(25</l 


We  separate  our  analysis  into  two  separate  cases  In 

the  limit  v„  »  vM.  the  resistive  diffusion  coefficient  D,  is  con¬ 
tinuous  across  the  cloud  boundary  and  8,  »  8, 

With  these  assumptions  the  dispersion  equation  i27|  be¬ 
comes 


k 


(29al 


R 


(25el 


and  the  subscript  >  on  a  given  parameter  indicates  that  it  is 
to  be  evaluated  in  the  region  Irl  >  r0.  Note  that  the  solutions 


with 

A,  !c„:  =  [ll  -  y)  y](n«  n.Ky  +■  t/lzV 
and  r„  =  r0  r,.  *  A,L,  where  L,2  *  Dp>  yp  and 


(29b) 
-  J. 
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Fig  '  Regions  of  validity  for  lhc  growth  rates  given  by  l33l.  |36|. 
and  1 3*1  The  growth  rales  are  listed  in  Appendix  A  and  are  based 
upon  the  assumption  that  >„  •> 


L,:  The  dispersion  relation  in  (29l  is  now  a  function  of  only 
three  parameters :  n  ,  n,  and  At. 

In  the  limit 

[i  1  -  ;'l  y]ln,  n  .  I  «  I  (30l 

the  arctan  function  approaches  rt  1  so  that  A,c0  s  r.  2  is  the 
dispersion  equation  Furthermore,  since  n<  rt>  =  in, 
-  n„l  n,  >  1.  the  inequality  in  (30 1  can  only  be  satisfied  for 
■ 1  Thus,  the  growth  rate  is  given  by 

r;  n  .  ,  , 

y  a  I - -  —  »  k  -  (31ul 

4 f„-  n , 

■:  at  (  1  -  — T  —  Jr  \  «  A/  (31M 

'  4;„-  n.  kx- I 

We  note  that  i3Iai  and  i31hi  can  be  compared  to  the  local 
growth  rates  (23)  and  (24i  if  we  define  an  effective  A..„. 


Thus,  taking  A_.;  =  k.,„:  in  (23)  and  i24)  we  recover  (3la)  and 
1 3 1 hi  For  m  *  0  modes.  A.cf,  becomes  (m  a-  A|:ir  4rt>i(pi ^  n,  I 
indicating  a  spectrum  of  modes  parallel  to  B  Finally,  since 
y  -  1  from  (31ul  and  l3lh|  we  can  write  a  generalized  disper- 


sion  relation  given  by 

•'  =  1  -  -4-r  U  -  i,  V  1  — 

4r„-  n. 

(33ul 

and  is  valid  for  (based  on  (30ll 

il  -  A,;ir,.:  »  1 

(33M 

In  the  opposite  limn,  i  e 

[l  1  -  yl  ,’]l it.  ir,  l  >>  ] 

(34) 

arctan  function  approaches  A.:,,  The  dispersion 
comes 

relation  be- 

1 1  -  "Ky  -  A, * »'  ;  =  'ii .  n. 

(35) 

The  solution  of  the  equation  is 

y  =  1  -  in  .  ii.  1:',,  1 1 1  —  A ,  - )  i:il 

(36a) 

for 

III  .  It,  l:  «  (  I  »  A,  *  if ,, *  «  I 


where  the  inequalities  follow  from  i34i  and  the  condition 
•  i  1  When  ;  «  1.  i35)  becomes  a  quadratic  equation  with 
the  solution 

y  =  n,r[l  -  (1  -  4k,:-o  . ;  n.  V  2  i37ui 

which  is  valid  for  ifrom  •'  «  1 1 

(1  a-  k,:  I*,,*'  «ll.;  it.  (  37hi 

For  very  small  the  growth  rate  approaches  zero  as 

V  k,J 0n,  it  .  t3bi 

Equation  |38|  also  implies  that  the  growth  rate  increases  with 
A,  in  this  region  The  physical  reason  for  this  behavior  will  be 
discussed  shortly 

The  growth  rates  and  inequalities  in  (33l.  i36i  and  i37i  can 
be  summarized  rather  succinctly  in  the  in,  n .  i  —  f,,  phase 
space  plot  shown  in  Figure  2.  Note  that  n,  n,  =»  nf  in,, 
-  ii,  i  <  1  Regions  1.  II  and  III  indicate  the  range  of  validity 
of  the  growth  rates  in  (33k  (36l  and  (37).  respectively  Ex¬ 
pressions  for  the  growth  rate  in  these  three  regions  are  given 
in  Appendix  A.  For  large  in  regions  I  and  II.  the  finite 
length  of  (he  cloud  along  B  has  very  little  influence  on  the 
growth  rate  and  y  y  y„  -  I  For  small  in  region  III.  y  «  1 
so  that  the  finite  extent  of  the  cloud  strongly  reduces  the 
growth  rate.  As  Ay  increases,  region  III  shrinks  in  size  so  that 
the  growth  rates  for  short  wavelength  modes  are  less  affected 
by  the  parallel  dynamics  than  are  the  growth  rates  for  long 
wavelength  modes.  Nevertheless.  i25d)  shows  that  the  short 
wavelength  modes  are  more  localized  along  the  magnetic  held 
than  long  wavelength  modes  [Sperling  and  Classman.  1983. 
Sperlmi).  1984], 

In  Figure  3  we  schematically  show  the  growth  rate  .  as  a 
function  of  for  n,  n,  and  i,  «  I  held  fixed  In  region  III 
the  growth  rate  first  increases  linearly  with  :0  and  then  qua- 
dratically  until  -  1.  where  it  enters  region  II  The  transition 
from  v  -  i„  to  y  -  in  region  III  is  a  consequence  of  the 
change  in  character  of  the  mode  from  being  dominantly  elec¬ 
trostatic  (y  <  Ay  :D, i  for  <  k,n  .  n.  to  electromagnetic  t,  > 
A,  :Drl  for  >  k.n ,  n. 

The  dependence  of  the  growth  rate  on  A,  can  also  be  readily 
obtained  from  Figure  2  and  Appendix  A  For  parameters 
and  ii .  n,  such  that  modes  with  A ,  s.  I  are  in  regions  I  and  II 
i;„  >  n  .  n.  i.  y  -  I  for  all  A,  since  increasing  A,  simply  pushes 
(he  mode  further  into  regions  I  and  II  For  the  case  where 
modes  with  A,  1  fall  in  region  III  ti,  <  n  .  n.  i.  the  depen- 


Fig  3  Schematic  of  the  growth  rate  •'  versus  parallel  length  for 

fixed  ii  .  ii.  and  A,  This  curve  is  based  on  the  assumption  that  - 
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dence  of  •'  on  L,  is  more  interesting.  In  Figure  4  the  growth 
rate  is  shown  versus  i,  with  n,  n,  and  held  fixed.  For 
small  i,  the  mode  falls  in  region  Ill  and  has  a  growth  rate 
nearly  independent  of  When  k,  >  :0n<  n,.  the  mode  be¬ 
comes  electrostatic  and  the  growth  rate  increases  with  /tv.  until 

-  n,  n<:0  when  y  -  1  and  the  mode  enters  region  II.  We 
again  conclude  from  this  figure  that  the  growth  rates  for  short 
wavelength  modes  are  less  affected  by  the  parallel  dynamics 
than  the  growth  rates  for  long  wavelength  modes 

Up  to  this  point  we  have  discussed  only  the  case  where 
v,,  »  \rr.  The  dispersion  equation  l27i  can  be  solved  in  a  simi¬ 
lar  manner  in  the  opposite  limit  «  »•„.  In  this  limit  the 
resistive  diffusion  coefficient  is  not  continuous  across  the 
cloud  boundaries  at  ~:u.  The  results  differ  only  slightly  from 
those  just  presented  so  we  skip  the  details  and  simply  present 
the  analogues  of  Figure  2  and  Appendix  A  for  this  case.  In 
Figure  5  we  show  the  in,  n<  t-:u  phase  space  plot  showing  the 
three  regions  of  the  instability  for  »  vfr  The  growth  rates 
for  these  three  regions  are  listed  in  Appendix  B.  The  only 
difference  between  phase  space  plots  in  Figures  2  and  5  is  the 
boundary  between  regions  I  and  II.  which  falls  at  larger  i0 
when  v,„  »  v„  The  growth  rates  for  i,„  §  ^  »•„  differ  only  in 
region  I.  Since  y  -  1  in  both  regions  I  and  II.  these  differences 
are  not  particularly  significant  so  the  previous  discussion  of 
the  instability  in  the  limit  v„  »  v„  also  applies  to  the  opposite 
limit. 

We  have  shown  that  the  finite  length  r0  of  the  plasma  cloud 
reduces  the  growth  rate  of  the  gradient  drift  instability  com¬ 
pared  with  its  value  when  r0  is  infinite.  The  growth  rates  of 
long  wavelength  modes  are  more  strongly  reduced  than  those 
of  short  wavelength  modes.  The  essential  physics  which  un¬ 
derlies  these  results  can  be  understood  by  integrating  (21 1  for 
the  perturbed  potential  6  along  c, 

f  .  f«" 

y  d:  nuidxrl  =  y0  dz  mrKfXrl 

s  2y vn<zo0<  1 39 1 

where  we  have  again  taken  v,„  Q,  small  and  we  have  assumed 
that  <£(r)  er  const  in  the  region  |C|  <  z0.  which  is  approxi¬ 
mately  correct  for  the  lowest  order  mode  The  integral  on  the 
left  side  of  (39)  represents  the  integrated  Pederson  conduc¬ 
tivity  along  the  entire  field  line,  weighted  by  the  potential  6. 
The  integral  on  the  right  side  of  this  equation  is  the  integrated 


Fig  4  Schematic  of  the  growth  rale  y  versus  perpendicular  wave 
number  k,  for  Hxed  n.  n.  and  This  curve  is  based  upon  the 
assumption  that  i„  -*■* 
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k 


Fig  5  Regions  of  validity  for  the  growth  rates  in  the  regime 
i„  «  The  growth  rates  are  listed  in  Appendix  B  This  curve  is 
similar  to  Figure  2  but  the  boundary  between  regions  I  and  II  is 
shifted  to  larger  f0 


Pederson  conductivity  of  the  cloud.  Carrying  out  the  remain¬ 
ing  integral,  we  find 

V  -  -,on<-o0<  (n<co0<  *  n,k,  "  1  ©  .  I 

—  7on<:o  <n<c<>  +  n>k>  '  ‘l  (40l 

where  we  have  used  the  results  of  our  previous  calculation 
<p.  i  0,  and  i— »0  when  A , |z|  >  1  Substituting  the  ex¬ 
pression  for  k,  in  (25 d)  into  (40l.  we  obtain  the  dispersion 
relation 


n<z0 


n<:0  +  n,k,~'iaR I, ' 


|41 1 


When  the  result  is  written  in  the  normalized  variables  present¬ 
ed  previously,  it  reduces  precisely  to  the  dispersion  relation 
presented  in  (35i.  The  reduction  of  the  growth  rates  due  to 
finite  zQ  occurs  because  the  integrated  Pederson  conductivity 
over  the  extent  of  the  mode  along  c  becomes  comparable  to 
that  of  the  cloud  The  distance  the  mode  extends  along  r 
(~  k ,  “')  increases  as  k ,  decreases  (see  l25dl)  so  that  long 
wavelength  modes  have  greater  reductions  in  their  growth 
rates.  The  electromagnetic  effects  prevent  the  mode  from  ex¬ 
tending  an  infinite  distance  along  the  magnetic  held  line  as 
kv  — •  0.  In  this  limit  R ,  —  Oand  t4li  becomes 


Vo 


_ n.Z  n _ 

n,zp  a-  n,UD,  yl. 


(42l 


so  that  the  growth  rate  is  independent  of  L,  as  shown  in 
Figure  4 


4  Results 

The  plasma  model  outlined  in  sections  2  and  3  is  rather 
simple,  and  admittedly  does  not  include  all  the  intricacies  and 
inhomogeneities  of  the  real  ionosphere  Nevertheless,  the 
model  does  show  that  the  growth  rate  is  a  function  of  the 
parallel  length  We  now  present  quantitative  results  of  our 
model  for  typical  ionospheric  parameters.  In  particular,  we 
take  n<  =  10’  cm  J.n,  =  I05  cm  3.  B  “  04  G.  T,  =  T,  =  0  I 
eV,  and  consider  two  values  of  y0 :  y0  =  0.01  s  ’ '  and  y0  «  0  10 
s'1.  The  ions  for  |e|  <  z0  are  assumed  to  be  barium  li  e.. 
m,<  =  137mr  with  me  the  proton  mass)  and  the  ions  for  irl  > 
:0  are  assumed  to  be  air  with  m,,  «  20mr  The  mass  of  an 
atmospheric  neutral  particle.  !?!„,<>,.  is  also  assumed  to  be 
20m,,.  The  neutral  density.  n0«  -  n0>  »  8.3  x  I0V  cm '  is 
appropriate  to  an  altitude  of  200  km  [Knapp  and  Sch*anz. 
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TABLE  1 

Resistive  Scale  Lengths 

»  0  01  s  * ; 

„  =  0  10  s' 

Perpenaicular  L, 

0.8 

Parallel 

:??  o 

’50 

S^aie  lengths  arc  in  kilometers 


19'5],  The  collision  frequencies  are  determined  from  [Bragms- 
An.  1965.  Kilh.  W’] 


i,.  =  2.5  a  10i;m,.n„ 

(43a  1 

=  2.5  *  I0‘!ro„n„ 

(43fii 

.  =  O.Siv,,,,,,  -  1.9  a  I0‘sno 

(43cl 

=  11  a  IO-\<,». 

i43d) 

In  1 43 1  all  parameters  are  in  cgs  units.  Based  upon  these  pa¬ 
rameters  and  equations  we  can  calculate  the  perpendicular 
and  parallel  resistive  scale  lengths  which  are  given  in  Table  1 
for  ,,  =  0.01  s' 1  and  0.1  s  ' 

An  important  result  to  be  considered  is  the  boundary  be¬ 
tween  regions  II  and  III  in  Figures  2  and  5  The  boundary  is 
defined  by  the  equation 

n ,  n  <  =  1 1  -  -f0,  (44) 

and  marks  the  transition  between  strong  and  weak  growth 
For  ff,  <  the  theory  predicts  very  weak  growth,  and  it  is 
clear  that  the  long  wavelength  modes  lA,  «  li  have  the  weak¬ 
est  growth  for  a  given  value  of  and  n,  n.  In  Figure  6  we 
plot  ikmi  versus  A,  Ikm  '  'i  based  on  (44i  for  n,  n,  =  0.01 
and  the  parameters  described  above  and  in  Table  I  The  re¬ 
gions  below  each  curve  indicate  weak  growth,  while  regions 
above  each  curve  indicate  strong  growth  As  expected,  the 
value  of  is  largest  for  a,  «  1  Also,  we  note  that  the  depen¬ 
dence  of  c„.  on  A,  is  stronger  for  smaller  values  of  wave 
number  lA,  <  1  km  1 1  and 

In  Figure  "  we  plot  =  „  versus  A,  (km  ‘i  for  the  pa¬ 

rameters  given  above  and  different  values  of  The  solid  lines 
are  based  on  ,  =0  10  s  j  while  the  dashed  lines  are  for 

-  0  01  s  1  These  figures  are  based  upon  (35l  Again,  these 
curves  quantitatively  reflect  the  growth  rate  dependence  on  A, 
and  which  is  presented  qualitatively  in  Figure  4  For  A,  >  2 
km  .  the  normalized  growth  rate  .  is  independent  of  c0  This 
is  consistent  with  Figure  b  which  shows  that  rn<  is  indepen- 


L 


Fig  6  Plot  of  crui^al'  pjrdUcl  length  ;n<  ikmi  versus  perpen¬ 
dicular  wave  number  k)  ikm  i  based  upon  (*Ui  for  tvpical  iono¬ 
spheric  parameters  The  parameters  used  are  given  in  the  text  (section 
4t  These  curves  denote  the  boundars  between  region  If  (above 
curves —strong  growth  i  -  in  and  region  III  (below  curves — weak 
growth  i  ••  I  m 


0  1  1  0  ’C 

k  (Km" 

Fig."  Plot  of  perpendicular  wave  number  A,  ikm  i  versus 
growth  rate  y  c  ;„i  for  yo=0.10  s'1  t solid  curvesk  ,.  =  0.01  s' : 
(dashed  curvesi.  and  several  values  of  ikmi  Curve  is  based  upon 
c1!  for  m  =  0  The  ionospheric  parameters  used  are  given  in  the  text 
(section  4i 


dent  of  y0  for  A,  >  2  km'1.  On  the  other  hand,  for  A,  <  2 
km*'  the  difference  between  the  curves  becomes  larger,  es¬ 
pecially  for  large  Again,  this  is  consistent  with  Figure  6 
which  indicates  a  strong  dependence  of  on  ,,,  for  A,  <  2 
km  1  It  is  clear  from  Figure  ’  that  the  finite  parallel  extent  of 
the  cloud  favors  the  grow  th  of  short  w  avelength  modes 

5  Concluding  Remarks 

We  have  presented  a  linear  analysis  of  the  gradient  drift 
instability  appropriate  to  ionospheric  plasma  clouds  of  finite 
spatial  extent,  both  perpendicular  and  parallel  to  the  ambient 
magnetic  field  Based  on  a  simple  model  for  the  cloud  isee 
(IX li.  we  hnd  that  the  parallel  extent  of  the  cloud  along  B  can 
significantly  alter  the  growth  rate  of  the  instability  Specifi¬ 
cally.  we  rind  that  long  wavelength  modes  (A,  smalli  tend  to 
have  much  smaller  growth  rates  than  short  wavelength  modes 
(A,  larger  This  reduction  in  growth  due  to  finite  occurs 
because  the  integrated  Pedersen  conductivity  of  the  back¬ 
ground  plasma  over  the  extent  of  the  mode  along  :  becomes 
greater  than  that  of  the  cloud  isee  i40ii  The  distance  the  mode 
extends  along  :  increases  as  A,  decreases  (see  i25dii  so  that  the 
long  wavelength  modes  are  more  strongly  affected  A  more 
detailed  numerical  analysis  of  this  effect  is  given  by  Sperling 
and  Olassman  [1983]  We  mention  that  these  results  also 
apply  to  the  Ex  B  gradient  drift  [McDonald  ei  al..  1980. 

1981]  and  Rayleigh-Taylor  [OsvaAow  et  al..  1979:  Sperling. 

1982]  instabilities 

A  question  which  naturally  arises  is.  how  does  (he  growth 
rate  change  as  the  cloud  diffuses  along  the  magnetic  field  or. 
more  generally,  as  the  cloud  evolves  in  time  ’  It  is  templing  to 
conclude  that  the  growth  rate  simply  increases  with  c0  as  the 
cloud  diffuses  along  e  as  shown  in  Figures  3  and  6  However, 
as  the  cloud  diffuses  along  c  we  expect  the  electron  density 
inside  the  cloud  to  decrease  such  that  n.r„  -  const  Loosely 


M-8 


Sperling  et  al  Finite  Length  of  Barium  Clouds  and  Stability  Properties 


speaking,  the  total  number  of  cloud  electrons  along  a  given 
magnetic  held  line  should  not  change,  or  at  least,  not  change 
significantly  Since  the  growth  rates  of  the  instability  in  the 
weak  (region  III  i  and  strong  (region  III  growth  regions  depend 
only  on  the  product  n.;0.  parallel  diffusion  along  c  does  not 
cause  the  growth  rate  to  increase  The  expansion  of  the  cloud 
along  r  also  does  not  enable  the  mode  to  change  from  weak  to 
strong  growth  This  is  clearly  seen  from  (44i  which  indicates 
that  the  boundary  between  regions  II  and  III  does  not  change 
in  time  as  long  as  --  const.  Thus,  we  conclude  that  just 
diffusion  of  the  cloud  along  :  does  not  change  the  growth  rate 
in  an  important  way 

On  the  other  hand,  the  gross  evolution  of  the  cloud  involves 
not  only  diffusion  along  ;  but.  for  example,  steepening  of  the 
"backside"  of  the  cloud  which  increases  the  growth  rate  y0.  As 
shown  in  Figure  6.  for  a  given  value  of  more  modes  are  in 
the  strong  growth  regime  when  y„  is  larger  Thus,  the  parallel 
dynamics  will  significantly  change  the  spectrum  of  unstable 
modes  as  the  cloud  evolves  in  time  This  feature  may  be  relat¬ 
ed  to  the  observation  of  the  delayed  onset  of  striations.  That 
is.  the  onset  of  striations  in  barium  clouds  occurs  several  min¬ 
utes  after  the  detonation  of  the  barium  release  Specifically  for 
larger  barium  clouds,  like  Spruce  [Lmson  and  Well:.  1912], 
the  onset  time  for  striations  is  estimated  to  be  generally  great¬ 
er  than  approximately  5  min  [  McDonald  et  at..  1980],  Linson 
and  Melt:  [I9'2]  have  estimated  that  the  Spruce  and  Olive 
ion  clouds  had  an  extent  approximately  30-40  km  along  the 
magnetic  field  at  about  5  min  This  parallel  extent  corresponds 
to  c„  a  15-20  km  It  is  possible  then  that  plasma  clouds  need 
to  evolve  in  time  so  that  they  have  a  sufficiently  steepened 
backside,  as  well  as  a  sufficient  length  along  B.  before  the 
striations  can  occur  rapidly 
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The  following  equations  are  growth  rates  for  v,,  » 


Region  III 


Region  I 


Region  11 


Region  III 


'  4  ‘  (1  —  A , *  1 n  < 


I  1  n. 

.  =  l - r-T-rv  —  ^  i 

(1  -  A , - 1 1  *  n< 


4k'  n  . ;  \ 1  : 

n,:)  J 


Appendix  B 

The  following  equations  are  growth  rates  for  «  i,„ 
Region  I 
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Abstract 

We  present  a  relatively  simple  analysis  of  the  gradient  drift 
instability  in  barium  clouds  which  includes  the  effects  of  both  finite 
temperature  and  finite  parallel  length.  It  is  found  that  short  wavelength 
modes  are  stabilized  as  the  electrons  redistribute  parallel  to  the  magnetic 
field  and  neutralize  the  charge  imbalance  set  up  by  the  instability.  An 
analytical  expression  for  the  critical  wavenumber  for  stabilization  is 
given,  as  well  as  numerical  results.  We  discuss  the  application  of  these 
results  to  the  structuring  of  barium  clouds. 


I.  INTRODUCTION 

The  study  of  the  dynamic  evolution  of  artificial  plasma  clouds  (e.g., 
barium  clouds)  in  the  earth's  ionosphere  and  magnetosphere  has  been  an 
active  area  of  research  for  more  than  two  decades.  The  initial  motivation 
for  these  active  space  experiments  was  to  use  the  plasma  cloud  as  a 
diagnostic  to  determine  ambient  plasma  conditions  (e.g.,  electric  fields, 
neutral  winds).  However,  it  was  soon  discovered  that  the  interaction  of  an 
artificial  plasma  cloud  and  the  near-earth  space  plasma  was  very  complex, 
and  that  plasma  clouds  undergo  a  complicated  and  dynamic  evolution.  One  of 
the  prominent  features  of  cloud  evolution  in  the  ionosphere  is  the 
development  of  field-aligned  striations  on  the  cloud's  steepened 
"backside".  These  striations  have  been  attributed  to  the  onset  of  the 
gradient  drift  instability  (Linson  and  Workman,  1970).  This  instability 
can  occur  in  a  weakly  collisional  plasma  which  contains  a  density  gradient 
and  a  neutral  wind  (or  ambient  electric  field)  (Simon,  1963;  Hoh,  1963). 

A  substantial  amount  of  theoretical  and  computational  research  has 
been  invested  in  understanding  the  linear  and  nonlinear  development  of  the 
gradient  drift  instability  and  its  relevance  to  plasma  cloud  structure 
(Volk  and  Haerendel,  1971;  Perkins  et  al.,  1973;  Zabusky  et  al.,  1973; 
Shiau  and  Simon,  1972;  Perkins  and  Doles,  1973;  Scannapieco  et  al.,  1976; 
Chaturvedi  and  Ossakow,  1979;  Keskinen  et  al.,  1980;  McDonald  et  al.,  1980; 
McDonald  et  al.,  1981;  Huba  et  al.,  1983).  The  bulk  of  analyses  to  date 
have  neglected  the  effects  of  plasma  dynamics  parallel  to  the  ambient 
magnetic  field  Bq  (i.e.,  considered  perturbations  only  in  the  plane 
transverse  to  Bq)  or  have  incorporated  parallel  effects  in  a  crude  way. 
Francis  and  Perkins  (1975),  for  example,  assume  that  the  ambient  and 
perturbed  potentials  map  uniformly  along  thereby  connecting  the  cloud 
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dynamics  to  that  of  the  conducting  background  at  different  altitudes.  In 
this  model  finite  thermal  effects  have  a  stabilizing  influence  on  short 
wavelength  modes.  However,  several  studies  have  been  performed  which 
attempt  to  include  parallel  dynamics  self-consistently  in  the  stability 
analysis  (Goldman  et  al.,  1976;  Sperling  and  Glassnan,  1984;  Sperling  et 
al.,  1984).  These  studies  incorporate  the  parallel  length  of  the  cloud 
along  the  ambient  field  into  the  stability  analysis  and  have  shown  that 
parallel  effects  can  play  an  important  role  in  the  development  of  the 
gradient  drift  instability  as  it  relates  to  ionospheric  plasma  clouds. 

In  particular,  Sperling  et  al.  (1984)  have  recently  shown  that  when 
the  finite  size  of  the  cloud  along  Bq  is  self-consistently  incorporated  in 
the  linear  stability  analysis,  the  long  wavelength  modes  tend  to  have  much 
smaller  growth  rates  than  short  wavelength  modes.  This  reduction  in  growth 
due  to  finite  cloud  length  occurs  because  the  integrated  Pedersen 
conductivity  of  the  background  plasma  over  the  extent  of  the  mode  along  the 
field  becomes  greater  than  the  cloud.  The  distance  the  mode  extends  along 
the  field  is  proportional  to  the  perpendicular  wavelength  of  the  mode  so 
that  long  wavelength  modes  are  more  strongly  affected.  However,  this 
analysis  neglected  the  effects  of  finite  temperature.  Sperling  and 
Glassman  (1984)  included  finite  temperature  in  the  analysis  and  found  that 
short  wavelength  modes  became  propagating  rather  than  purely  growing 
modes.  Moreover,  for  sufficiently  short  wavelengths  there  was  some 
evidence  that  the  modes  were  be  completely  stabilized.  A  drawback  of  this 
work  though  is  that  a  relatively  complex,  second-order  differential 
ecuation  is  solved  numerically  to  obtain  results.  The  underlying  physics 
of  the  stabilization  mechanism  is  therefore  somewhat  obscure  and  not 
addressed  in  the  paper.  Nonetheless,  it  is  evident  that  finite  temperature 


and  finite  cloud  length  effects  can  impact  the  development  of  the  gradient 
drift  instability. 

The  purpose  of  this  paper  is  to  present  a  linear  stability  analysis  of 
the  gradient  drift  instability  which  incorporates  both  finite  temperature 
and  finite  parallel  length  effects.  A  simple  plasma  model  is  used  (similar 
to  the  one  used  in  Sperling  et  al.  (1984))  which  permits  an  analytical 
solution  to  the  dispersion  equation.  It  is  found  that  the  short  wavelength 
modes  are  stabilized  by  redistribution  of  electrons  parallel  to  Bq  (i.e., 
parallel  electron  diffusion  or  parallel  electron  response  to  the  perturbed 
fields)  which  neutralize  the  charge  imbalance  set  up  by  the  instability. 
An  analytical  expression  for  the  critical  wavenumber  for  the  stabilization 
of  instability  is  given,  as  well  as  numerical  results. 

The  organization  of  the  paper  is  as  follows.  In  the  next  section  we 
derive  a  set  of  general  nonlinear  equations  which  describe  the  evolution  of 
a  three  dimensional  plasma  cloud.  In  Section  III  we  discuss  the 
equilibrium  to  be  used  in  the  instability  analysis.  In  Section  IV  we 
derive  a  general  dispersion  equation,  and  present  both  analytical  and 
numerical  results.  Finally,  in  the  last  section  we  summarize  our  findings 
and  discuss  the  relevance  of  our  results  to  cloud  structure. 

II.  GENERAL  EQUATIONS 

We  first  derive  a  set  of  nonlinear  equations  to  describe  the  evolution 
of  a  warn  plasma  cloud  in  a  uniform  magnetic  field  B  =  Bq  z  with  a 
background  neutral  wind  x  [see  Fig.  la].  For  simplicity  we 
consider  only  low  frequency  8/ 3t  <<  Vq  motion  of  the  cloud  and  take  the 
electron  collisions  to  be  sufficiently  weak  so  that  v  /£  <<  1  but 
allow  to  be  arbitrary.  The  collision  frequency  and  gyrof requency  of 


Both  electrons  and 


the  o  species  are  given  by  Vq  and  respectively, 
ions  are  taken  to  be  warm  and  for  siraplicitv  ve  consider  the  isothermal 
limit.  In  this  case  the  fundamental  equations  of  our  analysis  are 
continuity,  momentum  transfer,  charge  neutrality  and  Ampere's  law: 
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where  and  Tq  are  the  fluid  velocity  and  tenoerature  of  species  o, 

respectively,  v  is  the  a  specie-neutral  collision  frequency,  v  .  is  the 
an  J  ei 

electron-ion  collision  frequency,  is  the  ion-electron  collision 

frequency,  and  a  refers  to  electrons  (e)  or  ions  (i).  We  take  the  electric 
and  magnetic  fields  to  be  represented  by  potentials  as 


where  $  is  the  electrostatic  potential  and  Az  is  the  vector  potential 
associated  with  the  magnetic  field  produced  by  the  self-consistent  plasma 
currents.  We  consider  only  Az  since  J(  »  and  assume  | 7Az  x  z|  «  BQ. 
The  electron  cross-field  motion  is  given  by 
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while  the  parallel  motion  is  given  by 
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where  Vg  -  Vgi  +  V(  -  b  .  V,  b  -  B / 1 Bq | ,  and  T  -  Tg  + 
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The  ion  cross-field  motion  is  given  by 


Xil  "  f  V x  z  +  IT  x  2  -  Vn  x  * 


v.  v .  _  v .  cT, 

-  —^2.  v  a  +  - i-2  — i  n  n] 

R  B  i9  >  ~n  U±  eBn  i  ’ 


2  2  —  l 

re  6^  =  (l  +  v^/R^)  »  and  t^ie  parallel  motion  is  given  by 
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In  (11)  we  have  included  both  the  Pedersen  and  Hall  responses  to  the 
electric  field,  neutral  wind  and  pressure. 

Substituting  (8)-(12)  into  (1),  (4)  and  (5)  we  find  that 
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where  n  =  m  v  /ne  is  the  parallel  resistivity,  D,  =  T/m.v.  and 
e  e  e  r  E  l  in 

=  6i  (Vln/Jli  ]cT/eB  are  the  parallel  and  perpendicular  ion  transport 
coefficients,  T  =  Tg  +  T.^,  and 
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Equation  (13)  is  the  electron  continuity  equation,  (14)  is  the  charge 
conservation  equation  and  (15)  is  Anpere's  lav.  Note  that  the  electron 


pressure  has  been  absorbed  into  $  in  (16)  and  that  terras  of  order  f  <<  1 
have  been  discarded  compared  with  those  of  order  unity.  Equations  (13)- 
(18)  constitute  a  complete  description  of  the  evolution  of  a  three- 
dimensional  warm  plasma  cloud. 

III.  EQUILIBRIUM 

We  will  consider  the  linear  stability  of  a  two-dimensional  cloud  which 
is  localized  both  along  and  across  the  magnetic  field  B^:  nc  ■  nc(x,  z)  with 
nc  *  0  for  |x|  <  xc  and  |z]  <  z^.  The  background  plasma  is  taken  to  be 
uniform  throughout  the  region  | z |  <  z^  between  two  insulating  plates  at  z  s 
+  z^.  The  location  of  the  plates,  enables  us  to  control  the  ratio  of  the 
total  magnetic-field-line  integrated  Pedersen  conductivity  of  the  cloud  to 
that  of  the  background,  nczc/(nczc  +  n^z^).  This  ratio  is  an  important 
parameter  of  the  equilibrium  configuration. 

The  equations  describing  the  two  dimensional  plasma  cloud  are  given  by 
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When  there  are  no  density  gradients  in  the  x  direction,  the  solution  to 
these  equations  is  <J>  =  -  (B/c)  (v  )  ^nx  s0  that 
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with  Az  *  0,  i«6«,  the  potential  adjusts  itself  so  that  the  electrons  are 

in  force  balance  along  the  magnetic  field  as  the  cloud  diffuses  along  Bn. 

In  writing  the  solution  for  $  in  (22)  we  have  required  6+0  for  ! z 1  >  z 

1  1  c 

since  we  have  assumed  that  only  the  charge  accumulations  associated  with 
the  motion  of  the  plasma  cloud  itself  are  responsible  for  the  development 
of  <f).  There  is  no  charge  at  z  -  +  z b»  The  density  satisfies 

2  2 

3n/ 3t  -  Dj3  n/3z  =0  (23) 


so  that  n  diffuses  along  Bq.  In  the  opposite  limit,  where  there  are 
density  gradients  in  the  z  direction  (3/3z  =  0),  Az  =  0  and 
<f>  m  ~  (T/e)  £n(n)  -  (B/c)  >n  f*m dx(n  /n)  so  that 
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where  we  have  required  <>  +  0  as  |x|  +  In  Eq.  (24)  the  potential  adjusts 
itself  so  that  the  perpendicular  ion  pressure  gradient  Is  balanced  by  the 
electrostatic  field.  In  comparing  the  expressions  for  <>  in  (22)  and  (24), 
it  is  important  to  note  that  the  electron  and  ion  pressures  push  the 
potential  in  the  opposite  direction  (compare  the  signs  of  the  terms 
proportional  to  Tg  and  Tj). 

We  now  return  to  the  more  general  two  dimensional  equations  in  (19)- 

(21).  These  equations  describe  three  time  scales:  the  resistive  flux 
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diffusion  time,  t  =  4tt  x  /t\  c  ;  the  parallel  diffusion  time,  t,  =  z  /D  ; 

c  e  H  c  II 

and  the  perpendicular  diffusion  time,  ^  =  x^/D^  We  assume  that  the  flux 


diffusion  time  is  the  shortest  time  scale  so  that  inductive  effects  are  not 

important  in  the  equilibrium,  i.e.,  in  Eq.  (21)  3A  /3t  «  c  3q/3z.  The 

z 

equations  then  simplify  to 
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Equation  (25)  governs  the  time  evolution  of  n  while  (26)  determines  For 
2  2 

z,  «  x  n  U  /v  v  the  second  term  in  (26)  is  much  larger  than  the 
b  c  e  l  e  In  ° 

remaining  terras  unless  3$/3z  »  0*  Thus*  4>  is  nearly  constant  along  B^. 

An  equation  for  $  can  then  be  obtained  by  averaging  (25)  and  (26) 
along  Bq.  The  resulting  equations  are 
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where  the  average  p  of  a  function  p(z)  is  defined  as 
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p  =  /  dz  p(z)/2z^.  (29) 
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Thus,  the  integrated  density  n  is  a  constant  in  time.  From  (28),  we  obtain 
an  expression  for  the  potential, 
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The  first  and  second  terms  in  (30)  compete  in  forcing  the  potential  to 
balance  the  parallel  electron  pressure  and  ion  perpendicular  pressure, 
respectively.  In  the  limit  in  which  n  is  constant  along  Bq,  n  =  n  and  $  ~ 

-  (T  /e )  2n  (n/n^)  so  that  $  balances  the  ion  pressure.  In  opposite  limit, 
where  z^/zc  -*•  «°,  n  =  and  <*>  ~  (T^/e)  £n  (n/n^ )  so  <j>  balances  the  electron 
pressure. 

Finally,  subtracting  the  field  line  average  of  (25)  and  (26)  from 
itself,  we  obtain  an  equation  for  An  =  n  -  n  and  A6  =  6  -  $, 
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where  A6  <<  6-  The  equation  for  An  has  no  steady  state  solution  so  An  will 
generally  evolve  on  a  time  scale  of  order  ~  t^.  The  z  dependent 
potential  A6  drives  an  equilibrium  current  Jz  *  ng*3A6/3z  which  is  required 
so  that  V*J  *  0.  The  time  variation  of  the  equilibrium  and  the  equilibrium 
parallel  current  J2  will  be  neglected  when  we  carry  out  the  linear 
stability  analysis. 

Specifically,  in  the  linear  stability  analysis  we  formally  take  the 
limit  D„  0  and  choose 
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as  shown  in  Fig.  lb.  The  perpendicular  diffusion  coefficient  is  retained 


in  the  stability  analysis.  The  step  function  model  for  the  density  is 
valid  as  long  as  the  parallel  wavelengths  of  the  modes  of  interest  are  much 
longer  than  the  actual  parallel  equilibrium  density  scale  length,  i.e.. 


The  neglect  of  the  equilibrium  parallel  current  and  parallel  diffusion  can 
similarly  be  justified  for 
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P  z 

k'»>  «  «. 

When  the  electron  parallel  conductivity  is  large,  k^  is  typically  *  quite 
small  so  that  these  inequalities  are  easily  satisfied.  Finally,  the  time 
evolution  of  the  equilibrium  should  have  a  negligible  influence  on  the 
stability  analysis  providing 
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where  y  is  the  growth  (damping)  rate  of  the  mode  of  interest. 


IV.  LINEARIZED  EQUATIONS  AND  DISPERSION  EQUATION 

To  determine  the  influence  of  finite  temperature  and  parallel  dynamics 
on  the  gradient  drift  instability  we  linearize  (13)-(15)  using  the 
equilibrium  discussed  in  the  preceding  section.  We  assume  perturbed 
quantities  to  vary  as  p  ~  p(z)  exp  (yt  +  ikyy).  After  eliminating  n  alge¬ 
braically  from  (13 )— (15),  we  obtain  two  coupled  differential  equations 
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In  deriving  (32)  and  (33)  we  have  neglected  parallel  ion  diffusion  as 
discussed  previously  and  assumed  nc  »  n^.  The  primes  denote  a  derivative 
with  respect  to  x.  The  important  finite  temperature  effects  that  appear  in 
(32)  and  (33)  are  the  diamagnetic  drift  frequency  (u*),  perpendicular  ion 
diffusion  (DjJ,  and  modification  of  the  equilibrium  ($').  In  the  limit  T^ 
-  Tg  =  0,  Eqs.  (32)  and  (33)  reduce  to  those  previously  derived  by  Sperling 
et  al.  (1984).  The  eigenvalue  y  is  in  a  frame  of  reference  moving  with  the 
electron  fluid. 
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Prior  to  solving  (32)  and  (33)  for  the  density  profile  shown  in  Fig. 


lb,  we  first  consider  a  cloud  of  infinite  extent  rz  ♦  and  Fourier 

-  c 

expand  in  the  direction  parallel  to  B-,  i.e.,  p(z)  ~  p  exp  f ik  zl.  This 

'"V  2 

allows  insight  into  the  influence  of  finite  tenoerature  and  parallel 
dynamics  on  the  instability.  The  local  dispersion  equation  is  given  by 


‘ iu*  -  +  kvDr) =  “  ^rr~  &  -  ik/i + 


(34) 


in  i 


1  /2  ** 

where  VA  =  B/ (4  tool)  is  the  Alfven  velocity.  This  dispersion  relation 
illustrates  the  coupling  between  the  gradient  drift  instability  and  the 


Alfven  wave  when  kz  *  0. 


For  simplicity,  we  neglect  the  terms  in  (34)  which  cause  the  mode  to 

propagate  V.V±  +  0  and  y  -►  y)  and  note  that  Dr  »  D±  in  ionospheric 

applications.  The  growth  rate  can  be  easily  obtained  in  two  limits:  in 

2 

the  electromagnetic  limit  (y  »  k  Df), 


yn  -  k2V2/v .  6 
0  z  A  in  i* 


(33) 


wh 


lile  in  the  electrostatic  limit  fy  «  k  D  1 

'  y  r' 


k2T 

>  =  CYq  ~  (' 


k2D 

_y, r. 


m  V  '  \2  2, ,2  ,  ■ 

e  e  k  D  +  k  V,  /\>  6 

y  r  z  A  in  i 


(36) 


The  Alfven  wave  has  a  stabilizing  influence  on  the  instability  in  the 
electromagnetic  limit  but  thermal  effects  do  not  affect  the  growth  rate. 
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2 

Of  course,  the  gradient  drift  instability  is  not  stable  when  k  ^ 

Tq  as  night  be  construed  from  (35)  since  the  expression  for  y  given  in  (35) 


breaks  down  when  y  <  k  D  . 

y  r 


Thermal  effects  can  have  a  significant 

2r 
y 


influence  on  the  growth  rate  when  y  <  kyDr  (electrostatic  limit).  Namely, 
for 


k2T/m  v 
z  e  e 


<  Yr 


(37) 


the  electrons  can  move  a  wavelength  along  B  during  the  growth  time  of  the 
instability,  and  the  mode  is  stable.  In  the  limit  of  kz  +  °  in  (36), 


Y  “ 


(38) 


so  that  the  mode  damps  at  the  ion  diffusion  rate. 

The  stabilization  mechanism  can  be  understood  by  examining  the 
electron  and  ion  density  perturbations  in  the  electrostatic  limit, 


n 

e 


fik  cn'/B  +  k2/en  1 
v  y  z  e ' 

y  +  k2T  /m  v 
z  e  e  e 


(39a) 


"i  = 


fik  cn'/B  -  k  c  (v  /ft.  )n/B  1 
1  y  _ y  v  in  l ' 

y  +  k2D  -  ik  V  v  /fi. 
y  li  y  n  in  l 


(39b) 


where  D..  *  6, fv.  /fi.)cT./eB.  In  the  limit  k,  =  0,  n  =  fik  cn'/yB)^ 

Ii  i v  in  l '  l  z  e  y 

and  the  usual  growth  rate  of  the  instability  is  obtained  by  equating  n^  and 
n^.  In  this  case  the  density  perturbation  and  the  electric  field 
perturbation,  *  -  ik^ij),  are  in  phase  and  the  usual  physical  description 


of  instability  applies.  However,  in  the  limit  of  large  kz  with  Tfi  *  0, 

n^  *  nQe4>/Te,  i.e.,  the  electrons  are  adiabatic  and  neutralize  the  ions  by 

moving  along  B  rather  than  across  B.  In  this  case  n^  is  out  of  phase 

with  E  and  there  is  no  instability.  When  T  «  0  and  k_  is  large,  the 

y  e  z 

mechanism  is  somewhat  different  although  the  mode  is  also  stable.  In  this 
case,  the  electrons  bunch  parallel  to  B.  and  n  **  fk  /en  y]<>.  For  large 

^  g  '2  6  ^  « 

o 

the  ions  can  only  neutralize  the  electrons  if  >  *  -  k  D.,  +ikVv,  /0. . 

y  li  y  n  in  i 

Namely,  the  electrons  bunch  parallel  to  B  and  the  ions  diffuse  across  B  to 
neutralize  the  charge  imbalance.  Finally,  we  note  that  while  electron 
parallel  diffusion  or  ion  perpendicular  diffusion  stabilizes  the  mode  when 
the  perturbation  is  periodic  along  B,  when  the  spatial  dependence  of  the 
mode  is  exponential,  i.e.,  p(z)  ~  p  exp  (+  k^z),  the  thermal  effects  are 
not  stabilizing.  The  distinction  between  a  periodic  and  a  nonperiodic 
solution  is  important  in  Interpreting  the  dispersion  relation  which  is 
obtained  for  the  equilibrium  shown  in  Fig.  Ib. 

We  now  solve  (32)  and  (33)  for  the  profile  given  by  (19).  The 

I  I 

boundary  conditions  used  are  $,  A  0  as  |  z  |  +•  z  .  For  the  step  profile 

Z  ID 

for  n(x,  z)  the  solutions  to  (32)  and  (33)  in  the  region  |z|  >  z£  can  be 
written  as  plane  waves 


A  =  A  ,  exp  [-  k.  | z | 1  (40a) 

Z  ZD  D 

$  =  exp  [-  kb|z|  ]  (40b) 


with 


where  the  subscript  b  on  a  given  parameter  indicates  that  it  is  to  be 


evaluated  in  the  region  |z]  >  z£.  Note  that  we  have  assumed  k^z^  ^  1  and 

that  solutions  which  diverge  as  z  becomes  large  have  been  omitted  from 

1/2 

(40).  This  assumption  is  consistent  with  the  approximation  zfa  «  a 

made  in  deriving  the  equilibrium  potential  $  as  long  as  k^z^  »  1» 

In  the  region  ]z]  <  z  the  solutions  for  6  and  A  are 
1  1  c  z 


A  *  sin 

fk  z ' 

)  -  A  ^  cos  fk  z ) 

(41a) 

zc 

v  c  ‘ 

zc  v  c  J 

»v 

A1 

$c  cos 

(kcz) 

+  <j>2  sin  fk  z  ) 
c  v  c  1 

(41b) 

with 


(y  +  kZ  D  )A1,2  =  k  c^1 
v'c  y  re'  zc  c  c 


'1  2 
i1*  4 


(41  c) 


k2  =  - 

c 


C?  -  -  yQ)(y  +  \^r) 

oDrCr’+  kV) 


(41d) 


We  note  that  in  writing  (40d)  and  (41  d)  we  have  assumed  y  »  k^V^  for 
simplicity. 

To  complete  the  dispersion  relation,  we  must  match  the  various  plane 

wave  solutions  at  z  =  +  zc<  The  appropriate  matching  conditions  are 

obtained  from  (32)  and  (33).  Integrating  these  two  equations  across  the 

discontinuity  in  the  density  at  z  =  +  zc,  we  find  that  $  and  A  must  be 

~  ~  2 

For  the  even  $  solution  “  0),  we  obtain  the  dispersion 


continuous . 


~  2 

continuous.  For  the  even  $  solution  -  0),  we  obtain  the  dispersion 


equation 

,  k,  T  + 

kcz  -  tan  [t—  z +  mu  (42) 

c  Y  +  Vrb 

0>0 

where  m  is  an  integer.  The  dispersion  relation  for  the  odd  $  mode  - 
0)  is  similar  to  (42)  except  tan-1  is  replaced  by  -  cot"1.  The  result  in 
(42)  is  Identical  to  the  dispersion  relation  obtained  previously  by 

Sperling  et  al.  (1984)  except  that  the  expressions  for  kfc  and  kc  given  in 
(40d)  and  (41 d)  now  contain  thermal  effects  which  were  previously 

neglected. 

In  general,  the  dispersion  equation  (42)  has  an  infinite  number  of 

solutions  for  a  given  set  of  physical  parameters,  corresponding  to 

eigenmodes  with  an  increasing  number  of  nodes  (m)  along  z.  The  dispersion 

equation  (42)  can  be  solved  numerically  for  arbitrary  values  of  the 

background  and  cloud  parameters.  However,  to  gain  an  understanding  of  the 

general  scaling  of  the  growth  rate  y  with  the  parallel  extent  of  the  cloud 

and  temperature,  it  is  useful  to  solve  (42)  analytically.  To  do  this  we 

make  a  number  of  simplifying  assumptions.  We  consider  only  the  lowest 

order  mode  (i.e.,  m  -  0  which  implies  0  <  k  z  <  it/2;  it  is  easily  shown 

c  c  J 

that  this  mode  has  the  largest  growth  rate);  take  v.  /n.  to  be  snail  so 

in  i 

that  take  all  parameters  but  the  density  to  be  the  same  inside  and  outside 
of  the  cloud;  assume  n_  »  nh;  and  v  .  »  v  so  that  the  resistive 

diffusion  coefficient  is  continuous  across  the  boundary  z  -  zc 
(i.e.  ).  With  these  assumptions  the  dispersion  equation  becomes 


k  z  *  tan  *  fk, /k  ) 
c  c  'be' 
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'i-n  •  ‘ 


where 


H  A 
k  U 

c  c 


C  y0  -  y  +  iw* 


In  Sperling  et  al.  (1984),  the  dispersion  relation  was  carefully  solved  in 
all  possible  limits  of  the  various  parameters.  In  order  to  clearly 
emphasize  the  role  of  finite  temperature  in  stabilizing  sho’-*  wavelength 
modes,  we  will  focus  our  analysis  primarily  on  modes  with  growth  rates  less 
than  Yq  for  which  k^/^  ^  1*  In  this  limit  (43)  becomes 


k^z  *  k. 
c  c  b 


- iu*  ■  y0)  +  Vb1  Y  =  °* 


In  the  form  shown  in  (46),  the  nature  of  the  dispersion  relation  can  be 

simply  understood.  The  first  (second)  tent  is  the  magnetic  field  line 

integrated  contribution  from  the  cloud  (background) .  The  background 

contribution  arises  only  from  the  region  ]zj  <  since  the  perturbed 

potential  $  is  small  outside  of  this  interval.  The  result  in  (46)  can  be 

directly  obtained  by  integrating  (33)  for  $  al ang  z. 

The  dispersion  relation  in  (45)  or  (46)  can  be  solved  analytically  for 

various  values  of  k„.  In  the  limit  k„  ♦  0,  ?•  =  y/cQ  and  the  dispersion 

y  j  o  r 

relation  is  given  by 


N-21 


— -<2 


nbD 
b  r  — 


2  2 
n  z 
c  c 


Y, 


(47) 


2  2  2 

and  is  independent  of  the  plasma  temperature.  For  z  »  aD  n./n  yn, 

c  r  b  c  u 


Y  m  Yn 


(48) 


2  2  2 

while  in  the  opposite  limit  z^  <<  oD^^/n^^YQ, 


2  2  2 

Ynn  z 

—  0  c  c 

Y  “ 


an?D 


(49) 


bu 
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These  results  have  been  obtained  previously  [Sperling  et  al.  (1984)]. 

2  _ 

When  ky  becomes  very  large,  k^  =  y/aD^  and  the  dispersion  relation 
becomes 


(Y  "  i“*  "  Y0f 


oD 


“b  - 

I  2  2  Y’ 
n  z 
c  c 


(50) 


For  large  ky,  we  have  »  Yq  since  w*  <*  k^  and  therefore  to  lowest  order 


Y  K  iu*. 


(51) 


the  mode  simply  propagates  at  the  diamagnetic  frequency.  To  investigate 
whether  the  mode  is  stable  or  unstable  in  this  limit,  corrections  to  this 
result  must  be  calculated.  These  corrections  arise  from  the  right  side  of 
(50)  and  yield  the  eigenvalue 


Y  *  i  e 


1/2  ir/4 


(52) 


c  c 
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->  -la  -*  -> 


Two  significant  features  of  (52)  are  first  that  does  not  enter  the 
equation,  and  second  that  there  appears  to  be  an  instability  even  in  the 
absence  of  However,  the  unstable  root  is  invalid.  In  order  for  $  to 

remain  bounded  as  ]z|  becomes  large,  we  require  Re(kb)  >  0.  Thus, 
for  y  «  iu*  we  find 

kfc  =  (U*/dDA)1/2ei,r/4.  (53) 


The  root  with  the  opposite  sign  must  be  discarded.  Inserting  this 
expression  for  kb  into  (46),  we  obtain  the  damped  root  in  (52).  Thus,  when 
thermal  effects  are  retained,  the  gradient-drift  mode  is  stable  for  large 


K 


The  stabilization  mechanism  can  be  understood  in  terras  of  our  earlier 
discussion  of  the  local  dispersion  relation.  When  w*  is  discarded  In  (45) 
and  (46),  the  parallel  waVevector  kfe  remains  real  (the  raode  is  evanescent 
in  the  outer  region)  and  the  instability  survives  even  as  ky  -►  However, 
when  w*  is  retained,  the  parallel  wavevector  kb  becomes  complex  (the  mode 
is  evanescent  and  propagating  in  the  outer  region)  and  the  raode  is  stable 
for  large  ky.  In  other  words,  to*  causes  the  raode  to  become  oscillatory 
along  B,  and  the  electrons  can  now  move  along  rather  than  across  B  to 
neutralize  the  ions;  the  raode  is  therefore  stable. 

To  obtain  an  expression  for  the  critical  wavelength  kc  where  the  mode 


becomes  stable,  we  take  y  =  -  i<of  and  solve  (46)  directly.  The  critical 
wavelength  is  given  by 


with 


0) 

r 


2Vcrl 

oD  .  J 


(55) 


where  L  *  -  (n  "/n  )  *  and  p  *  c  /ft.  is  the  Larraor  radius  based  on  the 
n  *■  c  cJ  s  s  i 

1  /2 

sound  speed  c_  *=  (T/m  )  .  Note  from  (54)  that  in  the  limit  T  ♦  0,  then 

s  x 

k  “  so  the  mode  is  not  stabilized  for  a  zero  temperature  plasma 
[Sperling  et  al.  (1984)].  Equation  (54)  also  appears  to  imply  that  kc 
becomes  very  large  as  the  integrated  cloud  density  nc  increases.  This 
result  is  misleading.  In  a  cloud  which  is  finite  in  the  y  direction,  the 
neutral  wind  velocity  Vn  in  (54)  should  be  replaced  by  the  effective  slip 
velocity  of  the  cloud  and  the  neutral  wind.  For  a  circular  cloud,  the 

effective  velocity  is  given  by  [Ossakow  and  Chaturvedi,  1978] 


V  *  2V  n.z./fn.z,  +  n  z  ). 
eff  n  b  b  '  b  b  c  cJ 


(56) 


In  the  limit  of  very  large  nczc,  Eq.  (54)  yields  the  critical  wavelength 


,„2  2  .  2, .2 
,2  2.  AVnzb  AzbVn  > 

kcLn  -  Tjf—  C1  +  -7-9")  * 


2D 


2  2 
ap  c 
s  s 


(57) 


which  is  independent  of  nczc«  Thus,  short  wavelength  modes  are  stable  even 


in  large  ionospheric  clouds 
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NUMERICAL  RESULTS 


We  now  present  quantitative  results  for  the  wave  frequency  of  the 

gradient  drift  instability  by  solving  (43)  numerically.  In  Fig.  2  we  plot 

y/yn  (solid  curve)  and  <u  /yft  (dashed  curve)  vs.  k„p  where  u  ■  u  +  iy  is 
u  r  u  y  s  r 

the  wave  frequency.  We  consider  the  following  typical  parameters  for  a 

barium  cloud  at  180  km:  n  /n.  =  10.0,  T  *  T.  ■  0.1  eV,  m*  *  16  m_  (0+ 

background),  zc  ”  10  km,  B  *  0.3  G,  c  ■  10^,  »  100  n^/sec,  Vn  *  Vg££  - 

20  m/sec  and  Ln  =  1  km.  From  these  values  we  note  that  cg  =  10^  m/sec  and 

Ps  =  6  m.  The  main  features  of  Fig.  2  are  described  as  follows.  First, 

the  growth  rate  has  a  maximum  value  at  k  p  =  k  p  =  0.08.  For  k  <  k 

y  s  ym  s  y  ym 

the  growth  rate  decreases  because  of  coupling  to  the  background  plasma  as 

described  in  Sperling  et  al.  (1984).  For  ky  >  k^  the  growth  rate 

decreases  rapidly  and  becomes  stable  (i.e.,  y  <  0).  This  is  due  to 

parallel  electron  motion  as  described  in  the  preceding  section  and  is  the 

dominant  finite  temperature  effect.  Second,  the  critical  wavenumber  for 

stabilization  as  given  by  (54)  is  denoted  by  the  arrow  along 

the  k  p  axis  (k  P  ~  0.26).  It  is  seen  that  (54)  gives  a  very  good 

y  s  y  s 

approximation  to  the  critical  wavenumber  obtained  numerically 

(k  p  =  0.28).  For  the  parameters  used  the  critical  wavelength  is  given 

y  s 

by  =  135  m.  Third,  the  real  frequency  is  linear  in  ky  and  is 

proportional  to  the  diamagnetic  drift  velocity  Vj  =  (cT/eB) (n'/nc). 

The  results  shown  in  Fig.  2  appear  to  be  in  qualitative  agreement  with 
thi  numerical  work  of  Sperling  and  Glassman  ( 1 9 S- ) .  They  consider  a  plasma 
cloud  with  a  Gaussian  distribution  along  the  magnetic  field  rather  than  a 
waterbag  model.  The  shape  of  the  curve  of  y  vs  k  shown  in  Fig.  2  is 

similar  to  corresponding  curves  presented  in  their  report.  Moreover,  they 
also  find  that  <*  k^  for  large  ky. 
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VI.  CONCLUDING  REMARKS 


We  have  presented  a  relatively  simple  analysis  of  the  gradient  drift 
instability  in  barium  clouds  which  includes  both  finite  temperature  and 
finite  parallel  length  effects.  We  have  derived  a  general  set  of  nonlinear 
equations  which  describe  the  evolution  of  a  three  dimensional  plasma  cloud 
in  the  ionosphere.  We  then  investigate  the  stability  of  a  two  dimensional 
plasma  cloud  in  which  the  density  varies  in  the  direction  of  the  neutral 
wind  and  along  the  ambient  magnetic  field  Bq.  By  modeling  the  density 
variation  along  Bq  as  a  waterbag,  we  are  able  to  obtain  an  analytic 
dispersion  relation  for  the  gradient  drift  instability.  There  is  no  static 
equilibrium  since  the  cloud  diffuses  both  perpendicular  and  parallel 
to  Bq  so  that  we  restrict  our  analysis  to  time  scales  short  compared  to  the 
cloud  diffusion  time  scales. 

In  recent  work  Sperling  et  al.  (1984)  found  that  the  finite  length  of 
the  cloud  suppressed  the  growth  of  long  wavelength  nodes  because  of  "good" 
coupling  to  the  background  plasma.  However,  the  growth  rate  of  short 

wavelength  modes  is  unaffected  by  the  finite  size  of  the  cloud  since  they 
do  not  couple  to  the  background  in  a  zero  temperature  plasma.  In  contrast 
to  this  result,  we  find  that  in  a  finite  temperature  plasma  the  short 
wavelength  modes  do  couple  to  the  background  plasma  and  that  for 
sufficiently  short  wavelengths  the  modes  are  completely  stabilized. 
Stabilization  results  as  the  electrons  redistribute  parallel  to  Bq  and 
neutralize  the  charge  imbalance  set  up  by  the  instability.  The  parallel 
electron  motion  results  from  diffusion  and/or  the  response  to  the  perturbed 
fields.  We  have  also  derived  a  simple  analytic  expression  (see  (54))  for 
the  wavenumber  corresponding  to  marginal  stability  (i.e.,  y  =  0).  Our 
results  are  consistent  with  previous  numerical  computations  of  Sperling  and 


Glassman  (1984)  who  also  noted  the  importance  of  finite  temperature  on  the 
stability  of  the  gradient  drift  mode. 

The  extent  to  which  the  work  described  here  may  have  relevance  to  the 
barium  cloud  "freezing"  phenomenon  deserves  some  discussion.  Briefly,  it 
is  observed  that  barium  ion  clouds  released  at  ionospheric  altitudes  will, 
through  the  nonlinear  evolution  of  the  gradient  drift  instability,  break 
into  smaller  pieces.  This  process,  known  as  bifurcation,  continues  until  a 
certain  minimum  transverse  dimension  is  reached,  at  which  point  further 
bifurcation  ceases.  This  frozen  scale  size  is  observed  to  be  approximately 
400  m.  Simple  two  dimensional  models  of  barium  cloud  evolution  fail  to 
explain  frozen  scale  sizes  this  large  [McDonald  et  al,  1981].  One 
explanation  which  has  been  advanced  to  explain  freezing  is  that  of  end¬ 
shorting  [Francis  and  Perkins,  1975;  Zalesak  et  al. ,  1984]  which  takes  into 
account  the  distribution  of  plasma  along  magnetic  field  lines,  finite 
plasma  temperature,  and  parallel  currents,  as  we  have  done  here.  However 
end-shorting  depends  on  the  "mapping"  of  transverse  electric  fields  over 
relatively  large  distances  along  B;  this  becomes  increasingly  more 
difficult  as  k  increases.  Indeed,  as  shown  here,  and  in  Sperling  et  al. 
(1984),  end-shorting  fails  to  provide  stabilization  of  the  very  high  k 
modes  (at  least  for  the  simple  profiles  of  nc,  n^  and  considered).  If 
nothing  else,  the  present  work  shows  the  existence  of  a  viable 
stabilization  mechanism  (i.e.,  finite  temperature)  in  the  gap  missed  by  the 
end-shorting  mechanism.  It  should  also  be  pointed  out,  however,  that  we 
are  not  that  far  removed  (135  m  stabilization  wavelength)  from  offering  a 
mechanism  that  by  itself  may  stabilize  a  400  n  diameter  barium  striation. 
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FIGURE  CAPTIONS 


Fig.  1  Slab  geometry  and  plasma  model  used  in  the  analysis. 

(a)  Geometry  and  plasma  configuration. 

C b )  Cloud  and  background  density  profile. 

Fig.  2  Plot  of  w  /(!)«  (dashed  curve)  and  y/y0  (solid  curve)  vs.  k  p  where 
r  u  u  y  s 

to  =  1 1)  +  iY«  Parameters  used  are  described  in  text. 
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FINITE  TEMPERATURE  EFFECTS  ON  THE  EVOLUTION  OF  IONOSPHERIC  BARIUM 
CLOUDS  IN  THE  PRESENCE  OF  A  CONDUCTING  BACKGROUND  IONOSPHERE 

I.  A  High  Altitude  Incompressible  Background  Ionosphere 
1.  Introduction 

The  nonlinear  evolution  of  an  artificial  plasma  cloud  (e.g.,  a  barium 
ion  cloud)  released  in  the  earth's  ionosphere  is  characterized  by  an 
overall  bulk  x  B_  motion,  a  one-sided  steepening  of  plasma  gradients,  and 
by  bifurcation  [see  Ossakow,  1979;  Ossakow  et  al.,  1982  and  references 
therein]  a  process  which  we  define  here  to  mean  the  splitting  of  the  cloud 

into  two  £r^  more  pieces.  These  pieces  are  sometimes  referred  to  as 

"striations".  All  of  the  above  motion  and  the  resultant  plasma  structures 

are  observed  to  be  magnetic-field-aligned.  That  is,  the  plasma  motion 
parallel  to  magnetic  field  lines  consists  primarily  of  diffusion  and 
falling,  while  the  perpendicular  plasma  motion  is  virtually  identical  for 
all  plasma  along  a  given  field  line.  Hence  one's  best  view  of  the 
structuring  of  the  cloud  is  from  a  vantage  point  looking  parallel  to  the 
magnetic  field  B_.  This  simplified  description  of  barium  cloud  dynamics, 
seen  along  a  line  of  sight  parallel  to  J^,  is  depicted  in  Fig.  1.  The 

sequence  of  drifting,  steepening  and  bifurcating  is,  for  sufficiently  large 
striations,  recursive:  each  striation  becomes  a  new  cloud  which  in  turn 
forms  its  own  striations.  In  the  absence  of  some  dissipative  mechanism,  it 
is  believed  that  this  process  would  continue  indefinitely.  In  reality,  the 
striation  size  becomes  small  enough  to  be  comparable  to  the  characteristic 
scale  lengths  of  physical  dissipation  mechanisms,  and  further  bifurcation 
ceases.  A  previous  study  by  McDonald  et  al.  [1981]  attempted  to  quantify 
this  concept  within  the  context  of  a  "one-level  model”,  a  mathematical 
model  in  which  all  conducting  plasma  was  constrained  to  lie  in  a  single 

two-dimensional  plane  perpendicular  to  the  magnetic  field.  Implicit  in 
Manuscript  approved  March  15, 1984. 
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chis  model  is  the  assignment  of  a  single  Pedersen  mobility  and  hence 
compressibility  to  both  the  barium  and  background  ionospheric  plasma*  In 
this  model,  the  leading  candidate  for  a  dissipative  mechanism  is  the 
ambipolar  diffusion  of  electrons  caused  by  electron-ion  collisions.  Using 
this  mechanism,  McDonald  et  al.  [1981]  calculated  final  unbifurcating 
striation  sizes  (from  a  so-called  U  shaped  curve)  for  barium  clouds  of  ~  20 
m  (perpendicular  to  _B).  However,  there  is  experimental  evidence  for  the 
existence  of  long-lived  “blobs"  of  plasma  several  hundred  meters  in 

diameter.  The  apparent  stability  of  such  large  plasma  structures  has  yet 
to  find  a  satisfactory  explanation  within  the  one-level  model.  Ossakow  et 
al.  [1981]  proposed  including  a  zero  temperature  second  level  compressible 
background  ionosphere  below  the  cloud  (see  Scannapleco  et  al.,  1976).  This 
would  allow  image  striations  to  build  up  and  allow  the  conductivity  in  a 
striation  to  be  amplified.  This  in  turn  would  allow  for  larger 

conductivity  ratios  than  if  one  had  just  a  one  level  cloud.  In  turn,  this 
could  result  in  kilometer  size  unbifurcating  striations  by  extrapolating 
the  U  shaped  curve  of  McDonald  et  al.  [1981]  to  higher  conductivity  ratios. 

Here  we  postulate  that  the  existence  of  a  conducting  background  plasma 
with  ion  Pedersen  mobility  different  from  that  of  the  barium  plasma, 
combined  with  the  finite  temperature  of  the  barium  plasma,  may  allow  the 
existence  of  stable  striations  with  scale  sizes  of  hundreds  of  meters.  The 
essence  of  the  mechanism  is  a  phenomenon  commonly  referred  to  as  “end 
shorting"  first  investigated  in  the  context  of  barium  clouds  by 
Shlau  and  Simon  [1974],  who  considered  a  completely  incompressible 
background  ionosphere,  and  showed  that  the  normal  electron  ambipolar 
diffusion  rates  would  be  replaced  by  some  fraction  of  the  much  higher  Ion 

diffusion  rates  caused  by  collisions  of  ions  with  neutrals.  Francis  and 

Parkins  [19751  generalized  the  work  of  Shlau  and  Simon  [1974]  by 


considering  the  cases  of  both  incompressible  and  compressible  background 
ionospheres.  They  concurred  with  Shiau  and  Simon  [1974]  that 
incompressible  backgrounds  exert  a  stabilizing  influence,  but  noted  that 
compressible  backgrounds  are  destabilizing .  In  contrast,  Vickrey  and 
Kelley  [1982]  concluded  that  a  background  (compressible)  E  region  should 
exert  a  stabilizing  influence  on  high  latitude  irregularities.  We  shall 
address  the  question  of  the  correctness  of  the  above  two  analyses  in  a 
later  paper.  For  the  moment  we  note  that:  1)  Francis  and  Perkins  [1975] 
performed  a  rigorous  stability  analysis  of  the  problem;  Vickrey  and  Kelley 
[1982]  did  not;  2)  Francis  and  Perkins  [1975]  self-consistently  included 
image  formation  (compressibility)  in  both  the  cloud  and  the  background; 
Vickrey  and  Kelley  [1982]  did  not  (they  took  a  passive  load  model);  3) 
Vickrey  and  Kelley  [1982]  included  recombination  chemistry;  Francis  and 
Perkins  [1975]  did  not. 

Our  own  conclusions  are  based  on  our  view  of  barium  cloud  dynamics  as 
consisting  of  a  two-stage  feed-back  loop:. 

1)  At  any  given  time,  the  distribution  of  plasma  density  will, 
through  the  effect  of  these  distributions  on  magnetic-field-line  integrated 
Pedersen  and  Hall  conductivities,  bring  about  the  creation  of  polarization 
electric  fields  whose  purpose  It  Is  to  maintain  quasi-neutrality; 

2)  these  electric  fields,  through  Hall  and  Pedersen  mobilities, 
affect  the  velocity  of  the  plasma,  which  In  turn  affects  the  distribution 
of  plasma  density  at  the  .next  instant  of  time. 

We  emphasize  that  it  Is  only  through  its  influence  on  magnetic-field- 
line  Integrated  Pedersen  and  Hall  conductivities  that  a  change  in  plasma 
distribution  [e.g.,  diffusion]  will  affect  the  polarization  fields,  which 
are  the  engine  of  plasma  structure. 
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In  the  present  study  we  have  isolated  the  "enhanced”  difusive  effects 
(due  to  finite  temperature  effects  and  a  two  level  model,  where  only  ion- 
neutral  collisions  are  included)  on  barium  cloud  striation  evolution.  A 
major  conclusion  derived  from  the  nonlinear  numerical  simulation  results 
presented  here  is  that  coupling  to  a  nearly  incompressible  background 
ionosphere,  l.e.,  an  F  region,  can  result  in  a  cessation  of  striation 
bifurcation  in  F  region  ionospheric  barium  clouds. 

In  addition,  a  simplified  analysis  of  the  equation  for  the  time 
evolution  of  the  total  field  line  integrated  Pedersen  conductivity  shows 
that  coupling  to  a  compressible  background  ionosphere,  l.e.,  E  region, 
would  result  in  destabilization  of  the  striations  (see  Eq.  (4-36)  and  the 
discussion  following).  Both  of  these  results  are  consistent  with  the 
linear  analysis  of  Francis  and  Perkins  [1975]. 

In  section  2  we  describe  the  motion  of  ionospheric  plasma  and  in 
section  3  the  mathematical  model  is  presented.  Section  4  presents  a 

simplified  two  level  model.  Section  5  describes  the  diffusion 

characteristics  for  a  simplified  two  level  model  with  a  nearly 

incompressible  background.  Numerical  simulation  results  using  an 

incompressible  background  are  presented  in  section  6.  Section  7  presents 
the  conclusions  and  thoughts  on  future  work. 
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2.  The  Motion  of  Ionospheric  Plasma 

We  shall  be  concerned  here  with  the  motion  of  plasma  consisting  of 
ions  and  electrons  in  the  presence  of  a  neutral  gas  and  magnetic  field 
subject  to  an  external  force.  We  shall  also  be  Interested  in  the  electric 
current  _J  arising  from  the  differential  motion  of  the  various  species 
comprising  the  plasma.  In  the  course  of  deriving  the  equations  we  make  the 
following  assumptions: 

1)  We  assume  the  plasma  can  be  adequately  described  by  the  fluid 

approximation.  This  assumes  that  the  effective  collision  rate  of  each 

plasma  species  with  Itself  is  sufficiently  high  to  maintain  near  Maxwellian 
distribution  functions  on  time  scales  short  compared  to  the  times  of 
interest,  and  is  well  satisfied  for  the  plasmas  we  treat  here. 

2)  We  assume  that  the  electric  fields  E_ are  electrostatic  (l.e., 

7  x  E  •  0)  and  hence  can  be  described  using  a  scalar  potential  <p  such  that 
_E  ■  -  741.  Note  that  this  implies  3B/3t  »  0.  The  validity  of  this 

assumption  can  be  related  to  the  fact  that  the  Alfven  velocity  1b  much 

larger  than  any  other  propagation  speed  of  interest  for  the  plasmas  we 
treat  here.  The  assumption  is  also  checked  a  posteriori  by  verifying  that 
the  calculated  currents  and  displacement  currents  produce  negligible  time 
variations  In  B^  which  in  turn  produce  negligible  7  x  E. 

3)  We  assume  plasma  quasi-neutrality;  that  is, 

l  *  n@e  (2.1) 

where  n  is  the  number  density,  q  is  ion  species  charge,  e  is  the  electron 
charge,  the  subscripts  i  and  e  refer  to  ions  and  electrons  respectively, 
and  the  sum  is  taken  over  all  ion  species.  This  assumption  is  a  statement 


that  the  Debye  length  is  small  compared  to  all  length  scales  of  interest, 
and  again  can  be  verified  a  posteriori  by  evaluating  V  •  £.  Note  that  this 
assumption  implies  that  7  •  J  ■  0,  where  _J  is  the  electric  current* 

In  addition  to  the  above  there  are  some  other  assumptions  which,  while 
they  are  not  essential  to  the  basic  model,  are  nonetheless  valid  for  many 
of  the  physical  situations  which  we  shall  treat  and  impart  a  simplicity 
which  we  shall  find  convenient  here. 

A)  We  assume  the  electrostatic  potential  $  to  be  constant  along 
magnetic  field  lines.  As  we  shall  see  later,  the  electrical  conductivity 
along  magnetic  field  lines  is  much  greater  than  that  perpendicular  to 
magnetic  field  lines,  meaning  that  appreciable  differences  in  potential 
along  a  field  line  will  quickly  be  reduced  by  the  resultant  current.  This 
assumption  will  break  down  for  sufficiently  small  scale  lengths 
perpendicular  to  the  magnetic  field,  and  for  sufficiently  large  distances 
along  the  magnetic  field. 

5)  We  assume  that  the  inertial  terms  in  the  plasma  species  momentum 
equations,  i.e.,  the  left  hand  side  of  Equation  (2.3),  are  negligible  with 
respect  to  the  other  terms  in  the  equation.  This  assumption  is  justified 
whenever  the  time  scales  of  interest  are  longer  than  the  mean  time  between 
collisions  for  ions. 

6)  We  neglect  collisions  between  ions  and  electrons  and  between  ions 
of  different  species.  Later  we  shall  also  neglect  collisions  of  electrons 
with  neutrals.  There  are  two  reasons  for  this.  First,  the  ion-neutral 
collision  term  v  can  be  shown  to  be  the  dominant  term  in  the  diffusion 
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physics  we  consider  here.  (One  must  be  careful,  however,  since  these  same 
assumptions  will  yield  zero  diffusion  when  the  background  conductivity  Is 
set  to  zero.  To  obtain  the  correct  electron  ambipolar  rate  in  this  limit. 


the  electron-ion  and  electron-neutral  collision  terms  must  be  retained.  We 
are  not  interested  in  this  limit  in  this  paper).  Second,  although  exact 
closed  form  expressions  for  the  ion  and  electron  velocities  in  terms  of  the 
applied  forces  is  possible  when  ion-electron  collisions  are  retained 
[Fedder,  1980],  the  expressions  are  considerably  more  complex  than  those 

given  below. 

The  continuity  and  momentum  equations  describing  a  single  ion  species 
and  its  associated  electrons  are: 


(2.2) 


(2.3) 


where  the  subscript  a  takes  on  values  i  and  e  (denoting  ions  and  electrons, 
respectively),  n  is  the  number  density,  _v  is  the  fluid  velocity,  P  is 
pressure,  £  is  the  electric  field,  £  is  the  gravitational  acceleration,  q 
is  the  charge,  vaQ  is  the  collision  frequency  with  the  neutral  gas,  JJj,  is 
the  neutral  wind  velocity,  c  is  the  speed  of  light,  and  m  is  the  particle 
mass.  We  can  rewrite  this  equation  as 


F  /m  +  -2-  (v  x  B) 
—a  a  me  —a  — 
a 


v  v  ■  0 
on  —a 


where 


(2.4) 
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F  =  q  E+mg+v  m  U  -VP/n 
— a  a  —  a.  an  a  — n  a  a 


7)  v  a 
-«  a 


(2.5) 


If  we  place  ourselves  in  a  Cartesian  coordinate  system  In  which  ,B  Is 
aligned  along  the  z  axis,  and  If  we  treat  as  a  given  quantity  then  a 
componentwise  evaluation  of  Equation  (2.4)  yields  a  set  of  three  equations 
in  three  unknowns,  the  three  components  of  v  .  The  formal  solution  is 


v  ■  k.  F 
— al  la  — c 


k,  F  . 
2a  — ai 


x  z 


(2.6) 


k  F 
oa  —n 


(2.7) 


where 


k  -  — 
la  ft 


an  c 


c  (1  ‘W2  , 


an  a 


_  (v/ft)2 

■  c  r .  an  a  i 

k2a  *  1  1  +  (v  7ft  >2j 


an  a 


k  •  (m  v  ) 
oa  a  an 


-1 


z  =  1/  |B| 


q  B 


(2.8) 


(2.9) 


(2.10) 


(2.11) 


(2.12) 


The  vector  subscripts  j.  and  ”  refer  to  the  components  of  the  vector  which 
are  perpendicular  and  parallel  respectively  to  £.  The  quantities  k^,  k, , 
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and  kQ  above  are  referred  to  as  Che  Pedersen,  Hall,  and  direct  mobilities 
respectively.  It  should  be  pointed  out  that  Equations  (2.6)  and  (2.7)  are 
only  truly  closed  form  expressions  when  the  inertial  terms  (the  last  term 
on  the  right  hand  side  of  Equation  (2.5))  are  neglected,  an  assumption  we 


have 

made 

previously.  Typical  ranges 

for 

collision 

frequencies 

are: 

vin  ~ 

30  sec"*,  ven  ~  800  sec"*  at  150  km 

altitude;  and  v^n 

~ 

,  -1 

-1 

.  -l 

10 

sec  , 

v  ~  1  sec  at  500  km  altitude, 
en 

As  we 

will  see  later,  we  will  use 

the 

concept  of  " 

'layers"  to 

distinguish  the  various  ion  species,  so  for  the  moment  we  consider  only  a 
single  ion  species,  denoted  by  subscript  i,  and  the  associated  electrons, 
denoted  by  subscript  e.  We  also  consider  only  singly  charged  ions  so  that 
q^  •  e  and  qe  •  -  e.  Noting  that  ven/8e  *  0,  we  obtain 


kn  “  R 
li 


c 

i  ITbT 


-  0 


k2i  ‘  Ri  eF 


k2e 


(2.13) 

(2.14) 

(2.15) 

(2.16) 


where 


Ri  5  +  vin2/ni2>_1 


(2.17) 


We  now  define  the  perpendicular  current 


(2.18) 


J,  =  T  n  q  v  , 

— 1  “  o  o— ai 

a 

Substituting  Equations  (2.13)  through  (2.16)  and  (2.6)  into  Equation 
(2.18),  and  using  the  quasi 'neutrality  approximation 


For  the  barium  cloud  problem  we  shall  treat  here,  we  shall  only  consider 
neutral  winds,  electric  fields,  gravity,  and  pressure  gradients  as  external 
forces  *  Hence 


Ill  “  e  £±  +  °i  1} .  +  vin  ni  _  7Vn  (2,21) 

I«i  *  “  e  -i  +  me  ii  “  VPe/n  (2.22) 

Note  that  we  have  neglected  the  small  term  ven  »e^oi  in  Equation  (2.22). 

We  obtain 
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i.  ■  sf  \  W  <•  it  *  *i  h  *  'i.  "l  -  'V°> 


+  *i  f  l*!.'1  -  «?>  +  <*i  +  T!f>  h  * 


-  7P1/n  -  VP^/n]  X  £ 


Since  0.01  <  ^  <  1.0  we  nay  neglect  me/R^  with  respect  to 
Defining  the  Pedersen  conductivity 


°P  5  Ri  o4  TbT 

and  noting  that  1  -  R^1  -  -  vin2/n^2  we  obtain 


in  nee 


a.  m,  .  vr. 

J  -  a  [E.  +  -i,  +v.  —  U  ,  -  — =- 

-1  p  L— 1  e  *J.  in  e  — n.1  ne 

B  ,  vin  p  nimi  ,  n  ®i  .. 

I B |  t  n  —1  v.  e  ^i  e  -® 


- —  (VP.  +  R.  VP  ] J  x  a] 

v.  ne  k  i  i  eJJ  — 1 1 

in 


(2.23) 


(2.24) 


(2.25) 


Our  need  for  an  expression  for  2|  stems  from  our  need  for  its  divergence  to 
evaluate  V  •  2  (  -  0  by  quasi-neutrality),  as  we  shall  see  in  the  next 
section. 
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Mathematical  Model 


We  shall  model  our  physical  system  using  a  simplified  model  as 
depicted  in  Figure  2.  The  magnetic  field  lines  are  assumed  to  be  straight, 
to  be  aligned  along  the  z  axis  of  our  cartesian  coordinate  system,  and  to 
terminate  in  insulators  at  z  «+_<■>.  The  plasma  of  Interest  is  threaded  by 
these  magnetic  field  lines,  and  is  divided  into  thin  planes  or  "layers'*  of 
plasma  perpendicular  to  the  magnetic  field.  Since  we  have  neglected 
collisions  between  different  plasma  species,  we  may  use  the  device  of 
layers  to  treat  multiple  ion  species  at  a  single  point  in  space  simply  by 
allowing  multiple  layers  to  occupy  the  same  plane  in  space,  one  for  each 
ion  species.  In  this  way  a  "layer"  consists  only  of  a  single  ion  species 
and  its  associated  electrons . 

Our  quasi-neutrality  assumption  demands  that 

7  -i"kJ,+l7Jy+l?J2-0  t3-1’ 

Integrating  Equation  (3.1)  along  z  and  noting  from  Figure  2  that  J2 
vanishes  at  z  ■  +  *  we  obtain 


From  our  model  as  depicted  in  Figure  2  we  may  approximate  the  integral  in 
Equation  (3.2)  by  a  discrete  sum 


where  the  subscript  k  refers  to  the  layer  number,  K  is  the  total  number  of 
layers  in  the  system,  and  is  the  thickness  of  layer  k  measured  along 
the  magnetic  field  line.  Within  a  layer,  both  the  ion  density  n  and  the 
ion-neutral  collision  frequency  vin  are  assumed  tr  be  ~rastant  along  a 
magnetic  field  line.  This  enables  us  to  introduce  the  three  magnetic- 
fleld-llne  integrated  quantities: 

\  s  V2k 

V  £  vAzk  -  Vsf  Vk  w 

rhk  5  tf^HkSk 

By  our  assumption  of  equipotential  magnetic  field  lines  and 
electrostatic  electric  fields 

£ik<x.y)  m  Lq  ~  for  all  k  (3.8) 

A  A 

where  =  E^x  +  s0yi  *-s  a  constant,  externally  imposed  electric  field. 
Then  Equation  (3.4)  becomes 


(3.5) 

(3.6) 

(3.7) 


(3.9) 


where 


a*, 

hk  3y ' 


t^k  Hj 


H  3?:hk  +  3*  3Shk 
3y  3x  3x  3y 


(3.10) 


Text  _  rmi  mi  n  7P1  , 

—Ik  "  pk  &J  vin  e  — aL  ne  ^ 


+  w^ii  +ni“2i  -irvf7Pi  +  vpeJ 

in  in 


-  -i£  El**]. 

Q  -o'  — *k 


(3.11) 


and  the  subscript  k  denoting  layer  number  on  terms  within  parenthesis 
operates  on  all  terms  within  those  parentheses. 

The  system  of  equations  we  must  solve  consists  of  (3.9)-(3.11)  and  an 
equation  of  continuity  for  each  layer: 

3N, 

—  +  7  •  IVllc)  •  0  k-1 . *  <3'I2> 


where  v.  is  given  by  Eq.  (2. 6)-( 2. 12) . 
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4.  Simplified  Two-Level  Model 


We  make  the  following  further  simplifications  in  our  model: 

a)  We  find  that  for  ionospheric  barium  clouds  the  currents  parallel 
to  _B  are  carried  primarily  by  electrons ,  and  the  motion  of  ions  parallel  to 

consists  primarily  of  a  slow  diffusion  plus  a  bulk  falling  of  the  cloud 
to  lower  altitudes  (since  £  •  3  *  0).  It  is  therefore  sufficient  to 
represent  the  ions  as  an  array  of  two-dimensional  planes  or  layers  of 
plasma  perpendicular  to  B_,  each  moving  with  the  bulk  “falling"  velocity 
along  B,  and  hence  to  treat  numerically  only  the  transport  of  ions 
perpendicular  to  B  within  each  layer. 

b)  We  limit  our  discussion  to  a  model  consisting  of  only  two  layers 
or  species  of  ions. 

c)  We  assume  that  the  ion  neutral  collision  frequency  is 
constant  within  a  layer. 

d)  We  assume  that  the  only  forces  acting  on  the  plasma  are  an 
external  electric  field  and  pressure  gradients. 

With  the  above  assumptions  we  have 


VP 

£1  •  -sr)i 


B  r_  vin£o 

+  m  l  ~HT 


■i-  (VP1  +  x  1}  (4.1) 


If  we  assume  B  is  along  the  positive  z  axis  then  B/|B|  -  1  and  we  get 


\  •  •  71  •  l£pkU.  -  ktU 


-7i  •  + 


(4.2) 
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where 


i  -1 

3  .  -  -  7,  •  ir  - = —  (VP.  +  R,  VP  1  x  z). 

pk  i  p  ne  i  i  e'  — 'k 


(4.3) 


p  ne  v  Jk 
r  in 


m  r  vin  nee  ni  i 
^Riai  TbT  Az  v^eJk 


■  [Ri  W 


(4.4) 


which  is  a  constant  within  a  layer  if  i9  constant  within  a  layer  (one 
of  our  assumptions).  Then 


Hpk  *  “  7j_  *  [constant  V[P1  +  R~  Pgj  x  zj  - 


(4.5) 


(since  V^  •  (VC  x  z)  »  0  for  any  scalar  field  C). 
Our  final  equations  to  be  solved  are  then 


”  +  VA  *  [N^J  -  0  k-1,2 


(4.6) 


7i  *  Urpl  +  +H  “  lo  ’  VSpl  +  SPzJ 


VP  VP 

-7.fr  _ii  +  v  II 12, 

7i  -Cpl  nxe  "p2  n,a  i 


(4.7) 
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where 


H  H  “  fx  ^Zhl  +  Zh2^3y  "  Eoy^’ 
+  fy  ^Zhl  +  Eh2^3x  "  Eox-^ 


4*  m  4*£  $p 


(4.8) 

• 

separated  into  two 

parts-: 

(4.9) 

• 

W  +  Sp2J 

(4.10) 

• 

VP  VP 

il  12 

nxe  p2  n2e  ' 

(4.11) 

For  reasons  which  shall  become  clear  as  we  progress,  we  shall  regard  4>E  as 
that  part  of  the  potential  field  which  tends  to  drive  the  cloud  toward 
bifurcation.  In  fact,  Eq.  (4.10)  coupled  with  (4.6)  just  form  the  basic 
inviscid  two-level  equations  [Scannapieco  et  al.,  1976].  We  shall  regard 
4>p  as  that  part  of  the  potential  field  which  tends  to  diffuse  or_  anti¬ 
diffuse  the  edges  of  the  cloud.  First  let  us  look  at  solutions  to 
(4.11).  If  VP^  and  VP^  van^-s^  at  our  boundaries,  the  unique  solution 
consistent  with  zero  Neumann  boundary  conditions  (vanishing  of  the  normal 
derivative  of  Op  at  the  boundary)  gives: 


Epl  +  Wp  -  zpl  V"  +  Zp2  ajr 


(4.12) 


In  general,  the  motion  resulting  from  the  forces  proportional  to 
VOp,  VP^  and  7?i2  quite  complex,  not  describable  as  the  simple 
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superposition  of  a  shear  and  a  diffusion.  However,  in  the  special  case  of 
one  of  the  layers  being  uniform,  e.g.,  $2  and  (T^  *  ion  temperature) 
hence  Zp2  an<*  uniform,  then 


- ,V 

"Pi 


VP 


il 


,  +  I  ,  n,  e 
pi  p2  1 


(4.13) 


Ue  shall  now  treat  this  special  case.  One  may  conveniently  think  of  level 
1  as  representing  the  barium  cloud  and  level  2  the  uniform  background 
ionosphere. 

We  now  use  the  equation  of  state 


where  is  in  energy  units  (Tj^  is  the  product  of  Boltzmann's  constant  and 
the  temperature  in  degrees  Kelvin),  and  assume  thermal  conductivities  high 
enough  such  that  Tj  is  constant  and  hence 


The  velocity  in  level  1  resulting  from  the  combined  action  of  VP^  and  6 


Now 


Thus 


r  in  _  c  ,  _  vn.i 

iiip  “  Ri  iW  1“  *V4p  "  Ti 


Vn, 


+  [Ri  h  I-  e7*p  -  Ti  1^1  *  £ 


l-  «**P  -  Ti  ?Jl 


.  T 


>  zpi 


ilnl  ^P1+IP2 


-  ij 


. -T  Z!if  _ j 

11  ni  Si  +  V 


V  .  ~Zp2  r,vi.ri  _  c  T  vn, 

-HP  I  +  Z  L  la  Ri  7]Bf  Ti  N  J  1 
pi  pZ  i 


+  tRiiiTi  ?h*£j 
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Note  we  have  used 


Vn 

n 


VN 

TT  * 


It  is  convenient  to  divide  v^p  into  two  parts: 


2ilP  *  2di  +  2si 


with  the  subscripts  i  and  P  suppressed  but  understood. 


(A. 18) 


E  „  v 

p2  .  In  „  c  _  7N, 

v +  rP2  tsr  1  ^  1  ^ 


_  P2  fR  c  _  7N .  * 

I  ,  +  I  /Ri  eB  T1  TTil  x  2 
pi  p2 


(A. 19) 


That  represents  shear  flow  at  plasma  gradients  can  be  seen  by  noting 

that  the  velocity  is  always  perpendicular  to  7N,  and  is  largest  where 
Ep2  7N 

•= —  —  «—  is  a  maximum,  decaying  in  magnitude  away  from  the  region.  The 

pi  “p2 

quantity  ^  is  of  interest  because  it  is  a  shear  flow  and  hence  may  be 
stabilizing  in  certain  cases  (see  Perkins  and  Doles  [1975],  Huba  et  al . 
[1982]).  We  do  not  consider  the  effects  of  Vg  further  in  this  paper  except 
to  note  that  for  the  special  case  of  a  uniform  layer  2  being  considered 
here,  7  •  Vg^  ■  0  and  7N^  •  ■  0  which  together  imply  7  •  (,N^VS^J  “  °* 

which  is  to  say  that  has  no  effect  on  the  time  evolution  of  N^.  Since 
this  breaks  the  feedback  loop,  it  is  difficult  to  see  how  a  shear 
stabilization  mechanism  could  be  active  in  this  case. 

A  consideration  of  is  really  the  heart  of  this  paper.  The  quantity 
Vjj  is  the  source  for  ion  diffusion  in  level  1.  More  importantly,  it  is  the 
source  for  the  diffusion  of  the  total  integrated  Pedersen  and  Hall 
conductivities  if  level  2  is  sufficiently  incompressible  (i.e., 
if  ln  level  2  is  sufficiently  small),  as  we  will  show.  Let  us  look 

at  the  effect  of  vjj  on  the  ion  continuity  equation  for  level  1: 


_ 1  m  -  7  .  I  JJ  y  ) 

at  ^  1-di' 


•pi  '  "p2 


f_±£  R  T.7NJ.1 

i  e !  3  i  i  >  1- 


( A. 20) 
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This  is  just  a  diffusion  equation  for  with  diffusion  coefficient 


D 

o 


(4.21) 


(It  should  be  noted  that  this  diffusion  coefficient  is  similar  to  that 
derived  by  Goldman  et  al . ,  1976,  and  Vickrey  and  Kelley,  1982.) 


For  a  barium  cloud  (level  1)  at  180  km  altitude  we  take  ~  1000°  K, 

v 

•r— ^ —  ~  0.06,  B  ■  0.5  g,  and  get 
“i 

0  -  ■  (100  mZ/sec)  (4.22) 

o  I  .  +  Z__ 


In  the  less  dense  regions  of  the  barium  cloud  where  Zpl  is  small  compared 
to  Zp2>  the  ion  diffusion  coefficient  is  quite  large  indeed.  By  contrast 
ambipolar  diffusion  rates  induced  by  electron-ion  and  electron-neutral 
collisions  yield  diffusion  coefficients  on  the  order  of  1  m  /sec.  Thus  our 
neglect  of  these  collision  terms  seems  justified.  Unfortunately,  is  not 
the  relevant  quantity  if  one  is  Interested  in  the  effect  of  v^  on  barium 
cloud  dynamics.  A  look  at  Eq.  (4.10)  will  convince  the  reader  that  if  one 


wants  to  affect  the  time  evolution  of  4>g,  the  quantity  which  determines  the 
bifurcation  process,  it  is  necessary  to  change  the  quantities  Z  =  + 


Ip2  and  Z^  =  +  Z^*  the  total  field  line  integrated  Pedersen  and  Hall 

conductivities.  Again  we  assume  an  initially  uniform  distribution  of  I  - 


and  Nj.  We  can  only  show  the  effects  of  Vj>  in  the  first  instant  of  time 


here.  Once  images  form  in  level  2,  the  problem  yields  only  to  numerical 
techniques.  We  need,  the  velocity  vn?  in  level  2. 


As  a  check,  let  us  see  the  effect  on  (N^  +  N2) 
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So  we  see  that 


3(N  +  N  ) 

- i - -  a  0 

3t 


(4.26) 


which  when  combined  with  quasi-neutrality,  is  simply  a  statement  that 

electrons  can't  diffuse.  This  is  consistent  with  our  neglect  of  electron- 

ion  and  electron-neutral  collisions. 

Now  let  us  look  at  the  effect  of  v.  on  E  ■£,+£„.  A  similar 

— o  p  pi  p2 

analysis  can  be  performed  for  with  similar  results.  However  the 

bifurcation  effects  of  ?.,  are  small  compared  to  those  of  F  ,  and  we  shall 

n  p 


not  consider  them  here. 


31  ,  v.  3N. 
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We  note  that  in  Eq.  (4.18)  we  may  set  VN^/N^  •  ^pj/Epi  80  that 


3Epl  _  T  .  r  EP2  fVin  p  c  x  i 

~  7  Upl  +  fp2  [a^  h  eUT  Ti’i  72Pi' 


(4.33) 


Now  since 


72p2  "  ° 


(4.34) 


we  have 
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(*.35) 


and 
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so  we  see  that  for  E we  again  have  a  diffusion  equation,  but  this  time  our 
nominal  100  m  /sec  diffusion  coefficient  is  not  only  multiplied  by 
Zp2/[£pi  +  >  reducing  its  effectiveness  in  the  dense  portions  of  the 

cloud,  but  it  is  further  multiplied  by  the  factor  F  where 


F  -  1 


^vinRi/ni^2 


(4.37) 


Note  that  if  v^R^/n^  is  the  same  for  both  layers,  the  diffusion  is  reduced 
to  zero.  Furthermore,  if  ^  ^  ^.vinRi^i^l  compressible 
background  plasma,  e.g.,  an  E  region)  the  diffusion  coefficient  is 
negative.  That  is,  gradients  in  Ep  will  actually  be  steepened,  rather  than 
smoothed.  For  this  reason  we  conclude  that  unless  some  rather  fast 
recombination  chemistry  is  taking  place  in  the  E  region,  the  presence  of  a 
background  E  region  is  destabilizing,  in  accord  with  the  findings  of 
Francis  and  Perkins  [1975]. 

The  opposite  extreme  of  v i ^ 2  ^  ^vinRi^i^  (background  F  region 
ionosphere)  is  more  interesting  since  it  closely  approximates  the 
conditions  of  most  barium  releases.  It  also  yields  the  full  nominal  100 
m  /sec  diffusion  coefficient,  since  F  »  1.0,  giving  us  some  hope  of 
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stopping  the  bifurcation  process  at  scale  sizes  of  hundreds  of  meters. 

Note  that  in  this  case  the  diffusion  rate  for  £  is  the  same  as  that  for 

P 

N^.  Also  note  that  the  case  of  smaH  is  the  ca8e  where  the 

Pedersen  mobility  and  hence  compressibility  of  the  background  is  extremely 
low,  meaning  that  only  minimal  images  will  be  formed.  It  is  a  good 
approximation  to  take  £ j  t0  he  uniform  for  all  time.  One  might  well  ask 
how  this  is  possible  given  that  the  electrons  can't  diffuse,  and  that  the 
barium  ions  are  being  allowed  to  diffuse  in  level  1.  The  answer  is  that 
there  are  (small)  images:  the  electrons  lost  to  a  field  line  in  level  1 
are  "soaked  up"  on  the  same  field  line  in  level  2.  But  the  number  of 
electrons  N2  in  level  2  is  extremely  large.  (N2  must  be  large  in  order  to 
contribute  a  significant  Pedersen  conductivity  and  yet  have 
small  (6ee  Eq.  2.24)).  Thus  the  electrons  that  are  soaked  up  In 

level  2  Induce  only  an  extremely  small  percentage  change  in 

5.  Diffusion  Characteristics  for  a  Simplified  Two-level  Model  with  a 
Nearly  Incompressible  Background  Layer 

In  the  last  section  we  demonstrated  that  when  the  background 
ionosphere  (layer  2)  is  nearly  incompressible  is  snail)  then 

the  primary  effect  of  a  finite  barium  ion  temperature  is  to  introduce  into 
the  continuity  equation  for  both  Ni  and  for  I  a  diffusion  term  with 

1  P 

diffusion  coefficient  DQ  given  by  Eq.  (4.21).  For  parameters  appropriate 
to  a  barium  cloud  at  180  km  altitude  we  get  Eq.  (4.22): 

rn2 

D«  "  r  (100  m2/sec)  (4.22) 

0  Epl  P2 

Since  level  2  is  nearly  Incompressible,  we  may  regard  £ ^  as  a  constant. 


Since  it  is  proportional  to  N, ,  the  integrated  barium  cloud  density,  Z  , 

A  P1 

is  larger  in  the  center  of  the  cloud  and  decays  toward  zero  at  the  cloud 

edges*  This  means  that  the  diffusion  coefficient  approaches  100  m“/sec 

near  the  cloud  edges,  but  may  be  considerably  less  than  that  value  near  the 

cloud  center  if  Z  .  »  Z  -• 
pi  pz 

Previous  attempts  to  explain  the  persistence  of  scale  sizes  of 
hundreds  of  meters  for  long  periods  of  time  after  barium  releases  have 
inevitably  encountered  the  following  problems:  1)  The  diffusion 

coefficients  required  to  stop  the  bifurcation  of  plasma  clouds  several 
hundred  meters  in  diameter  were  higher  than  one  could  explain 
theoretically;  2)  assuming  the  existence  of  such  large  (ordinary)  diffusion 
coefficients,  their  effect  would  not  only  be  to  stop  the  bifurcation  of  the 
cloud,  but  also  to  diffuse  the  cloud  away  entirely  in  several  minutes.  The 
form  of  the  diffusion  coefficient  given  by  Eq.  (4.22)  would  seem  to  offer 
us  some  hope  of  overcoming  both  of  these"  problems.  Its  success  depends  on 
the  accuracy  of  the  following  qualitative  picture  of  barium  cloud 
bifurcation:  We  postulate  a  barium  cloud  such  that  >  5  E  ^  80  that  the 
diffusion  well  Inside  the  cloud  is  considerably  reduced  over  that  at  its 
edges.  We  further  postulate  that  bifurcation  is  a  process  which,  in  the 
absence  of  diffusion,  starts  at  the  edges  of  barium  clouds  and  works  its 
way  inward.  Our  diffusion  then  satisfies  the  needed  criteria  perfectly: 
1)  It  is  very  effective  at  the  edges  of  the  cloud,  stopping  bifurcation 
before  it  starts;  2)  it  is  very  ineffective  at  the  central  core  of  the 
cloud,  giving  it  a  long  lifetime.  Note  that  if  this  picture  is  correct 
then  the  barium  clouds  commonly  known  as  large  M  clouds  where 
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will  have  extremely  long  lifetimes.  In  fact  for  M  >  100,  the  decay  of  the 
core  is  probably  determined  by  ambipolar  diffusion  rates.  The  accuracy  of 
this  picture  is  best  determined  by  numerical  simulation  techniques,  to 
which  we  turn  in  the  next  section. 

6.  Numerical  Simulations  Using  a  Simplified  Two-level  Model  with  a  Nearly 

Incompressible  Background  Layer 

In  this  section  we  attempt  to  answer  numerically  the  question  posed  in 
the  last  section:  if  we  consider  a  barium  cloud  whose  background 
conductivity  is  due  primarily  to  high  F  region  plasma  (nearly 
incompressible  plasma),  is  the  diffusion  coefficient  given  by  Eq.  (A. 22) 
sufficient  to  stop  the  bifurcation  of  that  cloud  at  a  diameter  of  several 
hundred  meters?  In  order  to  isolate  the  effects  of  this  diffusion 
coefficient,  we  will  make  some  further  simplifications  in  our  two-level 
model:  1)  We  assume  that  N£  and  hence  remain  uniform  during  all  times 
of  Interest.  This  is  completely  consistent  with  our  assumption  of  a  nearly 
Incompressible  background  plasma,  as  discussed  at  the  end  of  Section  A;  2) 
We  neglect  the  shear  component  Vg  of  the  pressure-induced  ion  velocity  as 
defined  in  Eq.  (A.  19).  Again  this  is  consistent  with  our  assumption  of  a 
nearly  Incompressible  background  plasma  which  in  turn  implies  a 
uniform  I as  shown  in  the  discussion  following  Eq.  (A. 19);  3)  We 
neglect  the  "Hall  terra"  H  in  Eq.  (A. A)  and  hence  in  Eq.  (A. 10).  This  is  a 
good  approximation  as  long  as  <0.1;  A)  We  eglect  Pedersen 
convection.  That  is,  for  all  terms  except  those  causing  ion  diffusion,  we 
approximate  the  ion  velocity  with  the  electron  velocity  (see  Eq.  (6. A) 


below).  We  know  from  our  previous  study  [Zalesak  et.  al,,  1983]  that  the 
Pedersen  mobility  of  the  ions  in  response  to  (E  -  V<fc_)  can  have  an  effect 
on  the  "freezing”  phenomenon!,  and  it  is  our  desire  to  isolate  the  effects 
of  the  pressure-induced  diffusion.  Hence  we  neglect  ion  Pedersen  mobility 
except  in  the  diffusion  term. 

The  final  equations  to  be  solved  numerically  are  then 


aBj 


3t-+  V(NlZl>  - 

(6.1) 
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The  initial  conditions  for  the  simulations  were  as  follows 

Ip2  "  1.0  (6.7) 

£pl  •  4.0  exp  (-r»/r4)  (6.8) 

r2  -  (x  -  xQ)2  +  (y  -  yQ)2  (6.9) 
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rQ  -  (250  a)  (1  +  0.001  sin  80) 


-  arctan  ((y-yQ)/(x  -  xq)J 


B  -  0.5  gauss 


cE  /B  ■  100  m/sec 
o 


(6.10) 


(6.11) 


(6.12) 


(6.13) 


where  xQ  and  yQ  are  the  coordinates  of  the  cloud  center  and 
the  ^  x  B  velocity  (cEQ/B)  Is  in  the  negative  y  direction. 

The  above  equations  are  solved  numerically  on  a  finite  difference  grid 
in  an  x-y  cartesian  geometry  perpendicular  to  the  magnetic  field,  which  is 
assumed  to  be  aligned  along  the  2-axis.  The  83  x  60  grid  is  stretched  in 
all  four  directions,  with  the  central  56  x  32  portion  of  the  grid,  which  is 
centered  on  the  steepening  backside  of  the  cloud,  having  a  grid  spacing  of 
10  m  in  both  directions.  The  grid  stretching  allows  the  boundaries  to  be 
placed  4  km  away  from  the  edges  of  the  central  uniform  mesh  in  all 
directions.  The  potential  equation  (6.3)  is  solved  using  a  vectorized 
incomplete  Cholesky  conjugate  gradient  algorithm  due  to  Hain  (1980),  which 
is  an  extension  of  the  algorithm  of  Kershaw  (1978).  The  continuity 
equation  (6.1)  is  integrated  forward  in  time  using  the  fully 
multidimensional  flux-corrected  transport  algorithms  of  Zalesak  [1979]. 

In  Figure  3  we  show  isodensity  contours  of  Z  .  for  the  initial 

pl 

conditions  for  all  of  the  calculations  we  shall  show.  We  have  performed 

three  calculations,  varying  the  value  of  from  zero  up  to  Che  physically 

realistic  value  of  100  m  /sec.  The  purpose  of  this  sequence  is  to  show 


first  that  the  diffusion  does  have  an  effect  on  the  evolution  of  the  cloud, 
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and  second  Co  show  thac  this  effect  is  much  larger  chan  Chat  due  Co  any 

numerical  diffusion  which  may  be  present  in  the  calculations.  In  Figure  4 

we  show  the  results  for  ■  0  .  Note  that  even  at  the  very  early  time  of 

14  seconds,  bifurcation  has  already  started.  By  24  seconds,  the  main 

portion  of  the  cloud  has  completely  sheared  in  two.  In  Figure  5,  we  show 

2 

the  results  for  D.  ■  25  m  /sec  ,  one  fourth  of  the  physically  realistic 
10 

value.  The  development  of  the  cloud  has  slowed  considerably,  showing  that 
even  at  one  fourth  its  physically  realistic  value,  the  physical  diffusion 
is  dominating  the  effects  of  whatever  numerical  diffusion  may  be  present. 
At  14  seconds  the  cloud  has  not  clearly  begun  to  bifurcate.  At  25  seconds, 
bifurcation  has  occurred,  but  is  qualitatively  and  quantitatively  different 
from  that  which  took  place  when  Dio  -°*  In  Figure  6  we  show  the  evolution 

of  the  cloud  with  the  full,  physically  realistic  value  for  D^0  of  100 
2 

m  /sec.  Bifurcation  has  now  been  halted.  Rather,  the  cloud  evolves  into  a 

streamlined  "bullet"  or  "tadpole"  shape  in  time,  and  then  undergoes  a  slow 

diffusive  decay.  Even  at  the  latest  time  calculated,  75  sec,  there  is  no 

hint  whatsoever  of  imminent  bifurcation.  Noting  that  for  this  cloud 

M  •  (E  ,  +  Z  -)/I  ,  Is  5  in  the  center  of  the  cloud,  which  yields  an 
pi  pi  pi 

effective  diffusion  coefficient  of  20  m^/sec  there.  This  is  still  enough 
to  result  in  substantial  decay  of  the  central  core  on  time  scales  of 
minutes.  Clouds  with  larger  values  of  M  in  their  centers  would  of  course 


be  longer-lived. 


7 .  Conclusions  and  Future  Work 

The  primary  conclusion  of  this  paper  can  be  stated  simply:  Under 

realistic  ionospheric  conditions  (where  the  plasma  cloud  couples  to  an 
incompressible  background  i.e.,  in  F  region),  barium  striations  hundreds  of 
meters  in  diameter  can  be  long-lived,  quasi-stable,  non-bi furcaring 
structures.  These  structures  may  resemble  "tadpoles”,  with  a  dense  head, 
steep  density  gradients  at  the  front,  and  a  long,  less  dense  tail.  If  what 
one  means  by  the  term  "freezing"  is  the  above  phenomenon,  then  we  have 
shown  that  freezing  does  indeed  exist. 

The  next  obvious  step  is  to  test  some  of  the  approximations  we  have 
made  in  our  preliminary  numerical  simulation  model.  Pedersen  convection 
should  be  put  back  into  the  model,  as  well  as  the  "Hall  terms”  in  the 
potential  equation.  Finite  images  should  be  accounted  for.  Also  we  would 
like  to  test  the  combined  effect  of  the  presence  of  both  a  relatively 
incompressible  F  region  background  and  a  compressible  E  region  on  the 
dynamics  of  the  cloud.  Recombination  chemistry  must  be  included  in  this  E 
region  if  it  is  to  be  modeled  accurately  (see  Vickery  and  Kelley,  1982]. 

Another  of  our  approximations  which  should  be  studied  in  detail  is 
that  the  barium  cloud  and  background  ionosphere  are  being  driven  by  an 
externally  imposed  electric  field,  or  equivalently,  by  a  neutral  wind  which 
doesn't  vary  in  altitude.  Were  we  to  address  an  altitude-dependent  neutral 
wind  as  a  driver,  some  of  our  simple  results  would  become  less  so.  The 
most  important  factor  would  be  that  one  could  no  longer  argue  that  the 
bifurcation  of  the  cloud  depended  only  on  E  ^  and  E^*  since  the  potential 
equation  (4.10)  would  then  contain  terms  which  depended  explicitly  on  Nj, 
and  N2*  Although  this  would  not  change  the  results  for  the  incompressible 
background  ionosphere  considered  here,  it  would  appear  to  allow  for  the 


k^fK>-A152  805 


UNCLASSIFIED 


GEOPHYSICAL  PLASMAS  AND  ATMOSPHERIC  MODELING(U)  SCIENCE 
APPLICATIONS  INTERNATIONAL  CORP  MCLEAN  VA 
E  HYMAN  ET  AL.  MAR  85  SAIC-85-/1621  N00014-84-C-2032 


microcopy  resolution  test  CHARI 

NATIONAL  BUREAU  OF  STANDARDS- 1963  A 


possibility  of  this  end-shorting-induced  diffusion  being  en  effective 
bifurcation  inhibiting  mechanism  even  when  the  background  ionosphere  is 
compressible.  We  shall  consider  this  case  in  our  future  work  in  this  area. 

It  is  also  clear  that  we  must  address  the  validity  of  the  perfect 
mapping  of  the  electrostatic  potential  along  ^B.  Given  that  we  are  now 
dealing  with  structures  only  a  few  hundred  meters  in  diameter,  with 
gradient  scale  lengths  of  a  few  tens  of  meters,  it  seems  likely  that  we 
will  have  to  deal  with  the  question  of  how  far  the  polarization  field 
produced  by  the  barium  cloud  maps  along  the  magnetic  field  (Goldman  et.  al, 
1976,  Glasaman  and  Sperling ,  1983).  One  possible  effect  might  be  that  the 
effective  value  of  M  would  be  increased,  since  the  barium  cloud  could  no 
longer  "see"  background  plasma  that  was  far  from  the  cloud  position  along 
B. 
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Figure  1.  Sketch  of  the  time  evolution  of  a  typical  barium  cloud  in  a 
plane  perpendicular  to  the  magnetic  field,  subject  to  an  upward 
directed  neutral  wind  or  equivalently  to  a  rightward  directed 
external  electric  field.  Lines  demarking  the  cloud  denote 
plasma  density  contours,  with  the  highest  plasma  density  in  the 


center  of  cloud 
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INSULATOR 


Figure  2.  Model  of  plasma  and  magnetic  field  geometry  used  in  this 
paper.  Field  lines  terminate  on  insulators  at  z  -  +  •.  Plasma 
is  divided  into  "layers"  along  z  for  mathematical  and  numerical 
treatment.  Each  layer  consists  of  a  single  ion  species  and  its 
associated  electrons.  Multiple  collocated  ion  species  are 
treated  by  having  multiple  collocated  "layers". 
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Figure  3.  Isodensity  contours,  vlth  areas  between  alternate  contours  shown 
cross-hatched,  for  the  barium  cloud  used  for  the  three  numerical 
simulations  shown  in  this  paper.  The  center  of  the  cloud  is 

located  at  the  point  (0,0).  The  boundaries  in  x  are  located 
at  +  4.9  km.  The  boundaries  in  y  are  located  at  -4.0  km  and 
+5.3  km  respectively.  The  cross-hatching  is  done  at  every  other 
grid  line,  so  that  one  rectangle  of  cross  hatching  represents  a 
2x2  array  of  computational  cells.  Contours  for  this  and  all 
other  plots  in  this  paper  are  drawn  at  values  for  of  0.31, 
0.71,  1.24,  1.92,  and  2.82  (logarithmic  spacing  for  total 

Pedersen  conductivity). 
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Figure  4.  Time  evolution  of  the  cloud  depicted  in  Figure  3  for  the 


case  *  0  .  Shown  are  isodensity  contours  at  a)  14  sec,  b) 
24  sec.  Contour  values  are  as  given  in  Figure  3. 
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Figure  6 


,  cont'd.  Time  evolution  of  the  cloud  depicted  in  Figure  3  for 

2 

the  case  D1q  -  100  m  /sec  (the  physically  realistic  cas< 
Shown  are  isodensity  contours  at  a)  14  sec,  b)  25  sec,  c) 
sec,  d)  50  sec,  e)  64  sec,  f)  75  sec. 
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Figure  6,  cont'd.  Time  evolution  of  the  cloud  depicted  in  Figure  3  for 

2 

the  case  -  100  m  /sec  (the  physically  realistic  cas< 
Shown  are  isodenslty  contours  at  a)  14  sec,  b)  25  sec,  c) 
sec,  d)  50  sec,  e)  64  sec,  f)  75  sec. 
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INTRODUCTION 


During  the  summer  months,  the  southwest  monsoon  of  Asia  is 
dominated  by  an  intense  low  level  jet,  the  "East  African  Jet", 
which  crosses  the  equator  along  the  East  African  topography  to 
flow  northward  and  turn  eastward  across  the  Arabian  Sea  to  India. 

A  strong  wind  maximum  is  observed  in  the  jet  off  the  coastline  of 
Somalia  over  the  western  Arabian  Sea.  Various  models  have  been 
used  to  explain  these  features  of  the  jet  and  its  formation.  These 
models  show  that  this  low  level  jet  is  a  c ros s-equat ori al  flow 
forced  by  the  summer  monsoon  and  concentrated  into  a  western 
boundary  jet  by  the  north-south  topographic  barrier  of  the  East 
African  highlands.  In  the  one-layer  reduced  gravity  barotropic 
models  (Anderson  1976;  Hart,  1977;  Bannon  1979a,  1979b,  1982)  the 
cross  equatorial  flow  is  forced  by  a  prescribed  sink  in  the 
Northern  Hemisphere  and/or  a  source  in  the  Southern  Hemisphere  in 
the  presence  of  a  north-south  barrier  located  to  the  west.  These 
models  showed  that  the  topographic  barrier  was  necessary  for  the 
formation  of  the  low  level  jet.  The  wind  maximum  and  the 
curvature  of  the  flow  in  the  region  were  explained  by 
non-linearities  (Anderson,  1976),  realistic  topographic  forcing 
( Kri shnamurti  et  al.,  1976)  and  by  confluence  of  the  Arabian 
northerlies  with  the  low  level  jet  (Bannon,  1982).  These 
simulations,  however,  have  not  correctly  placed  the  wind  speed 
maximum  nor  obtained  the  corect  horizontal  curvature  of  the  flow 
in  the  jet  where  it  separates  from  the  topography  of  east  Africa. 
Also,  by  their  barotropic  nature,  they  are  unable  to  simulate  the 


vertical  structure  of  the  jet,  allow  for  flow  over  the  topographic 
barrier  of  East  Africa,  or  include  the  effects  of  sensible  heating 
contrasts  as  exist  across  the  coastlines  of  Somalia  and 
Saudi -Arabi a . 

The  planetary  boundary  layer  model  of  Krishnamurti  et  al  . 
(1982),  which  is  forced  by  a  prescribed  vertically  varying 
pressure  gradient,  taken  from  observations,  modelled  the  jet's 
vertical  structure  and  more  realistically  simulated  the  curvature 
of  the  jet  and  the  position  of  the  wind  speed  maximum.  No  attempt 
was  made  however  to  separate  the  different  possible  causes  for  the 
curvature  and  the  wind  speed  maximum.  Sashegyi  (1983)  used  a 
stratified  linear  model  to  investigate  the  steady  response  of 
prescribed  monsoon  heat  sources  including  the  latent  heating 
caused  by  the  monsoon  convection  and  the  sensible  heating  over  the 
land  areas  of  Somalia  and  Saudi-Arabia  in  an  attempt  to  separate 
the  possible  mechanisms.  The  topographic  barrier  was  modelled  as 
a  rigid  meridional  wall.  With  a  monsoon  latent  heat  source  east 
of  the  western  boundary  wall,  the  low  level  jet  separated  abruptly 
from  the  western  boundary,  as  is  typical  of  the  barotropic  models, 
while  the  observations  show  a  more  gradual  curvature  of  the  jet 
from  the  topographic  barrier.  Surface  sensible  heating  over 
Somalia  and  Saudi-Arabia  was  shown  to  shift  the  position  at  which 
the  jet  separated  from  the  western  boundary  farther  to  the  south, 
closer  to  that  observed.  A  local  wind  maximum  was  also  produced 
in  the  model  along  the  coastline  of  Somalia  and  the  curvature  of 


the  jet  was  more  gradual  from  the  topographic  barrier.  The 
results  of  this  linear  study  indicate  that  sensible  heating  over 
Somalia  and  Saudi-Arabia  and  the  cold  waters  off  the  coast  can 
have  important  effects  on  the  position  of  the  wind  maximum  and  the 
curvature  of  the  jet  in  the  region  (Sashegyi  and  Geisler,  1984). 


OUR  STUDY 

In  order  to  separate  the  various  influences  of  topography  and 
the  latent  heating  on  the  structure  of  the  low  level  jet  and  to 
investigate  the  effect  of  sensible  heating  contrasts  between  the 
land  and  ocean  areas,  the  three  dimensional  primitive  equations 
model  of  Chang  and  Madala  (1980)  was  adapted  to  study  the 
structure  and  forcing  of  the  monsoon  circulation.  The  non-linear 
model  uses  sigma  coordinates,  with  five  layers  in  the  vertical. 

The  model  with  topography  is  integrated  for  six  days  from  an 
initial  zonal  average  wind  field  for  cases  with  and  without  a 
prescribed  convective  heat  source.  The  domain  is  24  S  to  48  N  and 
30  E  to  110  E  with  a  one  degree  resolution  in  longitude  and  two 
degrees  in  latitude.  The  planetary  boundary  layer  is  modelled  by 
a  single  layer  while  a  generalized  similarity  theory  is  used  to 
calculate  the  surface  stress  and  heat  flux  (Chang,  1981).  In 
longitude  cyclic  boundary  conditions  are  used,  while  the  northern 
and  southern  boundaries  are  open  boundaries. 

The  horizontal  structure  of  the  heat  source  is  the  same  as 
the  distribution  of  observed  average  July  rainfall,  which  is  shown 
in  Figure  1.,  while  the  vertical  structure  follows  that  for  deep 


cumulus  convection  in  the  tropics.  Due  to  the  short  integration 
period  the  heating  is  taken  as  five  times  the  July  average.  The 
initial  zonal  average  wind  and  temperature  field  is  forced  during 
the  integration  by  a  nudging  of  the  zonal  average  temperature  (on 
the  sigma  surface)  to  its  initial  value  with  an  e-folding  time  of 
two  days.  The  initial  zonal  wind  and  mass  field  is  initialized 
with  nudging  of  the  wind.  After  the  initialization  period,  weak 
nudging  is  maintained  (with  an  e-folding  time  of  5  days)  and  the 
model  integrated  for  a  further  3.5  days  to  a  quasi-steady  state. 


INTERPOLATION  AND  INITIALIZATION 

The  initial  zonally  averaged  wind  and  mass  fields,  taken  from 
observations,  are  interpolated  onto  our  model  levels  without 
topography  (that  is,  at  constant  pressure  levels).  The  mass  and 
wind  fields  are  balanced  and  then  interpolated  to  the  model  sigma 
grid  with  topography.  In  our  interpolation,  the  temperature  is 
assumed  to  vary  linearly  in  log  pressure  between  the  pressure 
levels.  Even  though  the  initial  zonal  wind  and  mass  fields  are 
balanced  without  the  topography,  the  interpolation  onto  the  sigma 
grid  with  topography  leads  to  large  errors  in  the  pressure 
gradient  term  at  the  tropopause  level  over  the  Tibetan  plateau.  In 
fact  a  ficticious  anticyclone  with  wind  speeds  reaching  5  to  10 
m/s  is  produced  by  these  errors  over  the  plateau.  Around  the 
tropopause,  our  interpolation  procedure  fails  to  account  for  the 
tropopause  Inversion  and  so  generates  the  above  errors  in  the 
pressure  gradient  in  sigma  coordinates  (Sundqvist,  1976).  We  use 
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a  nudging  of  the  wind  field  to  initialize  the  initial  zonal  mass 
and  wind  fields,  and  remove  the  errors  caused  by  the  steep  and 
high  topography  of  the  Tibetan  plateau. 

During  an  initial  Integration  period  of  sixty  hours,  the  mass 
field  is  adjusted  to  the  high  topography  dynamically  through  a 
nudging  of  the  wind  field  to  its  initial  value,  with  a  reducing 
e-folding  time  from  0.1  day  to  1  day. 


RESULTS 

Without  the  prescribed  convective  heat  source,  the  response 
is  largely  confined  to  the  lower  troposphere.  We  show  the  wind 
field  at  the  lowest  model  level  in  Figure  2.  At  the  end  of  the 
integration,  the  SE  trades  which  reach  5  m/s  are  deflected  across 
the  equator  by  the  East  African  topography,  as  a  low  level  jet. 

The  jet  doesn't  penetrate  farther  north  than  8  N,  curving 
southward  on  its  eastward  path  over  the  Arabian  Sea  and  crossing 
the  extreme  southern  tip  of  India.  A  wind  maximum  of  7  m/s  is 
found  over  the  northern  tip  of  Madagascar  and  a  further  maximum  of 
5  m/s  is  centered  on  the  equator  along  the  topography. 

With  the  monsoon  heat  source  included,  the  low  level  cross 
equatorial  flow  is  stronger  and  broader.  A  monsoon  trough  is 
located  over  the  NW  of  India  and  a  large  high  is  found  in  the 
upper  troposphere  with  strong  easterly  winds  of  21  m/s  over 
central  India.  In  Figure  3,  we  show  the  wind  field  in  this  case 
at  the  lowest  model  level.  The  low  level  SE  trades  are  increased 
in  magnitude  to  8  m/s  due  to  subsidence  forced  by  the  monsoon 
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heating.  The  low  level  jet  is  also  stronger  and  penetrates 
farther  north  to  16  N  in  a  broad  stream  of  southwesterly  flow 
across  the  Arabian  Sea.  The  jet  is  deeper  over  the  Arabian  Sea 
and  India,  becoming  more  westerly  with  height.  A  low  level  wind 
maximum  of  9  m/s  is  found  off  the  coastline  of  Somalia  over  the 
western  Arabian  Sea  in  the  region  adjacent  to  where  the  Arabian 
northerlies  converge  with  the  southwesterly  flow. 

The  study  this  far  indicates  that  the  summer  monsoon 
circulation  is  primarily  driven  by  the  large  scale  convective 
heating  in  the  presence  of  topography.  We  can  conclude  also  that 
the  low  level  wind  maximum  off  the  coast  of  Somalia  is  not  a 
result  of  the  deflection  of  the  SE  trades  into  a  jet  crossing  the 
equator  by  the  East  African  topography.  But  it  is  dynamically 
related  to  the  Northern  Hemisphere  cyclonic  gyre  forced  by  the 
convective  heating. 

PRESENT  STUDIES 

The  effect  of  the  large  surface  sensible  heat  fluxes  caused 
by  the  high  surface  temperatures  over  Somalia  and  Saudi  Arabia 
during  the  summer  are  currently  under  investigation.  The  linear 
results  of  Sashegyi  (1983)  indicate  that  such  effects  may  be 
important  in  the  structure  of  the  low  level  jet  in  the  region. 
Prescribed  surface  air  temperatures,  taken  from  observations  over 
land  and  equated  to  the  sea  surface  temperature  over  water,  are 
used.  The  single  boundary  layer  formulation  using  generalized 
similarity  theory  (Chang,  1981)  is  used  to  calculate  the  heat 


fluxes.  Of  interest  is  the  origin  of  the  low  level  wind  maximum 
off  the  coast  of  Somalia. 

A  multi-layer  planetary  boundary  layer  has  been  developed 
which  will  be  used  to  test  the  sensitivity  of  our  results  to 
increased  vertical  resolution  in  the  boundary  layer.  It  is 
expected  that  the  fine  structure  of  the  jet  along  the  topography 
of  Eastern  Africa  will  be  improved,  but  that  the  above  large  scale 
features  and  the  above  conclusions  will  not  change  greatly.  In 
the  surface  layer  the  fluxes  are  calculated  as  a  function  of  the 
stability  parameter  z /L  using  the  universal  functions  (Paulson 
1970,  Businger,  1973).  In  the  mixed  layer,  the  eddy  diffusion 
coefficient  is  taken  as  a  function  of  the  shear  and  the  stability. 

FUTURE  RESEARCH  AND  IMPROVEMENTS 

The  multi-layer  planetary  boundary  layer  version  of  the  model 
can  be  used  in  the  future  to  study  the  sea  breeze  effects  on  the 
low  level  jet  caused  by  the  large  diurnal  variation  in  the  surface 
sensible  heating  over  the  land  areas  of  Somalia  and  Saudi -Arabi a . 
Rotunno  (1983)  in  his  linear  study  of  the  sea  breeze  circulation 
indicated  a  fundamental  difference  between  the  sea  breeze  response 
in  low  (between  30  S  and  30  N)  and  high  latitudes.  The 
conventional  sea  breeze  circulation  of  high  latitudes  was  replaced 
at  low  latitudes  with  inertia-gravity  waves  which  propogate  away 
from  the  heating  region.  It  is  expected  that  interesting  effects 
will  be  produced  on  the  low  level  jet  along  the  coastline  of 
Eastern  Africa  in  a  fully  non-linear  simulation.  Our  model  could 


address  these  issues.  The  development  of  such  a  boundary  layer 
modelling  capability  will  be  useful  also  for  other  storm  modelling 
studies  which  require  a  detailed  boundary  layer  formulation. 

The  high  mountains  in  the  present  study  created  imbalances  in 
the  mass  and  wind  fields  and  the  initial  incident  zonal  flow 
incident  on  the  mountains  required  a  careful  initialization 
procedure  to  adjust  the  wind  and  mass  fields  to  the  topography. 
Nudging  of  the  wind  field  was  used  with  diabatic  forcing  to 
initialize  the  wind  and  mass  fields,  while  weaker  nudging  of  the 
thermal  and  wind  field  maintained  the  original  zonal  flow.  Future 
improvements  could  be  made  in  the  interpolation  procedure  by  using 
more  levels  at  the  tropopause  level  in  order  to  better  resolve  the 
inversion  and  interpolating  directly  onto  the  sigma  grid  from  the 
observed  data  to  reduce  the  interpolation  errors.  The 
initialization  would  then  be  carried  out  on  the  sigma  surfaces. 
Non-linear  balance  equation,  normal  mode  initialization  or  the 
bounded  derivative  technique,  with  diabatic  forcing  included, 
would  be  more  efficient  than  the  nudging  technique.  The  monsoon 
circulation  affords  an  excellent  testing  situation  in  the  tropics 
for  initialization  techniques. 
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FIGURE  CAPTIONS 


Figure  1.  The  average  July  rainfall  rate  in  cms/day  adapted  from 
the  Jaeger  climatology.  The  model  topography  is 
contoured  in  thousands  of  meters. 

Figure  2 .  The  wind  field  at  level  5,  sigma  =  .975,  for  the  case 
of  no  convective  heating.  The  maximum  vector  is  12 
m/s.  The  model  topography  is  contoured  in  thousands  of 
meters. 

Figure  3.  The  wind  field  at  level  5  for  the  case  with  the 

convective  heating.  The  wind  vectors  and  topography  as 
in  Fig.  2  . 
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